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For hiswholelife Euler was interested in fluidsand fluid mechanics, especially ther applications
to shipbuilding and navigaion. He first wrote on fluid mechanicsin his Paris Prize essay of 1727, [E4],
Meditationes super problemate nautico, de implantatione malorum E, (Thoughs abouta navigational
problem on the placement of masts), an essay tha earned theyoungEuler an acessit, roughly an
honomble mention, from the Paris Academy. Euler'slast book, Théorie complete de la construction et
de la manoeuvre des vaisseaux, (Complete theory of the congruction and maneuvering of ships) [E426],
published in 1773,aso dealt with practical applicationsof fluid mechanics. We could summarize
Euler's contribution to the subject by saying that he extended the prindples described by Archimedesin
On floating bodies from statics to dynamics, ugng calculusand patia differential equaions Indeed, he
made some of thefirst practical applicationsof patial differential equaions

Euler'swork is very well known amongpeople who study fluid mechanics. Severa of the
fundamental equaionstha describe nonturbulent fluid flow are known simply as "the Euler equdions,”
and the problem of extending those equaionsto turbulent flow, the Navier-Stokes equaions is oneof
thegreat unsolved problems of our age

This month, we are going to look at [E258], Principia motus fluidorum, (Prindples of themotion
of fluids), in which Euler derives the partial differential equaionstha describetwo of thebasic
propeties of fluids

1. thedifferential equaionsfor the continuity of incompressible fluids and
2. thedynamical equaionsforideal incompressible fluids

We will examinethefirst of these derivationsin detail.

Euler beginsby warning us how much more complicated fluidsare than solids If we knowthe
motionsof jug three points of arigid solid, then we can determine the motion of theentire body. For
fluids though different parts of thefluid can have very different motions Even knowingtheflows of
many points still leaves infinitely many possible flows.

Thisisnotto say tha there are nolaws regarding fluid flow, and oneof Euler'sfavorite isthe
Law of Impenetrability, tha two objects cannotoccupy the same spece at the same time. Thiswill be
Euler'smain tod in hisandysis. He will describewha we would call "volume elements’ and regard
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them asindividud objects, which therefore mug obey the Law of Impenetrability. Moreover, Euler will
assume tha thefluid flow is continuousand incompressible. Euler's notion of continuity was a bit
different than oursistoday, and hisnotionimplied that theflow also bedifferentiable. Thiskind of flow
isnow called incompressible laminar flow. This rules out phenomenalike breaking into droplets,
forming cavities and flowing aroundobstacles. Thus Euler seeksto describewhat hecalls possible
motions those tha are both incompressible and continuous

For thefirst pat of his pgper, thepat in which hederives the PDES of incompressible fluids he
additiondly assumes that thefluid bodyis subject to noforces or pressures. Intheend,thislast
assumption does not changeEuler's condusons

Euler beginswith thetwo-
dimengond case and asks usto
congder an arbitrary point/ in thefluid 'y £ -
body. (SeeFig.1.) Hetakes hisaxes @ )
to bethelines4Q and 4B, so the

coordinates of thepoint / are AL = x . 4
andLl =y. B

With respect to these axes, we
resolve the motion of thepoint/ into its
two components, u=Im paallel to the
x-axisand v=In paalld to they-axis.
He notes tha the speed of flow at point

listhus+uu+w anditsdirection, %
given as an anglerelative to thex-axis A L M b of Q
IS arctan .

Now, these velodty componentsu and v are not congant, but they vary with x andy. Euler
introduces fundionsL, /, M and m so tha he can describethese variationsas differentials, writing

du=Ildx+Ldy and

dv=mdx+ Mdy.
. lu 'u ly ly )
Wewould write L =—, [=—, =— and m=—. Bothpars, L and/, M andm, are
I'x Iy I'x l'y
. I L1l IM I'm . .
themselves patid derlvatlves,so|—=|— and TV When Euler wrote this pgper in 1752,
ly IX ly Ix

thisfact that "mixed partial derivatives are equd" was ill afairly recent result. [E44, Sandifer 2004

If anew point P (again, see Fig. 1) islocated at distances dx and dy relative to the point /, then
thevelodty components at thepoint P will be

u+Ldx+Ildy and
v+ Mdx+ mdy.



