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Some Mathematical and StatisticaAspects of Enzyme Kinetics
by Michel Helfgott and Edith Seier

Abstract

Mostcalculus or differential equatiom®urses utilize examples takiom physics often discussing them
in great detail. Chemistryolwever,is seldomutilized to illustrate mathematiceoncepts. This tendency
shouldbe reversed because chemistry, especially chemical kinetics, provides the oppioroply
mathematics readilyWe will analyze some basic ideas behind enzymetikis, which allowusto deal
with separable ahlinear differential equations as well as realize the need to use power series to

approximateex and In(1+ X) close to the originandto apply the recently defindcambertw function.

The models studied in this context require the estimation of pararhas®d on experimental data, which
in turn allows usto discuss simple and multiple linear regression, transformations adtheanregression
and their implementation using statisticoftware

1. Introduction

Enzymesaremainly proteinstha catalyzebiochemicakeactions, which therwise would
proceed very slowly. They are essential to life. Their kinetics began to be understood at
the beginning of the Z0century. It was observed that a typical enzyme converts a
substratento a product according to tlskemical formulaS+ E — E+ P.

Assuming that w are dealing with a singktepreactionwe will have P'(t) = kSt)E(t) .
This is due to thé&aw of mass actigrwhich ascertains that the rate at which a sh3tge
chemical reactioproceeds is proporti@hto the product of the concentration of
reactantsThusincreasingS,, the initial concentration of substrate, and keeping the

amount of enzyme concentration constant, we could incva#tsaut limits the initial
rate v, at which the product is formed. Thisrclusion isnot in agreemenwith

observationsy, reaches value beyond which ¢haddition of more substrate doest

increase the rate ofitral formation of the producilo circumvent this and other
difficulties scientiss postulated the existence of an intermediate compound, which
achieved rapidly an equilibrium with the reacteentsl decomposed gradually producing
a molecule of the product and regenerating a molecidazfme. That is to say,
S+tE&C—>E+P.

Let us assumthat the reversilel process has rate constakisand k_; for the forward
and backward reaction respectively, while the irreversible processesrgd by the rate
constantk,. Due to the abovenentioned equilibrium we havg S(t)E(t) = k_;C(t), so
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E@t) = ﬁ@

ky S(t)
intermediate compoundhus E; = E(t) + C(t) where E; is the total concentration of
k_; C(t)

enzymeTherefore C(t) = Er —E(t) = E¢ _k_%’ which in turn leads to
1

. But the enzyme exists either as free enzyme or forpamnigof the

k, 1., .
Ct)@+ kT% = E; . Finally we get
c(t) - E; S(t)
K + S(t)

whereK = % Since the ratef formation of the produas given byv = P'(t) and
1

according to the law of mass acti®\(t) = k,C(t) , we reach the expression

L KoErS@)
K+ S(t)
k>,E
In particular Vo = KoBrSy 1)
K+$S,

wherev, =v(0) and S, = S(0).

A close look at (1) allows us to conclude that if we incr&s&eepingE; constant,
eventually it will be much greater thdf. So v, will tend to thdimiting rate k,Es,
which we denoté/,,5, following common usage among biochemidtsus

V= Vmaxs(t)

K+ S(t) @

This relationship is known as tihichaelis-Menten equation, honoringLeonor
MichaelisandMaud Menten who in 1913 published a groundbreaking paper on enzyme
kinetics. They were two early pioneers in a relatively new field.

If we consider v, as a function ofS, (keeping E; constant), the fédwing graph,

shared by all functions of the fornf (x) = ba_x’ can be drawn:
+ X
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Figure 1. litial rate as a function of initial concentration of substrate

The reader may note that Michaelitenten equation predicts the appearance of the
phenomenon of saturation because, no matter how muchagahsé add, the initial rate

cannot surpass the limiting ral&,,,. By the early 1920s solid experimental evidence

supporting MichaeligMenten equation had accumulatBait the exstence of an

equilibrium between reactants and the intermediate compaasichallenged by

George Briggs andohn Haldan€1925)in a renarkable twepage papeRather than
accepting the equilium between substrate, enzyme, and the intermediate compound,
they claimed tht the rate at which the concentration of the intermediate compound varies
is practically zero, except at the very beginning of the reacTibis alternative

hypothesis led theto MichaelisMenten equation, as we will see in the next section.

2. The SteadyState Hypothesis
Let us recall thatite basic model of enzyme kinetics is given by

S+tE<C—>E+P

with rate constantsk;,k_; for the reversible part of the reaction akg for the

irreversible part. The substrate S combines with the enzyme E giving birth to an
intermediate compound C through a reversible reacBaecomposes into thoductP
and regenerates the enzymdtiEhould be noted that onsuallyworks with a much
higher concentration of substrate than of enzyme.

Thelaw of mass action implies that thete at whichC varies is given by

C'(t) = ki SOE(t) — (k1 + ka)C(1) ®3)
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Since Ey = E(t)+C(t) and S, = S(t) + C(t) + P(t) , from (3) it follows that
C'(t) = ke (Er —C(1))(S - C(t) - P(1)) — (ka2 + k1)C(t)
Let us recall thaP’(t) = k,C(t) . Thus we have two differential equations in the

unknowns P(t) and C(t). Replacing C(t) = ki P’(t) in the first equation we arrive at
2

(R 1. 1o _k2+k_1,
0= Ha(Er — = PO)S — PO~ PO) -5 =P

2 2 2
Unfortunately, this is a complicated rbnear differential equation with no known
explicit solution.Some sort of qualitative simplification is indeed needgdhe
beginning of the experiment substrate and enzyme combine quite rapidly giving birth to
the intermediate compad C and thereafter a steastpte ensues during which the
concentration of C raains practically constant. Each time a molecule of P is formed by a
rearrangement of C, a molecule of the enzyme is regenerated and combines rapidly with a
molecule of substratghere is a high affinity between both of thamd during most of
the procesghere are many more molecules of substrate than enzyime mechanism
lastsduring considerable time while there is substrate left. Thus we should expect that
C’(t) =0 under steady state conditions, which in turn implies

ki SMOE() — (k1 +kp)C(t) =0
But Eg, the total concentration of enzyme, equéét) + C(t) . Therefore
ke S)(Er —C(1) — (k3 +k,)C(t) =0

that is to sayk;S(t)Er — (k;S(t) + k_; + k,)C(t) =0.

