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In our last column we began a study of one of Euler's papdrsweithe Earth's atmosphere
refracts lightSur l'effet de la réfraction dans les observations terrestres, "On the effect of refraction on
terrestrial observations”, [E502] written about 1777 and published in 1780. We lednaethétrays
of light do rot always go in straight lines to our eyes, as we ordinarily suppose, but they are found to b
a little bit curved, and thieconcavity is turned downward" and
that this phenomenon is due in part to refraction as the rays pa 7]
between the rarified air atgher altitudes and the denser air at TQ
lower altitudes. |

As we saw last month, in Euler's Fid, 8 represents the
center of the earth antithe location of an observer. The circle i
not the surface of the earth but all the points at the level of the
observer. The poin® is some point above the observer ansl
the vertical distancgQ. The density of the air atandQ is
denoted by andg respectively (though also denotes a point
infinitely close toQ). The air pressure, what Euler calls its
elasticity, is denoted by andp respectively. Because he used a
mercury barometer to measure air pressure, he alsonused
denote the relative density of mercury to air and told ussiivaas
approximately 10,000. Then, by what we now call Boyle's law, Fig. 3
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The main result of the first part of Euler's paper was an equation that describes the density of ¢
at different altitudes. He found that

C

! Our numbering ofigures may be confusing here. We saw Euler's Figs. 1 and 3 in last month's column. We won't need tc
look at his Fig. 2. We've added an illustration between his Figs. 3 and 4 and named it Fig. 3.5.
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He uses this formula in various forms, includirgldgarithmic formsﬂ = IHB = lna. He

also notes that his formula fér is well approximated by the first few terms of a Tayler series expansion
of its righthand side, so for most practical purposes he would lee¢@bse

Indeed, because is so large, "we could content ourselves for most observations to the first two terms,

X . . .
1! pnt at least when we do not have to measure mountains of very considerable height."

Knowing the formulas for density, Euler is ready to move on to refraction. Euler asks us to
consider a ray of light that passes directly from a vacuum into ordinary air of dengltich continues
to denote the density of air at the poihthe level d6the observer. Then there is a physical congtant
such that the ratio of the sine of the incidence to the sine of the refraction is as Di§ enil that the

value of!/ is aboutw%. In writing this, Euler is implicitly usig Snell's law, illustrated in our Fig. 3.5.

ray of light

vacuum

air

Fig. 3.5 - Snell's law

In Fig. 3.5, a ray of light is shown passing from a vacuum into air of densithe angle1 is
the angle of incidence, or simply the incidence, and Euler calls the Attggeangle of refraction, or jus

. . in A 1 . o
the refraction. Then Euler's version of Snell's law says%aé& = TER This version is formulated
Sin :

relative to the optical density of air at the observer. Modern versions use either the speed of light in t
two media or they uselikes of optical densities. They are all equivalent.



In Euler's problem, though, the density of air varies with altitude, so he has to adapt his formule
bit to describe light passing from a vacuum into air of degsitie claims that then the ratibtbe

. . . . inA 1
sines will be "as 1td! 2", that is to say,S!— =—
snB 1-°

c

Likewise, if the same ray of light passes from a vacuum into air of densty ratio of the
corresponding sines will be as 1 isltb X . Moreover, the process reverses, so that for light passing the
other direction, from air of densityinto a vacuum, the corresponding ratio will be the inverse.

Euler claims that as a consequence, the ratio of the sines for a ray passiag obdensityy to
air of density- will be as1! ¥ isto1-2 . But becausé is so very small, this is almost the same as

the ratio 1 tol + 292 |

C

Now, using a standard technique of phggioneered by Euler himself, Euler takds be
infinitely close tog, which amounts to taking=q+ dg. Then as the ray passes from air of denstty
ldq

air of densityy + dg, the ratio of refraction will be as 1 is 1d . Reciprocally, as the light passes in

the other direction, the ratio will be the reciprodalr,@ to 1.