Euler cleverly reuses his points m and r by letting /mn be atriangular element of water, and takes
Im = dx and In = dy. Hereassures ustha,' "Thewhole mass of thefluid can bementally divided upinto
elements like this, so tha wha we prescribefor one element will apply equdly well to all." Euler seeks
to describe the points p, ¢ and » to which the points /, m and n respectively are moved by theflow during
thetimeinterval dr. He callsthistimeinterval atempusculo, or "tiny timeinterval." | dont recall seeing
thisword before, and | wonde if it issSimply uncommon, if it was a bit of "math dang" popukr in the
1750s or if Euler condructed it jus for the occasion.

To locate thepoints p, ¢ and r, Euler beginsby giving ustable of thevelodtiesinthex and y
directions(i.e. paralel to AL and AB, respectively) at thepoints/, m and n:

point: / m n
speed in thex direction | u u +Ldx u +ldy
speed inthey direction | v v +Mdx | v +mdy

This lets him write the coordinaes of each of thepointsp, ¢ andr. First,

AP! AL =udt and
Pp! LI =vdt.

This gives the coordinaes of p as A= AL +udt and Pp = LI + vdt. Similarly, the coordinaes of ¢
areAQ = AM +(u+Idx)dt and Qq=Mm+(v+ Mdx)dt, andthose of r are AR = AL +(u +Idy)dt and
Rr = Ln+(v+mdy)dt.

Euler givesabrief argument tha pgr is still triangle because triangle /mn and thetime interval dt
are infinitely small. Then, "[s]ince the element /mn oughtnot be extended into a greater area, norto be
compressed into asmaller one its motion mug be so compo<ed tha the area of triangle pgr equds the
area of triangle /mn." Thisisakey observation, for it allows Euler to describe hisnotion of
incompressibility by giving conditionsthat preserve the area of the element /mn. Euler does notyet
have access to the Divergence theorem tha many of uslearn in our third semester calculuscourse,
because vector fieldsand ther accompanying notionsof gradient, divergence and curl, did not arise until
the 19th century. Hence Euler hasto doall thework directly, "from scratch.”

Triangle Imn isarighttriangle, so it iseasy to finditsarea, <dydx.

To findthearea of triangle pgr, we refer agan to Fig. 1, and see tha theareaisthe sum of the
areas of trapezoids PprR and RrqQ, less the area of trapezoid PpgQ. |Informulas,

Per=%PR(Pp+ Rr),
1
quQ:ERQ(Rr +Qg) and

PpqQ= %PQ(PWQOI)-

! Here and elsewhere in this column, when | quote Euler's words, | use the translation graciously provided by Enlin Pan.
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Subgituting and collecting terms gives

pqr=2PQ'Rr" 2RQ!Pp" £ PR!Qq.

Now, let PO=0, PR=R s0 tha RO=0 — R. Also let Qg=Pp+q and Rr=Pp-+r, and theareaformula
simplifiesto

pgr=2Q!r" iR!q.

Fromwhat came earlier, we can rewrite theelements of therighthand sdeusng differentials to
get

Q = dx+ Ldxdt, q= mdxdt,
R=Idydt and r = dy+ mdydt.

Now, thedeails are interesting, so we'll indudethem.

Subgitution, then factoring gives
pgr = 1dxdy(1 + Ldt)(1+ Mdt) ! 1 Midxdydt?,
which combines to give
pgr= %dxdy(1+ Ldt + mdt + Lmdt?* ! Mldtz).
Because we knowtha ! pgr = 2dxdy andtha dxdy! O, we subditute, then subtract and cancel to get

Ldt + mdt + Lmdt? ! Mldt* =0
or

L+ m+ Lmdt — Mldt = 0.
As dt vanishes, this gives

L+m=0.