ErS(H) , where K, = katke

ConsequentlyC(t) = ———
quentyCt) = 5o+ k.- I

The rate at whiclthe product is formed is given by= P'(t). But P'(t) = k,C(t), so
under steady statee will have

v = KeErs(t) 4)
St) + Ky,
The reader may observe that this is Michaklenten equation, except that
Ky = % is different fromK = % (both coincide whenk_; is much bigger than
1 1

k,). A similar analysis to theree done in the previous section, right after displaying (1),



leads to the conclusion that at any instawluring the steady statethe limiting rateis
k,Er. Thus wewrite Vo = koEr as we did beforeA practical taskto be dealt with
later in sections 810, is to estimate the parametevs,,, and K, on the basis of
experimental values.

In particularformula (4) is valid at the beginning dhe steadytate, when we can
measire therate v, for a certainrconcentration of substra®g. It is to be noted that for

most reactions catalyzed by enzymes the stationary state is reached very ouibkly,
order of millisecondsso we may assume th&}f is the concentratioaf substrate at the

beginning of the experimenitet us pay close attention to the formula

V. = VmaxSo
° S +Kpy

For each value ofS, we should exped different value ofv,. How couldwe calculate
V,? So far we do not have information abdkif, or V., hencev, has to be found
from experiments. Indeed, undsteady statek; E(t)S(t) = (k_; + k,)C(t) . So

S'(t) =k E(t)S(t) + k4,C(t) = —(k_; + ky)C(t) + k41C(t) = —k,C(t) =—P'(t) =—V.
Thusv=-S(t), which in turn implieghat v can be approximated by the slope of the
tangent line to thes(t) curve In actual practice, to estimatg we would have to

S(t2) - S(ty)

t, —t;

are made at the beginning of the experiment. Later, once we learn moresé)asta

function of time, a practical method will be analyzidas to be noted that we are
analyzing initial rées, but we are not dealing with what is known agrieéhod of initial
rates Thisis a weltknown methodo calculate rate lawis chemical kinetics.

calculate where t; and t, are very close to each other and measurements

Biochemists prefer to perform measments at the baming of the steady state other
words measuré&, and v, rather thanS(t) andv at a later time, because sosreyme

maybe denaturalized as the procesander wayor an appreciable amount of product
may inhibit thecatalyticrole of the enzyme

The Physical and Theoretical Laboratory at Oxford Unive(ti) has developed an
applet that illustrates quite wélbwthe curves of substrate, enzyme, intermediate
compound and produeiary across timeAn alternative derivation of Michaeliglenten
equation, following the notation of a biochemist rather than a matheamatas been
developed at thBepartment of Bchemistry at the University of Leicesi@iK).
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3. The reasonableness of the Steady State Hypothesis
The assumptionC’(t) =0 played a critical role in the deduction of the Michaelis

Menten equatiorBefore the steady statee can writeS, = S(t) instead of
Sy = S(t) + C(t) + P(t) , in other wordsipproximateS(t) by S,, since very little
intermediate compound and product will have been forrikdn (3) becomes

C'(t) = ki(Er - C(1)So — (k1 +k)C(1)

Thus C'(t) + (kS, + k1 +ky)C(t) = kK ET S, . This is a linear first order differential
equation. Taking into consideration th@(0) =0, the use of the integrating factor
el rkatko)t 1ea4s to the solution

Ct) = kErS,  kES o (aSyrk o)t
KiSo +kg+ky kS, +kg+ks
— ET SO (1_ e_kl(SO+Km)t) (5)

So +Kn

C(t)

A
' >
t t

Figure 2. C(t) growth before and during stationary state
This is a function of the weknown type b(1—e ') , which starts from zero and tends

to b. If a is arelatively large number, the function will reach its limiting value through
a steep ascent. We can note that (5) has been obtained assumirg thate small (say,
t <t;) which allowed us to ascertain thg{t) is practicallyS,. However, if in the

laboratory one works with a great excess of substrate, it is to be expected that the



approximation S, ~ S(t) will be reasonable beyortg; thusimplying that C(t) tends to

VxS
the constant valueE; S, /(S, + Ky) . S0, eventually = P’(t) = k,C(t) = Sm—T—XKO _
(0] m

CornishBowden (1995pscertains that a reasonable value in practicek{gs, + K )

is 100C s~ when one works with a great excess of substrate. e <0.01
provided —100@ <In(1/100Q, i.e. t > 0.00460'. Thus for t bigger than 5
-1000t

microseconds0.99<1-e <1, so
099 S _ ErS (1 200y ES
S+ Ky S+ Kp Sy + K
. E-S _ E+S
Consequently, after only 5 microsecongs——2— (1— e 200%) gnd —T~9
+Kn Sy + Ky

practically coincide.

We have reached Michaelenten equatiomnder the assumption that we arerking

with a much higher concentration of substrate vissaeewzyme and not much product has
been formed. Arguably this egtion has been obtainadcepting ampproximation, but
noneheless it illustratethe factthat quite soorC(t) will adopt a pratically constant

value in agreement with tteteady state hypothesiithough for quite a while wevill
concentrate our effortsnthe period during whiclC’'(t) =0, in section/ we will see that

analyzing the periodd <t <t; (during which C’(t) > Q) will lead to a method to
estimate k;.

Biochemists have found that the steady state hypothesis is very fruitful. Many

consequences of it are in agreement with experimental results. However, it has been

challenged by several scientists, whoeref t o cal I-stiga dy es thigptsee uhdyop o t
or Af-glendysti at e approxi mati onC'(tr-datgusteoree st ri ctly
instant. Thereafter the curve that descrili@g) is only approximately constant while

there is enough substrate |l eft. Starting in
perturbation theory of differential equations, has been devel@setholomay, 1972)

This is an advanced branch of mathematicsahaivs the construction of a framework

that somehow supersedes previous theories. But, at an introductory level, the steady state
hypothesis is still widely used in enzyme kinetics, and with reasonably good outcomes.

4. Integrated form of Michaelis-Menten equation
We have learned how to calculafg,, and V,,,0n the basis of experimental values for

S, and v, . But under certain circumstances it might be difficult to measuraliniti



velocities. What can be done? There is an alternative way if we can m&gguae
different values oft during the steady state.

Let us recall that Michaelsenten equation ascertains that at any instant t, during the

V,
steady statey = VimarxS() where v=P'(t)=-S'(t). Thus
S(t) + K,

_ S!(t) _ Vmaxs(t)
S+ K,

This is a separable differential equation. Multiplying I%S% we arrive at:

L

-S () -Kpn SO

S (t) = Vmax

Integrating with respect to time betwedhand t (considering O as the instant when
the steady state begins) we get

t ) t Sr(u) _t

—{)S (u)du-— Kmi S du= ({Vmaxdu.
Thus

~ (S(t) - S(0) - Kmln% Vil (6)
Therefore

1I SO0) 1 S(0)-S(t) Vmax

ZIn = +

t St K, t K

This is a remarkable identity, known as thiegrated form of Michaelis-Menten,
because it does not involve rates but only experimental valu&§tdfduring the course
of an enzymatic reaction. Moreover, it predicts the appearance of a line if we have

SO =S on the horizontal axis an%jln% on the vertical axis. It is a line with slope

. .V
-1/K,, and vertical mtersectlon%.
m



So, in order to estimat¥,,,, and K,, we need a table of§(t) values obtained at

S(0) - S(t)
t

different times t. Then we build a tabletevo columns with on the first

column and %In% on the seand column. Aregression analysis will provide us with

L — . .V .
an approximation to the slop?(—l and the vertical mtersectlon%. Finally, a
m m

simple arithmetical procedure will lead to the corresponding valugs gfand V-
Section 10 is devoted to analyses of this kind.