As we learned in last month's column, [Sandifer Jun 2009] the density of the atmosphere at an

altitudex abovethe level of the observer 4tis described by the equatidanE = ik Differentiating
q m

this gives% =1 % which can be rewritten
q mk

asdq=! %( Substituting this into the last

form of his ratio ofrefraction makes that ratio
as 1istol! &

cmk

Now that he has formulas for the
density of air and for the ratio of refraction,
Euler is ready to set up and solve his main
problem. He refers us to his rather complicat
Fig. 4, whee the circle represents the surface
of the earthd, X, x andD are points on the
surface and is the center. Then the radius o
the earth isiC = a. LetO be an object directly
above the poinb that is seen by an observer ¢
A by means of a ray of lig that travels along the curé&zZ4. He take< and:z infinitely close together
and assumes that they are directly above the posmslX, respectively.

Euler tkesB to be a point directly abowfor the sole purpose of being able to measure the
ande BAZ = ". Hetakesthe angledCZ = # and the distanc€Z = z. Letx be the height of the poiat
aboveX bex so thatXZ =x andZ = a + x [taking Z to be both a distance and a poini]hus for the point
z we have the angleCz = # + d#. This makes th angleZCz = d# and the distanc€Z =z + dz. Also



hedraws the tangenfT at the poinZ and chooses the poifitso thatCT is perpendicular to the tangent.

t
Let CT = ¢t and take the angleéZ7 = $. Thensin! =—.
z

Now let NZu be the ac of a circle througlt with centerC. It represergthe layer of the
atmosphere that passes through the goifuler needs a new poisjtnot shown in Fig. 4, located
beyond the poinZ on the rayCZ, so that he can measure the angle of incidendeeafily0OzZ4 as it
passes through the lay8Zu. ThenanglezZs is the angle of incidencelNe've just named this angle
CZT = $, soangleCzZ = $ + d$. Because angleZs is an external angle dfiangleCZz, it equas the
sum of theother twoanglesCzZ and ZCz. Consequently, the gle of incidence is

zZZs=! +d! +d",

Becausel$ andd# are infinitesimals, Euler safely assumes thes(d/ +d”)=1 and
sn(d! +d")=d! +d", so by the angle addition formula for the sine fiorgtthe sine of thangle of
incidence is

sn(! +d! +d")=sin! +(d! +d")cos! .

Meanwhile, the sine of the angle of refraction is&inTo apply Snell's law, we need the ratio of the
sine of the incidence to the sine of the refraction. As fractions, thosisati

sn! +(d! +d")cos! _1+(d! +d" ) cos/ 14

sin/ sin/

(d! +d")cot! .

Euler will find it more convenient if he can rewrite this fraction with a 1 in its numerator. Because the
numerator of the fraction on the middle is an infinitesimal, he rewrites the ratio as

(d" +d#)cos”
sn” '

1:1!

When it comes time to use this ratio, though, he will use it in the form
1:1! (d" +d#)cot” .

That's one part of Snell's law. Now Euler must consider the effect of the density of air. Earlier
he denoted the density of airagsg, so thedensity at is g + dq. From his earlier work on refraction,

we get that the ratio of the sines, what Euler calls the "ratio of refractidnl#s@. Now, by Snell's
c

law, the ratio of the sines equals the ratio of refraction, soetve g

oda__

. (dw + dg)cotw .



The first part of the article, the part we dealt with in last month's column, told us what we need to knov

to find dg. For the given heightZ = x, we havelnE = % from which it follows that

q
mk mk
Substituting this valuéor dg givesthe equation
!
1992 _ (4 4 g#)cot”
mck
Becauseg = e! ™ this is the samesa
L
10 (4 +d$) oot
mk

That's a bit of a mess, but Euler, ever a genius at substitutiers os a way to simplify it.