In terms of partial derivatives, Euler writes

du dv
_t— = 0'
dx dy

butwe would write

lu v
_+_=0’

Ix ly

or even



I "u=0.
Thislast notation was at least 100yearsin Euler'sfuture.

An andogousargument, based onFig. 2, seven pages longingead of four, leadsto theandogous
conduson for three dimensons which Euler writes

du, dv, dw_.
dxdydz'

It isinteresting to note tha, except for therelative postionsof pointsp, g and r, Fig. 1 isaprope subst
of Fig. 2. Likewise, theargument leading to Euler's two dimendond formulais a prope subst of the
andogousthree dimengond argument as well.
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At this point, we've described only thefirst part of Euler's pgoer. Inthefirst pat, Euler had not
concerned himself with howthe flow mightchangeover time. Thekey new ideain thesecondpat is
tha forces, internd and externd, might cause theflow itself to changewith time. Thus his equaionsof
motionin two dimensonshave an extraterm to describe how the flow changes with time. In paticular,
andin modean terms, he beginswith

du ——dx+—dy+—dt and
I'X ly !

dv —dx+—dy+—dt
I'X ly !

Thisis clearly andogousto his starting paint in thefirst section, where hisfirst equaionswere



du=Ildx+ Ldy and
dv= mdx+ Mdy.

In fluids changein velodty isrelated to pressure, denoted by p. Asinthefirst pat of the pgper, Euler
uses hisinitial equaionsto derive thedifferential equéions first in two dimensons then in three, tha
describethe pressuresin fluid flow. For three dimensons and in moden terms, they are

'p ,,2#!u +!u +!u +!u&
x o Mx Ty iz e

| | | | |

P " 2# Vu+1v+i’w+—‘(& and
ly % ly 1z I't

In theinterests of brevity, we will notgive more details of these derivations Theinterested
reader isencouraged to conault [Truesddl 1954]and Enlin Pan, in his English trandation of [E25].

Findly, sharp-eyed readers who read thereferences first may note three other articles tha Euler
wrote aboutfluids [E225], [E22§ and [E227]. Fromtheir titles"Genera prindples onthe state of fluid
equilibrium”, "General prindples on themovement of fluids' and "Continuaion of theresearches onthe
theory of the movement of fluids', they seem to cover much of the same material as[E258]. Fromtheir
length, atotal of 131 pages, compared to 36 pagesfor E258,they seem to cover thematerial in more
depth, andfromther EnestrSm nunbes, al lessthan 258, it is evident tha they were all puldished
before E258 Why, then, did we describe E258ingead of E225,E226and E2277

E258was actudly written first, in 1752,butdid nat appear in thejoumds of the St. Petersburg
Academy until its volume for pgpers presented in theyears 1756and 1757 Typica publication ddays
ddayed the actual printing of tha volume until 1761. The other three were written in 1753,1755and
1755respectively in French for thejoumad of theBerlin Academy and published in that academy's
volume for theyear 1755,printed in 1757 Euler'scolleagues in Berlin would have learned of the results
in 1753and 1755 and scientists elsewhere would have learned them in 1757. Hence, if we are studying
theinfluence of Euler'sideas, then we should have lookel at thethree pgpesin French. Moreover, they
represent a more refined and complete treatise on the subject.

However, if we wish to see the growth of Euler'sidess, to see "how Euler did it," then we should
look at his earlier work on the subject, and tha isE258. Readers interested in the differences between
E258and thethree treatises in French should consult [Truesddl 1954] Truesddl's"Introdudion” itself
is an outstanding essay, andit'sin English!

Special thanks to Enlin Pan for allowing me to use his English translation of E258. It was most helpful.
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