PREFACE

Most of ancient and medieval mathematics concerned geometry and alge-
bra. Questions of analysis arose in the work of Euler and Stirling and others,
but only in isolated morsels. The real need for analysis became apparent
when Newton and Leibniz’s calculus took hold. This powerful new set of
tools required some theoretical underpinning, some rigorous foundation,
and analysis was the tool that was needed to carry out the program.

It was not until the nineteenth century that the necessary talent and fo-
cus came together to produce analysis as we know it today. Cauchy, Weier-
strass, Riemann, and many others laid the foundations of the subject, pro-
vided the necessary definitions, and proved the required theorems. In the
twentieth century Zygmund, Besicovitch, Hardy, Littlewood, and many oth-
ers have carried the torch and continued to develop the subject.

The importance and centrality of real analysis is certainly confirmed by
the fact that virtually every graduate program in the country—indeed, in the
world—requires its students to take a qualifying exam in the subject. We
are exposed to real analysis, both at the undergraduate and graduate levels.
Today, analysis has assumed a newly prominent position in the infrastruc-
ture because of many new engineering applications such as wavelets, and
also new financial applications such as the Black-Scholes theory of option
pricing.

The fact remains that real analysis continues to be a rather technical and
recondite subject. This is in part because mastery of the discipline is more
a matter of technique than erudition or conceptual development. Generally
speaking, the real analysis qualifying exam at any university is the hardest
of all the quals. That is no accident, because problems in real analysis are
tricky and demanding by their very nature. There is no royal road to real
analysis.

The purpose of the present book is to provide an aid and conceptual sup-
port for the student studying for the qualifying exam in real analysis. This is
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a two-pronged effort. For this little volume concentrates on topics from un-
dergraduate analysis; a separate volume, by another author, will treat topics
from graduate analysis. More specifically, we discuss here sequences, se-
ries, modes of convergence, the derivative, the integral, and metric spaces.
The graduate volume will treat measure theory, functional analysis, Fourier
analysis, probability, and other advanced topics. The two volumes together
will provide a unique and particularly friendly companion to the learning
process in this subject area.

This book concentrates on concepts, results, examples, and illustrative
figures. We downplay proofs, not because they are not important (they are,
in fact, the essence of the subject), but because we want this to be a book
that is easy to dip into and easy to take ideas from. The reader will use this
text alongside a more traditional tome that provides all the dirty details. Our
book is an entree to the subject area.

It is always a pleasure to write a book for the Mathematical Association
of America, and to work with Editors Don Albers and Underwood Dudley.
Technical Editor Beverly Ruedi is a master of her art, and makes the books
sparkle with artistry. We also thank the MAA for engaging a team of par-
ticularly insightful and industrious reviewers who helped to keep the book
on point and focused.

St. Louis, Missouri Steven G. Krantz



CHAPTER 1

BASICS

1.1 SETS

Set theory is the bedrock of all of modern mathematics. A set is a collection
of objects. We usually denote a set by an upper case roman letter. If S is a
set and s is one of the objects in that set then we say that s is an element of
S and we write s € S. If ¢ is not an element of S then we write t & S.

Some of the sets that we study will be specified just by listing their
elements: S = {2,4, 6, 8}. More often we shall use set-builder notation:
S ={x € R:4 < x? +3 < 9}. This last is read “the set of x in the reals
such that x2 + 3 lies between 4 and 9.”

The collection of all objects not in the set S is called the complement of
S and is denoted by ¢S. The complement of S must be understood in the
context of some “universal set”—see Example 1.1.

If S and T are sets and if each element of S is also an element of 7 then
we say that S is a subset of T and we write S € T'. If S is not a subset of
T then we write S € T.

EXAMPLE 1.1.1. Let
S={a,b,c,d,e}, T=1{ac,eg,i}, and U ={c,d}.

Then
aeS, aeT, desS, dedT, UCS, UZT.

If the universe is understood to be the standard 26-letter roman alphabet,
then it follows that

‘T =1{b,d, f,h, j.k,l,m,n,0, p,q,rst,uv,wx,yz}. O
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1.2 OPERATIONS ON SETS

If S and T are sets then we let S N 7 denote the collection of all objects
that are bothin S and in 7. We call S N T the intersection of S and T'.

In case S1, Sz, S3, ... are sets then the collection of all objects common
to all the S, called the intersection of the S}, is denoted by

(s o [
j=1 j

If S and T are sets then we let S U T denote the collection of all objects
that are either in .S or in 7" or both. We call S U T the union of S and T'.

