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Last month we began this two part series on Euler'swork in actuarial science with an accountof
his study of mortality, the"death" part of "Life and Death." This month we turn to the other haf of the
equdion and ask the mathematical question,"Where do thos babies come from?”

To seek hisanswers, Euler beginswith anumber of assumptions Some of them are jud to
simplify thebeginningsof his andysis and will bereplaced with more sophisticated assumptionslater.
Others are simple because he sees no way to gather the datato suppot more complex ones. Still othe's
arejug nave.

For notation, Euler takes M to bethe current popdation and, taking both birthsand deathsinto
account, hetakes mM to bethepopuktion oneyear later. He patiently explainsthat if birthsand deaths
are equd in number, then m = 1 andthe popuktion will remain the same, tha if births exceed desths
then m > 1 andthepopdation will increase, etc. Thislevel of detail isunusid, even for Euler. Clearly
he expects tha some of the people who read this paper do notknow highea mathematics.

Euler presents hisfirst assumption on thebirthrate, what hecall he"multiplication," as follows:

"Now, having fixed the prindple of propagaion, which depends on
marriages and fertility, it is evident tha the nunber of infants which are
bom in the course of a year oughtto have a certain ratio to the number of
living men."

ThoughEuler himself was thefather of 13 children, hewas also a man of the 18th century, and
like his contemporaries, would have thoughtit unseemly to mention any role women might play in the
propagaion of the species, other than the oblique reference contained in theword "fertility" (fécondité).
He also primly and propely assumes tha all children are bom ingde of wedlock, an assumption as
untruethen asit is now, at the same time beingirrelevant to the mathematics of hismodd. Perhgpshe
was jus being hopdul, as he had two teenage daughters when he wrote this paper.

Having madethis assumption, Euler sets outto avoid ugngit. He saystha hecould jus take the
number of births N, to be some condant multiple of M, say ! M, where ! isthemeasure of fertility,

"[b]utit isdifficult to draw fromthis the coneequences aboutbirth rates and other phenomenatha
dependonit.” Hedoesn't give ddails.
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Ingead, paralleling his notation onthe popuktionitself, hetakes N to bethenunmber of birthsat
present and nN to benumber of birthsin oneyear. If wetaken = ! m, then thiswould be congstent
with Euler's assumption on birth rates. Ingead of calculating », though Euler hopesto observeit. He

notes tha the number of birthseach year form a geometric progression, inareasing or decreasing
dependingonwhether n>1orn < 1.

Now, Euler combines thisresult with hisresults from thefirst haf of E334 thos tha we
presented in last month'scolumn. We remindthereader tha (m) represents the propottion of a
popuktion of infants still alive after m years. Thissaid, hegivesusatable:

Number of | After 100yearsthere
births are still living
at present N (100N
after 1 year nN (99)nN
after 2 years n°N (98)n°N
after 3 years n°N (97)n°N
. | .

after 98 years n9.8N ( 2) r.|98|\|
after 99 years n°N (1)n”N

after 100years ntN n*°N

Thenumbesinthislast column form wha we would now call the"agedistribution” of the
popuktion, a concept tha plays a key role in moden demographics and popuktion dynamics. Thesum
of thenumbesin thelast column gives the popuktion after 100years, namely

(1) nlooN#1+() Q (3) () ()

A —+etc
n I’l 3 l’l4 I’l @f

Because people are mortal, thisis afinite series.

For thisandtherest of hisandysisto beaccurate, it isimportant tha these mortality figures, (1),
(2), (3), etc., aswell asthevalueof n be stable, and tha they have been stable longenoughtha theage
distribution becomes stable aswell. Euler will make this disclaimer at theend of the article.