4 1,50
P
anﬂx
E Slope = = /&,
S(0) - 5()
£

Figure 3 Integrated form of MichaeliMenten guation

The advantage of this approach to the estimatioigf and V4 resides on the fact that

it does not require measuring rates (often a challenging experimental procedure). A
difficulty that may appear when working with the integrated equation is that it requires
measuring values of(t) across time, aitsiation that could lead to problems because

diverse factors may eventually distort the reaction after it has gotten under way. For
instance, as we mentioned before, the product might inhibit enzyme activity or the
enzyme might become unstable.

5. The Vaiation of Substrate at the Beginning of the Steady State
The integrated form of the MichaelMenten equation provides a useful way of
calculating V,,x @and K,,. Interestingly enough, it is possible to find a simple

approximate formula forS(t) at the beginning of the steady state. For this purpose we
have to keep in mind a mathematical approximation, namelylti{a# xX) ~ x whenever
|x| is a very small positive number. Thus at the beginning of the steady stateS(hen
does not differ much frons(0),



S(t) St) o S(t) - S(0),  S(t) —S(0) _ )
In@ =In(1+ S0 D =In1+ S0) ) ~ S0 Multiplying ( 6 ) by-1 we
get

S(t) _

S(t) — S(0) + Kmln@f

_Vmaxt ’

which can be reptzed by S(t) — S(0) + me =Vt due to the above

mentioned approximation. Therefore

1+——
S(0)

()

Hence S(t) = S(0) — v,t. Having t on the horizontal axis, we are then dealing with a
straight line with slope-v, and vertical interceptS(0) . In other words, at the
beginning of the steady state the variation$(t) is linear. The fact that-v,, is the

slope of this line has practical ifigations because it suggests a way to estimate the
initial rate: make several measurementsS{f) at the beginning ahe experiment and

apply simpleregression

S(t)

Slope = —w,

o) |

L J

Figure 4. Variation of substrate at the beginning of the stetadly

6. Lambert W function
A closed form solution of Michaeh§lenten equation was found Bghnell and

Mendoza(1997) usingLambertW functionfor that pupose.Let h(x) = x&* for all

1C
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x>0. Thenh'(x) = (1+ x)e*, so h'(x) >0 for every positivex. The inverse of
h: (0,0) — (0,0)will then exist, which we denotd/ . This isLambertW function

(actually h(x) is strictly increasing offi—1,«0), SOW(X) is defined Olﬁ—},oo), but for
e

the purposes we have in mind it is convenient to redd¥itt (0,)).

Lambert W ___

Figure 5. Lambert W function as tiveserse ofx — x€"

Thereforeh(W(x)) = x for every x>0, i.e. W(x)eV™ = x . Thus

INW(x) +W(X) =Inx (8)
On the other hand, the integrated form of Michaklenten equation ascertains the
S(t)

= —Vayt - Hence

validity of (6), i.e. S(t) ~ S + K In 2

0
S(t) +In S(t) — SO +In S0 _ Vmax t (9)
Km Km Km Km Km

Looking closely at (8) and }9it seems reasonable to suspect that for audyring the
steady state phase of the reaction there will exist a positive numdgrh that

SO =W(X). Let us assume that such arexist. So In% =InW(x) , which in turn
m m
implies % +1n SO =W(X) +InW(X). Therefore
m m

S S V .
9 +ln—2— Mt —W(X)+InW(X), i.e.
Km Km Km

o i B W00+ W)

Km m

11



Sb _Vmaxt

Applying the exponential function to both sides we %&Le Km  —w(x)eV® . But
m
S)_Vmaxt
let us recall thatw(x)eV® = x . Therefore x=-2-¢ Km
m

Next we can prove that under steady state conditions it is true that

S~Vmat
S(t
( ) W( SO Km )
Km m
Sb_Vmaxt
Indeed, Ietx:ie Km . Then Inx=1In So + So —Vmaxt,which thanks to9)
m m Km Km
leads to the equalityn x = —= S(t) S(t) . But Inx=W(x) +InW(X), consequently
m m
W(X) +InW(X) = S(t) S(t) .In general, ifa+Ina=b+Inb thena=b because
m m
S
r ->r+Inr is a 1:1 function. Therefor&V(x) =
m

More about LambeV function, including an extensive bibliography, can be found in a
paper byHayes(2005)

At the end of section 10 we will show how Lambert W functianhelp to improve the
estimation ofV,,,, and K _ when analyzing data obtained from measurements done

across the steady state.

7. A close analysis before the onset of the steady state
Since we are able to estimaYg,,, from experiments ané; is known, rightaway we

can estimate the rate constaky (recall that Vo« = KoE7 ). How can we estimatle;
and k_;? Evidently, it is enough to fink; becausek_; = k;K, —k, and K, is found

through experiments. We will analyze the basic model of enzyme kinetics before the
steady state, a very short period of time at the beginning of the experiment during which
it is a good approximation to assumettrgt) can be replaced b$, .

In section 3 we founthat under these circumstances

12
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ErS, B oS+t

C(t) =
S+ Ky Sg+Kp

Since P’'(t) =k,C(t) we can conclude that

P'(t) _ k2ETSo _ k2ETSo e—kl(Sb+Km)t
So+Knm S+Kpy

t t
ThereforeP(t) = | K2ErSo 4, KeErSh [etaSrKmugy
(o] + Km SO + Km 0

— kZET S0 t+ kZET So e—kl(So+Km)u]t
= 5 o
SotKm k(S +Kpp)

_ kErS, - K Er S, e HalS Kt _ K Er S,
So+Km k(S +Kpm)? k(S + Kpm)?