In case Si, S, S3, ... are sets then the collection of all objects that lie
in at least one of the S}, called the union of the S}, is denoted by

s; o S
j

e

1

J

Figure 1.1 illustrates the concepts of intersection and union, by way of
what is known as a Venn diagram.

two sets Sand T intersection union
FIGURE 1.1. Venn diagram of an intersection and a union.

EXAMPLE 1.2.1. Let S = {1,2,3,4,5}and T = {2,4,6,8, 10}. Then
SNT ={2,4} and SUT =1{1,2,3,4,5,6,8,10}. O
If S and T are sets then we let
SxT={(s,t):se€Sandr €T}.

We call S x T the cartesian product of S and T'. Observe that S x T and

T x S are distinct. Sometimes we will take the product of finitely many sets
Sl, Sz, ey Sk. Thus

S1 xSy x o x S ={(s1,52,...,8¢) :5;, € S forall j =1,...,k}.



1.3. FUNCTIONS 3

two sets Sand T S\T
FIGURE 1.2. Venn diagram of a set-theoretic difference.

If S and T are sets then we let their set-theoretic difference be
S\T=4{xeS:xgT}.

If S, T C R, the real numbers, thenS =R\ Sand S\ 7T =S N°T.
Figure 1.2 illustrates the concept of set-theoretic difference.

EXAMPLE 1.2.2. Let S ={a,b,1,2},T =1{b,c,d,2,5},and U = {«, B}.
Then
S\T ={a, 1} and T\S ={c,d,5}.

Also

SxU ={(a,a),(b.a).(1.a),2,a),(ap). (b, ). (1. B). 2. B)}

and

UxS§ ={(aa) (b)) (@1).(2).(B.a).(B.b).(6.1).(8.2);. O

We conclude by noting that there is a distinguished set that will arise
frequently in our work. That is the empty set §. The empty set is the set
with no elements. Observe that § C A for any set A.

1.3 FUNCTIONS

Let S and T be sets. A function f from S to T is a rule that assigns to each
element of S a unique element of 7'.

EXAMPLE 1.3.1. Let S = {1,2,3}and T = {a, b}. The rule

1 —a
2 — a
3 — b

is a function, because it assigns a unique element of 7' to each element of
S'. It assigns the same element of 7" to each of 1 and 2 in §; that is allowed.
O
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We write f : S — T if f is a function from S to 7. We call S the
domain of f and we call T the range of f.

EXAMPLE 1.3.2. Let S = {a,b,x}and T = {1, «, y}. Define the function
f by
a — o
I b —1
X =«
Then the domain of f is the set S itself. There are several choices for the

range. The set {«, 1} can be said to be the range. Also the entire set T’ can
be said to be the range. |

Many of our functions are given by formulas. If we write, for exam-
ple, f(x) = +/2x + 5, then we mean that the function f assigns to each
number x the number obtained by doubling x and adding 5 and then taking
the square root. We understand the domain of f to be all numbers x for
which the formula defining f makes sense—for this example, the domain
is {x : x > —5/2}. We understand the range of f to be any set contain-
ing all the values of f—for this example, the range could be taken to be
{y:y=0}

If the function f has domain S and range 7', and if for each element
t € T there is some s € S such that f(s) = ¢ then we say that f is onto.

If the function g has domain S and range 7', and if the only way that
f(s1) can equal f(s2) isif 51 = 52 then we say that f is one-to-one.

EXAMPLE 1.3.3. Let S = {-3,-2,—1,0,1,2,3}andlet T = {0, 1, 4, 9}.
Let the function f be given by f(x) = x2. Then the set of all values of
f, applied to elements of S, is {0, 1, 4, 9}. Therefore f is onto. However
notice that f(—2) = f(2) = 4. Therefore the function f is not one-to-one.

O

1.4 OPERATIONS ON FUNCTIONS

Let f and g be functions with domain S and range T'. We define
[f +8l(x) = f(x) + g(x)

[f —gl(x) = f(x)—g(x)

[f-gllx) = f(x)-g(x)

. I:ii| x) = &) provided that g(x) # 0
g g(x)
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EXAMPLE 1.4.1. Let f(x) = x> — x and g(x) = x*. Then

[f +gl(x) = x* —x +x*, [f —gl(x) = x> —x —x*,

3_
gl = 60—t =Tt [L X250
g x
If f:S— Tandg:T — U then we may consider the function g o f
defined by
(g0 /)x)=g(f(x)).