Now Euler takes the current popuktion to be M, the birthsper year to be N and claims tha

) __1+()()()()()

Sttt + etc.
N n n n

He gives only sketchy reasons butwe can fill in some of his steps  If we take Mo to bethepopuktion
in 100years, then Moo isgiven by formula(1). Fromthe previoustable, henunber of birthsin 100

yearswill be n*®N . Since theratio between popuktion and the nunber of birthsis taken to be condant,
we get that



M:M100=1+@+@+@+@+3C_
N Ny, n nt n* ’
as claimed.

For Euler, thisis an important result because it allows him to calculate n in terms of M and V.
Thevalueof »n was difficult to oberve directly and was very sengtive to small couning errors, so it was
more accurate to calculate it indirectly.

With these theoretical toolsin hand, Euler raises, then answers some questions much like hedid
in thefirst hdf of the pgper.

Question 1. B Given the hypotheses of mortality and fertility, and if we know the population, to
find how many people there are of each age.

In moden terms, Euler seeks the age distributionwe mentioned above If we multiply both sides
of formula (2) by », theresulting formula gives the total popuktion M as asum of the popuktion at age,

@ (2) people of age2, E , andin general @N people of agea.
n

namely N infants, — -
n n

N peopleof agel,
Question 2. B Given the same things, to find the number of men who die in a year.

Take M, N and n as before, and nate tha % = % Then in ayear the popuktionwill become n/,
so thechangein popuktionwill bend — M. The number of birthswill benN, and therest of the
popuktion changewill beaccounted for by deaths so the nunber of desths mug be (1! n) M +nN.

Question 3. BKnowing how many births and funerals happen during the course of a year, to
find the total population and its annual growth, under a given hypothesis of mortality.

Thiswas a paticularly interesting question in Euler'stime, to estimate thetotal popubtion from
the numbers of birthsand deaths both of which were thoughtto be easily and accurately available. Note
tha the"given hypohesis of mortality” of which Euler speaks meansthevalues of those mortality
fractions (1), (2), (3), €tc.

Let N bethenunmber of births as dways, and O bethe nunmber of funeaas. Question 3 asks usto
find M given O, N andthe"given hypothesis of mortality.” From Question 2 we have

3) O0=(1! n)M +nN.
S0 that

|
M:O' nN.
1!'n

Fromthis, it is clear that we will have to use the"given hypothesis of mortality” either to find» or to
ediminae it fromtheequaion. Towardsthisend, abit of algebragives



N(i! n)
Recall aso formula (2):
(2) %:1+%+%+%+%)+%+etc.

Subgituting this into the preceding formula gives

“ O _@),(2,0), 4

N{Itn) n n* n®

Now Euler unnecessarily divides the problem into three cases, a stable popuktion, an increasing
ong and adecreasing one

In thefirst case, thenumber of birthsequds the number of deaths so formula (3) implies tha
n=1. (Mathematicaly, we have to admit tha perhgosM = N, buttha cannothgppeninredlity.) Inthe
casen =1, formula(2) gives

M = N(1+(1)+(2)+(3)+(4) +etc.).

In thesecondcasg, if N, thenunmber of birthsis greater than O, the numbe of deaths then N - O
ispostive and the popuktionisinaeasingandtha » > 1. Likewise, if thenumber of deathsexceedsthe
number of births then thepopukbtion decreasesandn < 1.

It seemstha Euler has donean incomplete, or at best an evasive job of answvering Question 3, for
after reading his answer, we still don'tknow how to find the popuktion M given the numbers of births
and deaths N and O and a"given hypothesis of mortality.” In order to provideanumbe for an answer,

we mug find avaluefor n. We're notalowed to use thefact tha n = % because we don'tknow Af;

tha'swha the question asks usto find. Ingead, we have to solve formula (4) for n, buttha isa
polynomal of degree 100,and it islikely to bedifficult to solve. Euler only tells uswhether n is greater
than or lessthan ong and nothowto find an actud value We will come back to thisin Question 5.

Asif hehas answvered Question 3, Euler asks:

Question 4. B Given the numbers of births and deaths in a year, to find how many of each age
there will be among the dead.