During the presteady state the values ofare extremely small, so we can approximate
e ka(So+Kmlt by the first three terms of its series expansion, namely

klz(so + Km)2t2
2

1-K (S, + Kt +

Consequently

k12(50+Km)2t2
2

szTS'otJr koEr So
So+Km  ki(Sy +Kpy)

)

P(t) = 5> (1=K (Sp + Kt +

_ k2 ErSo — klk2 Er So t2
ke (So +Km)® 2

. KV maxS
That is to say, P(t) = %tz (10)
Thus, we can predict that if it is possible to meask(€) before the steady state, and

plot points on a graph with time on the horizontal axis agqem on the vertical axis,
t Vmaxso

the points should be spread around a line parallel to the horizontal axis. Thereafter we

13



estimatek; through linear regression. It is to be noted that rapid reaction techniques,
devel oped i n t measuleénOotP®$) befomelthe onaet df theesteady

state. A great success of the basic model of enzyme kinetics was to make predictions that
were later tested with success, within the limits set by experimental errors.

Roughton (1954)eached (10) using an alternative path, which is worth discussing. We
start by differentiating (3), keeping in mind tha(t) = k,C(t) as well as the fact that

E(t) = Ef —C(t). Thus:

P"(t) = koC'(t) = ko (ke (Er —C(1))S(0) — (k_y + ko)C(1))
= Kok Er S(0) — (kg S(0) + K_y + Ky)koC(t)
= kokyEr S(0) — (k;S(0) + K_y + ko )P'(t)

Hence P(t) + & P'(t) =a,, where a; =k;S(0) + k_; + k, and a, = k;S(0)Vpax -
This is a second order linear nRbomogenous differential equation. Since the solutions
of the equationr2 +ar =0 are 0 and —a; (the roots of the characteristic

polynomial), and a simple inspection allows us to ascertaingﬁett is a solution of the
a

differential equation, we can conclude that the general solution is

P(t) = ¢, + c et 1+ 22t
21

.t A
Thus P'(t) = —c,a,e” " +a—2 . Moreover, we haveP(0) =0 and
)

P'(0) =k,C(0) =k, *0=0. Therefore ¢, + ¢, =0 and —&C, 182 0, which lead to

2]
a a a, a _ax a
C; =—%, ¢ =-—>. We can conclude thaP(t) = -—2 +—2-e™ + =2t . However,
al al al al al

taking into consideration that during the ysteady state the values ofare extreraly

small, we can approximate ' by the first three terms of its series expansion; namely
2
a
1-ayt + %tz . Therefore,

2
kyV,
p(t):_ﬂJrﬂ(l_atJraLtZ)Jrﬁt:ﬁtZ: 1 maxS(O)tZ
2 2 1
a” 2 &y 2 2
That is to say, 2P(V) =K.

T2, M
t 2Vmaxs(o)

14



Rought on dis foumgnsevera wanks, for instance Bartholomay (1972),
Marangoni (2005)

8. Estimation of parameters

Each enzyme has a specific, unique value kg, and V., S0 estimating both
constants helps to identify an enzyri@w could we estimat¥,,,,and K, ? Doing
experiments we choose different values$f and measure theorresponding initial rate
V, . Let us recall that the latter is approximated by the slope of the tangent line to the
S(t) curve at the beginng of the experiment. Having &,,v,, table of experimentally
determined values we could fit area as best as possible. The horizontal asytapto
wouldbe V5« While K, is the value of S, at which the initial ratbecomesV,,,, /2.
The latter assertion follows from the fact that , using the Michgisten equation,

\V/ VimaxSo - i
max _ _Ymax-o if and onIy if So = Km-
2 So + Km

v

So

Km

Figure 6 V5 and K,;, from the relationship betweer), and S, .

However,it is not an easy task to fily handthe abovementioned curve to experimental
values of initialsubstrateeoncentratioaand initial rates There is a simplalternative,
which we will study nextTaking the converse of the MichaeMenten equation we get

1 S +Kpy
VO VmaxSo

15



L : . 1 1 Kn 1 .
whichin turn is equivalent to— = +—" _—  Thus, if we choose to havel— on
VO max Vmax (9} S0

the xaxis and 1 on the yaxis, the experimental values shouldster around a
VO

straight Ine(figure 7).

1

K
Vg Slope =—"2

max

v

e

Figure 7. LineweaveBurk plot

Thereafter we use calculators or computeriind the least squares lingso called the
regression linewhich in turn will allow us to calcate 1/V, as the intersection with
the y axis andK , /Vmax @s the slope. From these values we can easily obtgin and
K- The plot under consideration is known as a Linewe8&uek plot in recognition of
Hans LineweaveandDean Burkwho introduced this way of calculating,,x and K,

in 1934.From the stistical point of view, we are doirgnear regression on
transformations of the original variables. An example will help to understand the
procedure. Let us consider the following kinetic daga(Table 1 and Figurg Blated to

the hydration ofCO, utilizing the enzyme carbonic anhydrgdcQuarrie and Simon,
1997):

Table 1. MQuarrie and Simon data

S, (mol-dm™3) | v, (mol-dm=.s™)
1.25x10°°2 2.78x107°
25x107° 5.00x107°
5x107 8.33x107°
20x10°2 1.66x107
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To estimate th paameters of the regression line will usea graphics caldator (TF89
or similar calculatorsbut also statistical software could be used. To work with the
calculatorwe build two lists, one for thé/S, valuesandthe other for th#/'v, values and

store them a$¢l and 12, i.e.

103,103’103'103}%”, {105’105’10‘3,10“6}9|2
1.25'25" 5 ' 20 278 5 '833'16

{

Thenwe calculate the linear reg®on line using the commandsnReg 11,12 and
Showste. The following line appears on the screen

y=39934042+402394001!

Hence \—El— _ 402394001%, which in turn leads toF. = 0.00024851, while

max

=3993404.. Replacing the value ofE:nax we get IEm = 0.00992-. That is to say,

-

LY
e
\E_ =2485126510“ while K =9.924x10°.

_ . .1 1 K
Multiplying by S, the LineweaveBurk expression— = +—" _— we geta
v0 max Vmax (0]
1

: : : : K
linear model on a different transformation of the varlab[%%: S, +— . A plot
VO max max

S . . : .
of == versus S, (called Hanes plot) will be linear, with slopel— and yintercept
VO max

K . . : : ,
T Using the same data from Mc Quarrie & Simon, a linear regression leads to the
max

equation y=4028013019+3991614. Thus\—El— =402801301¢and

max

L
=

max

-

and K =991x10°.

=3991614¢. Therefore the estimations for the parameters\grag =2.48x10"

" The correlation coefficient comes out to be 0.9999999473, thus indicating, based on data, a strong linear
association between the two variables.
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Another possibility is to multiply the LineweavBurk expression by, V, . and thus

max

: v Vv :
obtain v, = -K, S—° +V, .- Then we choose to havSéL on the xaxis and v, on the y

(0] (6]

axis. The quantity— K, will become the slopand V,, the intercept with the-gxis.

Plots of this sort are called Eadifstee plots A linear regression on theansformed
data for theMc Quarrie & Simordataleads to y =-0.009914+0.00024833. So

€ =9914x10° and \E_ =248336:10*.