If f : S — T is both one-to-one and onto then we may define a function
f~!bytherule f~!(x) = y if and only if f(y) = x. We call f~! the

inverse of the function f. We have the essential properties

(fof™Hi)y=t VteT
and
(f o f)(s)=s VseS.
EXAMPLE 1.4.2. Let f(x) = x? —3x and g(x) = x> + 1. Then
(f o)) =(x*+1)?=3-(x’ +1)
and
(go /)x) = (x*=3x)> + 1.
The function f is not one-to-one because f(0) = f(3) =0.Butg : R —
R is both one-to-one and onto. We may solve the equation
(gog™Hx) =x
to find that
[ P +1=x

or

g_l(x)zvsx—l. O

1.5 NUMBER SYSTEMS

The most rudimentary number system is the natural numbers. These are
the counting numbers 1, 2, 3, ..., which are denoted by the symbol N. Of
the four standard arithmetic operations, the natural numbers are closed only
under addition and multiplication.
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The integers comprise both the positive and negative whole numbers
and also 0. We denote this set by Z. Of the four standard arithmetic opera-
tions, the integers are closed under addition, subtraction, and multiplication.

The rational numbers consist of all quotients of integers. Thus m/n is
a rational number provided that m,n € Z and n # 0. We denote the set of
all rational numbers by Q. The set of rational numbers is closed under all
four of the standard arithmetic operations, except that division by 0 is not
allowed.

EXAMPLE 1.5.1. The number 4 is a natural number. Of course it is also
an integer. Writing it as 4 = 4/1 we also see that this number is a rational
number.

The number —6 is an integer. It is not a natural number. Writing it as
—6 = (—6)/1, we also see that this number is a rational number.

The number 2/3 is neither an integer nor a natural number. But it is a
rational number. d

The number system of greatest interest to us is the real number system.
It contains the rational numbers, and has several other interesting properties
as well. We explore the real numbers in the next subsection.

1.5.1 THE REAL NUMBERS

The rational numbers are a field. This means that there are operations of
addition (+4) and multiplication (x) that satisfy the usual laws of arithmetic.
In addition the field Q satisfies certain properties of the ordering (<):

1. Ifx,y,zeQandy <zthenx +y < x + z.
2. Ifx,y e Q,x>0,and y >0Othenx -y > 0.

Thus Q is an ordered field.

The real numbers will be an ordered field containing the rationals and
satisfying an additional completeness property. We formulate that property
in terms of least upper bound.

Definition 1.5.2. Let S C R. The set S is called bounded above if there is
an element » € R such that x < b forall x € S. We call the element b an
upper bound for the set S.

Definition 1.5.3. Let S € R. An element b € R is called a least upper
bound (or supremum) for S if b is an upper bound for S and there is no
upper bound b’ for S that is less than b. We writeb = sup S = lub S.
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EXAMPLE 1.54. Let S = {x € Q : 3 < x < 5}. Then the number 9 is
an upper bound for S, as is the number 7. The least upper bound for S is 5.
We write 5 = lubS = sup S. |

By its very definition, if a least upper bound exists then it is unique.
Before we go on, let us record a companion notion for lower bounds:

Definition 1.5.5. Let S C R. The set S is called bounded below if there is
an element ¢ € R such that x > ¢ for all x € S. We call the element ¢ a
lower bound for the set S.

Definition 1.5.6. Let S € R. An element ¢ € R is called a greatest lower
bound (or infimum) for S if ¢ is a lower bound for S and there is no lower
bound ¢’ for S that is greater than ¢. We write ¢ = inf S = glb S.

By definition, if a greatest lower bound exists then it is unique.

EXAMPLE 1.57. Let S ={x e R:0<x <1}andT ={x € R:0 <
x < 1}. Then —1 is a lower bound both for S and for 7" and 0 is the greatest
lower bound for both sets. We write 0 = glbS and 0 = glb7. We may
also write 0 = inf S and 0 = inf 7. Notice that 0 & S while 0 € T'.