Euler takes M, N, O andn as before, and assumes tha we are given N andn. Then hesolves his
problem with a series of tables. Hisfirst table uses thebirth rate, #, this year's nunber of births N, and
the"given hypotesis of mortality” to calculate theagedistributionsfor this year and next year.



Number thisyear  next year

of newboms N NN
of ageoneyear % N (N
of agetwo years (niz) N % N
of agethree years iN (niz) N
n
efc. efc.

From this we can calculate the number of each agewho die each yesr:

number of deaths
less than oneyear (11 ()N
1to 2 years ((1) ! (2))%
2to 3years ((2)! (3))%
3to 4 years ((3)! (4))%
4to5years ((4)- (5))%
etc. etc.

Thistable answvers Question 4, but Euler wantsto take it jug alittle farther. Inthistable, the
sum of theentries in the second column mug bethe total nunber of desths 0. Making tha sum and
dividing by thecommon factor N gives

O n 10/ (2)" 10/ 3" lcy
Z =11 P27 A e 2 g 24
1! (1)@1. o gl el —glt —elete

This, henates, agrees with formulas (2) and (3) above

Question 5. BKnowing the number of living people as well as the number of births and the
number of deaths of each age over the course of a year, to find the law of mortality.

Solving formula (3) for n gives
M! O

M! N

n=

This gives amuch easier way to find » than themethod suggested in Euler's Question 3, thoughnot

necessarily cheaper. Thisway we haveto find M. This means spending thetime and effort to take a
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cenausof al thepeople livingin thecity or state. Note thoughthat if A isenoughlarger than O and N
orif O and N arerelatively close to each other, small errorsin ther measurement don'thave much effect
onn, S0 pehgpsthe cenausdoesn't have to be extremely accurate.

Continuing with theproblem at hand, let /, ”, # $, etc. bethe number of deathsat agesless than
oneyear, oneto two years, two to three years, etc. This gives valuesto theentriesin the secondtable
from Question 4. Then, fromthefirst lineof tha table, we g&t

I =(1" ()N,
S0 that
o
1)=1-—.
®=1-%
Likewise
; N
r=(() (2))?
S0
0"
(2=
Y #+n"
N
Continuing in this way,
_Oc+nﬁ+n2y

=1-— ¢

(9=1- 211840y,

(4):1_a+nﬁ+n27+n36
n 1

and the paternisevident.

Thisisaremarkable result, in my mindthebest in thewhole article. Euler recognizes clearly,
and says as much in his cloang paragraphs tha mortality andfertility vary a great deal from oneareato
another, andthat it would beimpractical to gaher theinformation tha went into Kersseboonis tables for
very many locations However, they routindy kept track of birthsand degths or at least of bgptisms and
fungals. Euler's Question 5 shows tha theinformation in Kersseboonis tables, thoughdifficult to
gahe directly, can berecovered from other information tha is much easier to collect.

We should note that some of these results can befoundusng moden tools. We can combinethe
"law of mortality" with age-specific fertility rates and building atrangtion matrix to describe how many
babies are bom to people of variousages and wha propottion of people of each age survive to bethe
next age Then quantities like Euler's survival rates, (1), (2), etc., thevaluesof n and ! andtheage
distribution can be expressed in terms of eigenvdues, eigenvectors and such. The subject provides an
early example in many mathematical modding courses and a late onefor linear algebra courses.

A wise man on@e said, "You can't dways ge wha youwant." Y oumay want mortality tables
like Kersseboonis, they are difficult and expendve to prepare. Euler shows usthat, with careful
andysis and goodmathematical modding, tha the wise man was correct when headded, "butif you try
sometime, you jus mightfind you can g& wha you need.



| would like to acknowmedgeRichard Pulskamp and his trandationsof many of Euler's work
related to probability and statistics. They have been very hdpful in these and other columns They are
available on his webste and throughlinksfrom EulerArchive.org.
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