We can see that the values df,,, and K,,, estimated using linear regression on the

three different sets of transformations of the original variadesot differ much from

each othebecause there are only four observations to estimate two parameters and the
linear correlation in the three casevery strongHowever, when dealing with data

from replicates of experimensach that for the same value 8f not all the values o¥,

are equal, the results obtained by the three paths diffjat as we willsee soon The

three possibilities just examined involve transformations of the original variables in order
to convert a nottinear relationship into a linear one. Thanks to statistical software, it is
now possible to fit the nelinear model directly andvoid the transformationshis isthe
maintopicin the next section.

9. Non-linear Regression

Before computers became powerful and widely available, linearization ofnean

model by applying notinear transformationto the variables, as we dabove, was the
practical way to solve the problem. However, nowadays there are computer programs
available to estimate the parameters of alimar model without transforming the
variables. In particular is a free software that has a command to dolimaar

regressionR is available fromhttp://www.rproject.org; step by step instructions to
download the program can be foundh#p://www.etsu.edu/math/eg/gettingR.doc

We will illustrate its use with the same example to which we applied the traditional
methodof linearization.

The procedure of doing ndmear regression can be summarized in two steps:
a) First we need to come up with initial estimateshef parameters. For this purpose
we need to recall the role of the parameters in the ¢&igare §. If we write the

Vmax X

model asy = , Vimax IS the limiting rate. So it would just make sense to

m
have as initial estimate the maximum rate attained in the experiment or a value
close to it. In the example the maximum rate @&90166 so we could use its
rounded version 0.0002 as an initial estefar V..

To get an initial estimate foK,,, we must remember thad€,,, is the value of x

(substrate concentration) that corresponds to %,gf,. In the exampleY,ax/2 is
approximately 0.0001. Locating the value 0.0001 on the vertical axis and going to the
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right to guess a value of x, we would guess that x = 0.007 when V = 0.0001, so we
will take 0.007 as our initial estimate fét,,, .

0.00018{
0.000161
0.00014
0.00012
S 0.00010
0.00008{
0.00006

0.00004 4

0.000021, : : : .
0.000 0.005 0.010 0.015 0.020
So

Figure 8 Experimental data from table 1.

b) The progranwill calculate the sum of squares of residdedsn the model
assuming the initial estimates dine parameters, then it will change the values of
the parameters a little bit and will-calculate the sum of squares of residuals.
The process continues until treductionin the sum of squares of residuals is
negligible. The sum of squares of residuals can be thafgista function of the
values of the parameters; we can think ®gitajh as a surface and we want to
reach to the minimum of that surface. Imagine a valley that can have kills an
slopes and we want to reaitte location in the valley that has the minimum
altitude. In which direction to walk toward the minimiinis importantto arrive
there soonMarquadtalgorithmsearches for the mimum and uses mathematical
tools the GaussNewton algoithm) to walk on the route of the steepest slope.

Here we include the commands we need to tygetm perform the nottinear
estimation for the data in the example.

First we enter data with:

> x<-¢(0.00125, 0.0025, 0.005, 0.020)

> y<-¢(0.0000278,0.00005,0.0000833,0.000166)

Then we write the command for nonlinear regression indicating the equation of the
model and the values of the initial estimates of the parameters (we are using the
symbols a forK ,, and b forV,,,, to simplify the notation):

\ nis(y~(b*x)/(x+a), start = list(a = 0.007, b = 0.0002)) \
The output of the program:is
Nonlinear regression model

model: y~ (b *x)/(x + a)

data: parent.frame()

a b

9.904188615 0.0002482121
residual surof-squares: 1.895619E5
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So the estimated value fdt,, is 0.0099041861 and the estimated valuevigy, is

0.0002482121. That is to sa¥,,, = 9.904186%10°° andV,,y = 2.48212%10%,
quite close to the values found before using linear regression.

When data is such thall the points seem to be on a cupfethe type specified by the
mode| it is likely that the estimated values using transformed variables and linear
regression @ going to be very similar to the estimated values throughlinear
regression.However, one of the principles of experimental design is replication.
Experiments should be repeated, and when experiments are repeated under the same
conditions not alwaythe same value for the response variable is obtained. This is due to
natural randomness of the phenomena (relationships in nature are not exactly
deterministic) or to experimental error (measurement errors or involuntatychraages

in the conditions othe environment where the experiment is conducted). In those cases
the estimated values of the parametenstained by no#linear estimation andoy
linearization might differ

The values oKy, andVimaxthat minimize the sum of squares of residuple’ in a

linear regression with variables 1/V and 1/S might not be the same that mili:mﬁe

in a nonlinear regression model with variables V and S. We also need to remember that
linear regression makes several assumpijlamsarity, constant error variance and
normality of errors). If those assumptions are violated by the transformed data we might
be better off working with nehinear regression using appropriate software.

In the following examples, the data correspogdimhypotheticateplicates have been
simulatedbased on the dafeom Table 1(plotted in Figure §, assuming that the

experiment was replicatédtimes at each value of (S,) incorporating randomly

generatecrrorsusing either additive or multiplicative modelhethreesynthetic data
sets appear in Figured@nd 1R and 1A.

Simulation1A. Constant variability for the response variable

The variance of the error is intended to be the same forealbtbes ofx (S,). The
artificial errorsfie 0 were added tthe experimental value &V, oy =V, +e, where the
errors have been generated to have mean = 0).
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0.00122 0.0000092 Simulated replicates using additive errors
0.00125 0.0000363 0.000204
0.00125 0.0000229
0.00125 0.0000069
0.00125 0.0000627 0.000151
0.00250 0.0000656
0.00250 0.0000762 °

0.00250 0.0000530 > 0.00010 ° °
0.00250 0.0000650
10 0.00250 0.0000300 . ]
11 0.00500 0.0000687 000005 .

12 0.00500 0.0001034 °

13 0.00500 0.0000705 o« ° °
14 0.00500 0.0000289 000000l ®

15 0.00500 0.0001158 . 0.000 0.005 0.010 0.015 0.020
16 0.02000 0.0001758 X

17 0.02000 0.0001574

18 0.02000 0.0001810

19 0.02000 0.0001638

20 0.02000 0. 0001038

Loooxlovmbwr\n—\g
(7]

Figure 9A. Synthetic datavith constant variability.

The fact that some of the values of y are quite close to O poses a problem for the
LineweaverBurk linearization approach. The regression equation on the transformed
variables is1y = - 1932 +8141x . Theestimated intercept is negativehi3 would
produce a negative valuerf&/, ., Something that is not reasonable. Howgevee

values close to 0 do not pose a prablfor the nodinear estimation. ing the same
initial values as beforenamely nls(yla-(b*x)/(x+a), start= list(a = 0.007,b= 0.0002))
we get the following estimates for the parameters

|'Em =0.0080050682 ,\Emaxz 0.0002176077
( residual sunof-squares1.184174€08).