Also 5 is an upper bound both for S and for 7', and 1 is the least upper
bound for both sets. We write 1 = lub S and 1 = lub 7. We may also write
1 =supSand 1 =sup7. Observe that 1 isnotin S andisnotin7. O

Now we have:

Theorem 1.5.8. There exists an ordered field R that (i) contains Q as a
subfield and (ii) has the property that any non-empty subset of R that has
an upper bound also has a least upper bound (that is also an element of R).

An equivalent, companion, statement is that if 7" is any set that is bounded
below then T has a greatest lower bound (that is also an element of R).

EXAMPLE 1.5.9. Itis known (see [KRA2, page 114]) that there is no ratio-
nal number whose square is 2—see Example 1.5.10 below. Let

S={xeR:x>0andx?<2}.

Of course S is bounded above (by 2, for example), and so has least upper
bound «. Of course o will be an element of R, but @ & Q. It can be shown
that «? = 2 (see [KRAL1, Section 2.5, Theorem 12]). Thus the real number
system contains numbers that are missing from the rational number system.
These are called the irrational numbers. d
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It can also be shown that the number , which represents the ratio of
the circumference of a circle to its diameter, is not a rational number. But
7 does exist as a real number.

EXAMPLE 1.5.10. Let us confirm that /2 is not a rational number. Suppose
to the contrary that it is. So +/2 = p/q, with p and ¢ integers. By division,
we may suppose that p and ¢ have no common divisors.

Thus
» 2
(_) _o.
q

2¢* = p*.

Multiplying this out gives

Since 2 divides the left side, we conclude that 2 divides the right side. So 2
divides p. Write p = 2r for r an integer.
Thus we have
2¢% = (2r)2.

Simplifying gives
g% =2r2.

Since 2 divides the right side, we conclude that 2 divides the left side. So 2
divides ¢g. We have shown that 2 divides p and also that 2 divides ¢. This
contradicts the assumption that p and ¢ have no common divisors.

We conclude that +/2 cannot be rational. d

It is considerably more difficult to prove that r is irrational. We cannot
treat the matter here, but see [NIV].

We shall learn below that the set of numbers R \ Q (the irrational num-
bers) is much larger than Q itself. Thus “most” real numbers are not ratio-
nal.

1.6 COUNTABLE AND UNCOUNTABLE SETS

Georg Cantor’s theory of countable and uncountable sets, and more gener-
ally of many orders of infinity, is an integral part of any treatment of real
analysis. What we give here is a summary. Complete treatments may be
found in [KRAT1, Section 1.8] and [KRA2, Section 5.8].

Two sets S and T are said to have the same cardinality if there is a
one-to-one, onto function ¢ : S — 7. We write card S = card 7. In this
context we refer to such a function ¢ as a bijection, or just an isomorphism.
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The surprise is that some unlikely pairs of sets have the same cardinality. In
particular, it is possible for S € T, S # T, and yet card S = card T'.

EXAMPLE 1.6.1. Let A = {Q,®, &}, B = {%, &, #}, and C = {1,2}.
Then
Q- #

I o> %
& &.

is a bijection of A to B. This gives mathematical confirmation of the obvi-
ous fact that A and B have the same cardinality. We write card A = card B.

On the other hand, it is impossible to construct a bijection from A to C.
So A and C do not have the same cardinality. |

EXAMPLE 1.6.2. Let S ={...,—6,—4,-2,0,2,4,6,...} (the even inte-
gers) and let T = Z. Then obviously S € T but S # T. Yet¢p(n) = n/2
is an isomorphism of S to 7. Socard S = card T'. |

If two sets have the same cardinality, then we think of them as having
the same size. For finite sets, this idea coincides with our intuition: two sets
have the same cardinality if and only if they have the same (finite) number
of elements. But for infinite sets this says something new.

If a set S has the same cardinality as N, the natural numbers, then we
say that S is countable.

EXAMPLE 1.63. Let S = Z, the integers, and let 7 = N, the natural
numbers. Define

f) = (=D)" /2.

Here | | is the greatest integer function. Then f is a bijection of 7' to S. So
S and T have the same cardinality. We say that the integers are a countable
set. a

EXAMPLE 1.64. Let S = {...,—6,—4,-2,0,2,4,6,...}. The last two
examples show that S is countable. A similar argument shows that 7 =
{...,=5,-3,-1,1,3,5,...} is countable. We will see below that the set R
of real numbers is not countable. We say that R is uncountable. |

Cantor’s great insight was that the set R of real numbers is in fact
not countable (see [KRA1, Section 1.8] or [KRA2, Subsection 5.8.3] for
a proof). If S is infinite and has cardinality different from the cardinality of
N then we say that S is uncountable.