. t Nzt : . .
TakeCZ =z andCT = 1. Thensin! =~ andcos! = Y= . Taking the differential
z Z
. zdt" tdz . -
givesd! = ————. BecauseérianglesCZT andZzu are similarand becausgu = z d# anduz = dz, we
z" tt
. t zd . tdz
haveCT : ZT = Zu : zu , that is to say _ 299 , from which we getd! =———. As a
Jz-tt  dz Zjzz" tt
B dt z" , .
consequence we havg +d” = NCTTh Becausecot! = P Euler's messgquation reduces
z
to
. X
l'e™dz_dt
mk t’

Because =z — q, thisreally involvesjusttwo variablesz and¢, andEuler tells us it is easy to solve.

But Euler doesnOt solve it until ten pages later in the paper. Instead, he tells us that there is a
easy way taise this form to determine the radius of curvature of at the pa@intl then to use that to
answer some of his questions about refraction.

. d .
Euler tells us that "as we know", the radius of curvatur%—fs. This seems completely
t

unreasonable to those of us who learned formulas for radius of curvature that involvdthese
powers and second derivatives. Howevandz don't form a rectangular or a polar coordinate system.
In some of his papers on differential geometry gEblas shown that for these particular variables, the

. .zdz
radius of curvature really IsdT'

Given this, Euler finds that the radius of curvature at the pomt
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Now Euler takes the poiatto coincidewith the point4, so that =a, x = 0 and$ = ”. There, the

radius of curvature becomels_—". Euler plans to make calculations that do not involve great heights,
I'sin

so he feels safe in assuming that the radius of curvature wdhaoge a great deal between the source
of the light atO and the observer dt and he concludes that the cut¥Z4 is approximately the arc of

a circle of radlusl_—". He calls this radiug, then does a bit of calculation, agasingzoises as his
I'sn

unit of length (see last month's column for more abakts) and estimating thad = ﬁ) He finds

thatg = AG is about 13.3 millionoises, or about 4.08 times the radius of the earth. Fig. 5 is not drawn
to scde; the arc4D is much too large and the radius of curvattiteis too small.

Euler is ready to use this approximation to do an example. Following Fig. 5, he supposes that
the observer at sees an object at that is apparently exactly on the horizen,the angl€ is 9G. Let
OA be the path of the ray of light froémto 4 and let4G be the radius of curvature of that path.
Because’ = 90, we know thad G passes through the center
of the circle. A

Further, take angleéCO = #. Then letD to be the D
point on the surface of the earth directly ben€atind let
AD = s, which makes = a#, wherea = C4 is the radius of
the earth. Now, Euler asks how hi@must be above the C
point D for it to be visible to the observer 42

This is a fairly elementgirgeometry problem that a
modern reader might solve using polar coordinates. Eulel
uses a different strategy, extending the radidg¢o the point g
K that make®)KG a right angle. Then he find¥ in terms
of a, g and# to be

OK =+/ggcosy’ + 2agsing’® — aasing? .

. Fig. b
From there, he finds, becaugenust be rather small, thBO G

IS approximately%;. All this is fairly routine, so we
a

won't give details.

Euler concludes the main part of this article with a table of vertical adjustmentsusiabe
made for observations over various distances fronrdi®& (about 200 yards) to 40,0@&ses (almost
50 miles). Then he does an example where the ray of light is elevated from the horizon when it arrives
the observer at the poidt and findly, almost as an afterthought, he gives an exact solution to the
differential equation he had found earlier.



In this E502, we've seen quite a few aspects of Euler's work in applied mathematics that don't
often get a chance to shine in this series airools. We see how Euler often put a problem down for a
while, only to pick it up and extend it more than 20 years later. He had solved a similar problem [E21!
in 1754, but he had not studied the optics of the atmosphere in the years in between. hélegen t
after he became nearly totally blind, Euler still worked on optics. It reminds us of the deaf Beethoven,
still composing his Ninth Symphony

On a technical level, we see how Euler makes the transition from the algebraic formulation of
physical Aws, in this case Boyle's law and Snell's law, to a calhdasd formulation. He was the first
to make this a standard technique in science. Euler also shows us how to use good approximations t
the trigonometric and exponential functions to get aceuthough not exact, solutions to practical
problems.

Euler spent as much time on practical problems that were on the cutting edge of the
technological and theoretical frontier of his day as he did on his pure mathematics.
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