There is an additional problem whilgorking with the linearization approach with the
simulated data in FigureA9 once we plot the values of 1/y and 1/x to fit the regression
line, we realize thatraassumption of linear regression is lgeinolated (see Figure B):
variability is not constant.

Fitted Line Plot on 1/y and 1/ x from Figure 9
1/y= - 1934 + 81.43 1/x
160000 1 s 280225
° R-Sq 42.6%
140000 4 R-Sq(adj) 39.5%

T T T T T T T T T
0 100 200 300 400 500 600 700 800
1/x

Figure 9B.Regression on the transformed data from Figére 9
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Figure 9B also helps to understand the origin of the negative estimate of the intercept. A
very low value ofy for a low value ofx in Figure 9A results into a very high value of

1/y for a high value of 1/x, and causes the line to have a steep slope and as a consequence
the intercept becomes negative. This could happen even if we had no replicates, it would
be enough to have a (nega) error in the measurement of the observation near the

origin to produce this problem.

Simulation 1B. No replicatesbut there is an error in the first observation

Figure 9C displays the regression line on the transformed variables using the mhata fro
Table 1. We introduced an error in the valuevofin the first observation replacing
0.0000278with 0.0000069 the modified data set is displayed on Figure 9D. Figure 9E
shows the regression line on the transformed variables fafatiaein Figure 9Dwhere

the high point to the right is the reason for the negantercept. The question ieow

low the first data point in Figure 9D needs to be to produce a situation like the one we see

in Figure 9E?

We will analyze the situatioof a negative estimate of.xwWhen using linear regression
on the transformed variablés the absence of replicates, tdfore doing save should
mention that using nelinear regressignfor the same exampléhe estimated value of

Vmaxds positive: K =0.0123880970 \E_ =0.0002706498

Data from Table 1

0.00018

0.00016

0.00014

0.00012

0.00010

0.00008

0.00006

0.00004

0.00002

0.00000 - T T T T
0.000 0.005 0.010 0.015 0.020
S

Copy of Figure 8Data from Table 1

Regression on the transformed variables, data Table 1

30000

>
< 20000

10000

0
0 100 200 300 400 500 600 700 800
s

Figure 9C Transformed data Table 1

Data from Table 1 with one modification (v1-error)

0.00018

0.00016 4

0.00014 4

0.00012 4

0.00010 4

0.00008

vmod1

0.00006

0.00004 4

0.00002 4

0.00000 4

T T T T T
0.000 0.005 0.010 0.015 0.020
53

Fitted Line Plot
1/vmod1 = - 23269 + 190.4 1/Smodl

150000 s 29434.1
RSq 86.9%

125000 RSaed @I

100000

75000

1/ vmod1

50000

25000

0 (]

T T T T T T T T T
0 100 200 300 400 500 600 700 800
1/ Smod1

Figure ©- Data Table 1 with error in first

observation

Figure 9 E Transformed data from Figure

9D
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The first point is in a position of high leverage; if it moves down enabhghslope would
become steeper and the intercept might become negateaill analyze the situation
for thefour observations of Table 1, consrthgv* = 0.0000278¢, for the first
observation othe ratevariable.

The least squares equations for the simple linear regression are:

By =Yy,
/sz /EZX =X XY

Since x=1/S and y= 1/, the least squares equations with the data in Talebecgéptthat
the first observation for , vi, has been replaced by v0:0000278¢ are as follows:

e

19

A2 Z S Sv
or
4 /Eo + /El 1450 = 38028.9 + m
1

[E 1450 + fF842500 =10702165+ 0.00125(00000278 &)

Thereforethe solution for the intercepf0 is

84250()3802$+;) —~145@10702165 1 )
/E _ 0.0000278 ¢ 0.0012%0.0000278 &)
° 1267500

Thus the condition for the estimated interc@to be negative can be written as:

84250(B80280+ — =) <145@q10702165 1 ). Thus

0.0000278 ¢ 0.0012%0.0000278 ¢)

32039348250 242900 15618139250 1450

0.0000278 g 0.0000000347-0.0012%

1450 842500

ie. 16521209006 -
0.000000034/-0.0012% 0.0000278 ¢

It can be perceived from the intermediate equations and from Figure 9Eishadt only
the size ofthe error in e first observation of ratevhat would determine a negative
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estimate for the intercept (antlus a negative estimate f&,.) when using linear

regression on the transformed variables, the size of the error in relation to the position

of theother data points as well.

Writing the condition for negative intercept in more general terms, we could say that
when instead fothe true value of the ratg we do the measurement with an error such

that we recordv, — e bringing the point closer to # 0, the problem of the estimated
intercept being negative happens when

sist.

i=1

1)<i(21+ 1 )

1
i1 Vi Vi—§ izls i=l SVi Sl(vl_el)

Simulation 2 Variability inversely proportional to the value of the response

variable.

Thesyntheticdata appear in theext table and graptiere we assume that the variability
increases when the value »f (S) increases.

X
0.00125
0.00125
0.00125
0.00125
0.00125
0.00250
0.00250
0.00250
0.00250
10 0.00250
11 0.00500
12 0.00500
13 0.00500
14 0.00500
15 0.00500
16 0.02000
17 0.02000
18 0.02000
19 0.02000
20 0.02000

e
CoO~NOUORAWNRE QO

0.0000329
0.0000275
0.0000341
0.0000341
0.0000198
0.0000591
0.0000420
0.0000491
0.0000448
0.0000588
0.0001381
0.0000803
0.0001067
0.0001253
0.0000842
0.0001431
0.0001815
0.0001839
0.0001612
0.0001276

Simulated replicates using multiplicative errors

0.00020 |

0.00015

> 0.00010 4

0.00005 -

0.00000 ; ; ; ;
0.000 0.005 0.010 0.015 0.020

Figure 1@\. Synthetic data with variability proportional to level

LineweaverBur k 6 s met hod u svariables Tineecorielatiorebetween o f
1/v, andl/S, is 0.926; thditted line appears in the next figuidotice how the high

variability in vy whenv, takes higher vales andS, = 0.02 gets transformed into small
variability and viceversa, the small variability whei®, = 0.0012¢ and v, is small at

the left in the preceding figurgets transformed into the values with high &haility at
the right of the fitted line plot

The regression equation in the transformed variables is 1/y = 3497 +129.681s
LineweaverBurkd s

m @iveb thadfollowing estimated values for the parameters
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\E_, =1/3497= 0.000286, K, = 39.63/3497 = 0.011333