We now list some of the key properties of countable sets:
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1. If both S and T are countablethen SUT, SNT,and S x T are at most
countable.

2. If X is uncountable and Y 2 X then Y is uncountable.

3. If X is countable and Y C X, then Y is at most countable.

The phrase “at most countable” means either countably infinite or finite or
empty. Itis common to refer to a set of this type as “denumerable” (although
many sources do not make this distinction very clearly). We reserve the

word “countable” for infinite sets that have the same cardinality as the set
N.

EXAMPLE 1.6.5. The set QQ can be identified in a natural way with a subset
of Z x Z, using the map m/n + (m,n) (when m/n is in lowest terms). It
follows that Q is countable. |

EXAMPLE 1.6.6. The set of all lines in the plane that contain (at least)
two points having integer coefficients is countable. For each line may be
identified with the 4-tuple of integers coming from the coordinates of the
two given points, and the set of such 4-tuples is countable. |

EXAMPLE 1.6.7. The set Z x R is uncountable, for it contains a copy of R
by way of the map
R>x+ (0,x) e ZxR.

O
EXAMPLE 1.6.8. The set C, the complex numbers, is uncountable. It con-
tains a copy of R by way of the map
Ro>x—x+i0eC.

O
EXAMPLE 1.6.9. Let us now construct a concrete example of an uncount-
able set. Our example will be the set S of all sequences on the set {0, 1},i.e.,
the set of all infinite sequences of Os and 1s. To see that S is uncountable,
assume the contrary. Then there is a first sequence

1 _ ¢ (D
8 =105

a second sequence
2 _ ;. @)oo
85 =1s7=1
and so forth. This will be a complete enumeration of all the members of

S. But now consider the sequence 7 = {#;}72,, which we construct as
follows:
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o If sil) = Othensett; = 1;if sil) = 1thensett; = 0;

o If séz) = O thensett, = 1;if séz) = 1thensett, = 0;

o If s§3) = O thensettz = 1;if s§3) = 1 thenset 3 = 0;

()

. Ifs/(.j) = Othenset?; = 1;if s;”” = I thenset 7; = 0;

etc.

Now the sequence 7 differs from the first sequence 8! in the first ele-
ment: t; # sil).

The sequence 7 differs from the second sequence §2 in the second
element: t, # séz).

And so on: the sequence 7 differs from the j" sequence &/ in the j"
element: ¢; # sj(.j). So the sequence T is notin the set S. But T is supposed
to be in the set S because it is a sequence of Os and 1s and all of these have
been hypothesized to be enumerated.

This contradicts our assumption, so S must be uncountable. d

EXAMPLE 1.6.10. Consider the set of all decimal representations of numbers—
both terminating and non-terminating. Here a terminating decimal is one of
the form

27.43926

while a non-terminating decimal is one of the form
3.14159265. ...

In a non-terminating decimal, no repetition is implied; the decimal simply
continues without cease.

The set of all those decimals containing only the digits O and 1 can be
identified in a natural way with the set of sequences containing only 0 and
1 (just put commas between the digits). We just saw that the set of such
sequences is uncountable.

Since the set of all decimal numbers is an even bigger set, it must be
uncountable also.

As you may know, the set of all decimals identifies with the set of all
real numbers. We find then that the set R of all real numbers is uncountable.
(Contrast this with the situation for the rationals.) [l
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It is an important result of set theory (due to Cantor) that, given any set
S, the set of all subsets of S (called the power set of S) has strictly greater
cardinality than the set S itself. As a simple example, let S = {a, b, c}.
Then the set of all subsets of S is

0.{a}. {b}. {c}.{a,b}.{a. c}. {b,c}.{a.b,c} ¢ .

The set of all subsets has eight elements while the original set has just
three. In general, if S has k elements then the power set of S will have 2%
elements.

Even more significant is the fact that if S is an infinite set then the set of
all its subsets has greater cardinality than S itself. This is a famous theorem
of Cantor, implying that there are infinite sets of arbitrarily large cardinality.

We conclude this discussion with a result that makes it easy to determine
the cardinalities of many sets.

Theorem 1.6.11 ([Schroeder-Bernstein]). Let A, B be sets. If there is a
one-to-one function f : A — B and a one-to-one function g : B — A,
then A and B have the same cardinality.