Fitted Line Plot
1/Vo = 3497 + 39.63 1/So

| ° s 4784.44
50000 RSq a5.8%
RSq(adj)  85.0%

40000

30000 -

1/ Vo

20000 -

10000

T T T T T T T T T
0 100 200 300 400 500 600 700 800
1/ So

Figure DB. Linear regression using leweavesBurk transformation

UsingR to do the estimation of the parameters of the lhear modelthe results are as
follows:

nis(y3~(b*x)/(x+a), start list(a= 0.007,b = 0.0002))

-

€ =0.0063723704 \Enaxz 0.0002139074(residual surof-squares: 6.7696759)

Both models are plotted in the next figure. The values on the plotted curve were obtained
in the following way:

Using linearization ¥ =(0.000286*x)/(x-0.01133%

Using thenontlinearmodel ¥£=(0.0002139074*x)/(%0.0063723704)

Curves obtained with and without linearization

0.00020 Variable
— ynl
——

0.00015 4

0.00010

estimated y

0.00005 4

0.00000, . . . .
0.000 0.005 0.010 0.015 0.020
X

Figure 1. EstimatedS, using linear and nehnear regression
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Simulation 3. Variability inversely proportional to the value of the response
variable.

It was pointed to us that sometimes the larger variation and errors hapggefoirthe
low values ofS,, a situation we tryo represent in the next simulation (Figure 12\
were careful to simulate the data so that no valug @fould be too close to O to avoid

the problem of a negative estimated value fpgVHowever it is clear from Figurd2B
thatthe assumption of constant variance in the transformed variables is not fulfilled.

Row X
1 0.00125 0.0000180 Scatterplot of y vs x
2 0.00125 0.0000363 0.00020
3 0.00125 0.0000229
4
5

0.00125 0.0000278 :

0.00125 0.0000627 DET,
6 0.00250 0.0000656
7 0.00250 0.0000762
8 0.00250 0.0000530 B> il
9 0.00250 0.0000650 °
10 0.00250 0.0000300 o O
11 0.00500 0.0000687 DEEs
12 0.00500 0.0001034 ; °
13 0.00500 0.0000705 °
14 0.00500 0.0000700 0.000001, T T T T
15 000500 00000833 0.000 0.005 0.0:5(0 0.015 0.020
16 0.02000 0.0001660
17 0.02000 0.000 1574 Figure 12AData from simulation 3
18 0.02000 0.0001810
19 0.02000 0.0001700
20 0.02000 0.0001543

Scatterplot of 1/y vs 1/ x Estimated y using linear and non-linear regression (Simulation 3)
60000 0.00018 { Variable

0.00016 4
50000

0.00014 |
40000
0.00012

< 30000 0.00010 4

estimated y

0.00008 1
20000

0.00006 4

10000 -
0.00004 -

04 T T T T T T T T T LTI, T T T T T
0 100 200 300 400 500 600 700 800 0.000 0.005 0.010 0.015 0.020
1/x X

Figure 12B LinearegreSSion on transforme Figure 12C Estimatedo using nonrlinear

variables regression and linear regression on transforr
variables.

The regression equation on the transformed variables is

1/y = 4340 + 39.0 1/x
Thus, \Emax =0.000230415 and PEm =0.00898618
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Doing nonlinear estimation withR, the estimated values of the parameters are:
\E_=0.0002361692 K. =0.0087120580

The estimated values in Figure 12C were calculated as :

N o % 0.00023041%6
Using linearization approachy =
0.00898618 x

: : ... 9% 0.0002361692
Using the nodinear estimationy =
0.0087120586x

The Hanes inear plot
Next we will use Hanes linear pldtirstcomparethe linear plots for Lineweer-Burk

(Figure 10B, Hanes (Figure )3and the scattgslot of v,versusS, (Figure 1®) for

the second set of simulated ddtaHanes plothe horizontal axis is the same as in the
original data and the variability in the response varigbieuch smaller than in

LineweavesBurk becausd/v, is being multiplied byS, and S, usually takevalues
smaller than 1Pearson correlatiobetweenS, /v, and S, , the two variables involved

in Hanes plotfor this data seit 0.934. A nice feature is thapread or variability in
y=S,/V, does not lookoo different fa the different values o§, as it happened in the

LineweaverBurk plot The assumption of equal variance is an important one in
regression andvorking with the variableS, /v, as response varil it is easier to
fulfill the equal varianca@ssumfion than if we worked wit/v,, astheLineweaver
Burk method does.

Fitted Line Plot
So/Vo = 34.86 + 4577 So

s 13.9220
150 4 R-Sq 87.2%
RSq(adj)  86.5%

125

100 4

So/ Vo

75

a
o
e\ 000

T T T T T
0.000 0.005 0.010 0.015 0.020
So

Figure 13 Linear regression using Hanes transformation

Applying Hanes methothe Minitab computer output is:

The regression equation
So/Vo = 34.9 + 4577 So
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Predictor Coef SECoef T P

Constant 34.855 4.306 8.09 0.000

So 4577.3 414.0 11.06 0.000

S=13.9220 R -Sq=87.2% R

9

\Em =1/4577.3= 0.000218469 and

Anothermethod is Eadid¢dofsta=d s |

- Sq(adj) = 86.5%

}Em =34.855*0=.000218469 = 0.00761475

wadnks with v, and v, /S, (Figure 14).

We must be aware that is difficult to measure and it appears looth axes of the

scattefplot, so any experimental error will affect both variabMstice how scétered the
dots are in figure 14Correlation between, andv, /S, for this data set is only0.602

Fitted Line Plot
Vo = 0.000170 - 0.004541 Vol So

0.00020

0.00015

0.00010 1

Vo

0.00005

0.00000

s 0.0000448
R-Sq 36.2%
R-Sq(adj) R.7%

0.010

0015 0020 0025
Vo/ So

0.030

Figure 14 Linear regression using Eaeito f st e e 6 s

transfor mat i

The regression line using Eadito f s t e e % s0.0@0L760t004b4dv, /S, .
Thus\E_ =0.00017 and K, =0.00454.

The estimated valugbhrough Haes methodre closer to the estimated valuwdsained
through nodinear regression than thosbtained with thé.ineweavesBurk or Eadie
Hofsteemethod This example illustratabe factthat Hanes method is recommended
over LineweaveBurk orother linear plot¢CornishBowden, 1995)in summary,tiis

best to use nehnear regressioto avoid estimation problems, particularly when some of
the observations for, (for low values 0fS,) are very close to 0 (because a negative

estimate for W,ax might be obtained by linear regression) and when there are replicates

and the scatter plots for the transformed variables indicate that the assumption of constant
variance is being violatedf software to perform nehinear regression is not available,
amonglinear plots it is bedb use Haas plot but keeping in mind therlitations of all

linear plots (Roberts, 1997)
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10. Estimation of parameterswhen datais spread across the steady state
Let us consider the following data frdatern (1936)

Table 2.
t(min.) | sty (mol- cm3)
0 10.27
3 7.98
6 5.20
9 2.86
12 1.19
15 0.32

Sternods

dat a

Since the data set is given for values of S(t) medsaomss the steady statet just at
the beginning of the steady state, we will tis MichaelisMenten integrated form to do

a simple regression analysis.

Tabl e 3. Cal cul ations on
Row t St So -St (So - Stit In(So/St) (1/t)In(So/St)
1 0 10.27 * * * *
2 3 7.98 2.29 0.763333 0.25229 0.084096
3 6 5.20 5.07 0.845000 0.68057 0.113428
4 9 286 7.41 0.823333 1.27841 0.142045
512 1.19 9.08 0.756667 2.15527 0.179606
6 15 0.32 9.95 0.663333 3.46866 0.231244
0.250
[ ]
0.2254
0.200+
% 0.1751 °
@
= 0150
N 0.1254
[ ]
0.100+
[ ]
0.65 0.70 0.75 0.80 0.85
(So-St)/ t

Sternds dat a

Figure 15 Regressiomsing theintegrated fornfor data in Table 2

Minitab regression output:
The regression equation is
(1/t)In(So/st) = 0.603 - 0.587 (So - St)it

29

f

o

r

t



Predictor Coef SECoef T P
Constant 0.6026 0.2500 2.41 0.095
(So - s/t -0.5874 0.3234 -1.82 0.167

S=00458124 R  -Sq=524% R - Sq(adj) = 36.5%

1 -
— —=—=- 0.587 |‘E =1.70358
i "
\E_/E =0.603 \E_=1.70358*0.603=1.02726

The intgrated MichaelidMenten methodor calculating in vivo kinetics has been
improved byRussell and Bane(1992) They rewrote (pas

S(t) =[S(0) + K, InS(0)] - K, InS(t) -V, .t

and then used multiple regression wilhhS(t) and t as theexplanatoryariablesLet

us use this method witbterrdo data.

Observed S(t) and estimated S(t) using multiple regression
Variable
104 § ® st
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t

Figure 16 Observed and estimated S(t) using multiple resgras

The MINITAB output is:

The regression equation:
St=14.4-1.68 InSt- 1.07 t

Predictor Coef SE Coef T P

Constant 14.3723 0.7967 18.04 0.000
InSt -1.6810 0.2875 -5.85 0.010
t -1.06872 0.06719 -15.90 0.001
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S=0.225582 R -Sq=99.8% R - Sq(adj)=99.7%

Analysis of Variance

Source DF SS MS F P

Regression 2 76.747 38.373 754.09 0.000
Residual Error 3 0.153 0.051

Total 5 76.899

Source DF Seq SS
InSt 1 63.874
t 1 12.873

Thus, the estimated values %:1.06872 and IEm:1.681

Ve _andE are coefficients (or 6slopesd) in the
can be read from the regression output directly without any further calculation. That is

not true n the case of simplegresion.lt is to be noted that the adjustRfin the case
of simple regression is 36.5% as compared to 99.7% of multiple regression, thus it is

advisable to adopt the values provided by the latte.e =1.0687z, I =1.681.

Gouda et al.(2004)show how the formula ofS(t) in terms of the Lamberiv
function namely
So—Vima
St =K W(2e Km )
Km
andin conjunctionwith a nonlinear algorithm for approximatiocran be used to estimate
Viax and K.

Following the framework set boudar and his collaboratonge wrote a program in
MATLAB that includegshe commandambertw which provides the value oV(x), and

the nonlinearegression commamdinfitt o appl y Goudar 6s Wemet hod t o
did not useR because theambertW function has not beenritten forR yet As starting
values we chose V,,x=1.06872 anK,, =1.681, the values gottethrough multiple

regressionobtaining as result of the nodinear estimationE, =0.975Z and

PEm =1.210¢. Details about the program can be found inapeendix.The sum of

squares of residuals went down from 0.1913 (multiple regression model) to 0.1072 (non
linear modelsingLambertW function). Both models are plotted in Figure 17
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Figure 17 Comparison of observed values and curves estimatednwitiple andnon
linear regression (usirigpmbertW function)

Conclusions

We havehad the opportunity to work with separable, as well as first and second order

linear differential equations. Furtimore, Lambert W function appearida natural way

when discussingnzyme kinetics under steady state conditions. Lambert W can be
considered to be a new fAelementaryo function
packages have incorporated algorithms to calculate it with a high degremic@c

Moreover, @zyme kinetics provides the opportunity to stress the importance of making
approximations when dealing with differential equations in practical settings. Without
approximations it is very difficult to make predictions that can be cordpeith

experimental values

The estimation oV, ,and K., based on experimental data is important for enzyme
identification Several methods are available and the results are similar when experiments
are done without micates and the observations reflect quite strictly the functional
relationship betweei®, and v, . However, when there is experimental error, or replicates
and variability inv, , for the same value 0%, results might differlf observations have

been made at the initial stageshe reaction (t close to Q)pnlinear regression

(applicable usindr) works better.flsoftware to do notinear regression is notailable,

the regression 08, /v, versus S, (Hanes plot) seems to work better than the other two

methodsNontlinear regression using the Lambert W function should be used when
observations are done across the stssatg. Moreover, multiple regression gives better
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results than simple linear regression when software fodinear regression is not
accessible.
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APPENDIX- Matlab commands to estimateV,, and K, using theLambert W
function

1.Prepareano mé f i |l e.

Type the following commands using the editor
function yhat=STlam(beta,t)

S0=10.27,

Kmi=beta(1);

Vmaxi=beta(2);
yhat=Kmi*lambertw((exp((S&/maxi*t)./Kmi)).*(So/Kmi));

2. Type the data and initial values of the parameters

Use as initial valuethose obtained from the multiplegression or some other souraé.
the Matlab prompt, type:

global V max Km So
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Vmax=1.06872;Km=1.681;S0=10.27,

St=[10.27 ; 7.98 ;5.20 ; 2.86 ; 1.19 ; 0.32];
t=[0 ; 3 ;6 ;9,; 12 ;15],
beta=[1.681;1.06872];y=St; x=t;

3. Estimate the parameters using noflinear regression and the Wfunction
At the Matlab pronpt, type

nlintool(x,y,@STlam,beta)

The plot ofthe estimated model will appear on the screen

Cl i ck on 06 ex pectrall di seleat abrtam item$. €hen tyiad their names, the
output will be iown on the screen. For examplzobtain tle estimated parametetgpe
betafitand the output will appear on the screen.

betafit =

1.2110
0.9752
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