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row of holes on top, which rocks slowly back and forth around a horizontal axis.

Water issues from the holes in a family of streams, forming a curtain of water that
sweeps back and forth to cover an approximately rectangular region of lawn. Can such a
sprinkler be designed to spread water uniformly on a level lawn?

The common oscillating lawn sprinkler has a hollow curved sprinkler arm, with a

We break the analysis into three parts:

1. How should the sprinkler arm be curved so that streams issuing from evenly
spaced holes along the curved arm will be evenly spaced when they strike the
ground?

2. How should the rocking motion of the sprinkler arm be controlled so that each
stream will deposit water uniformly along its path?

3. How can the power of the water passing through the sprinkler be used to drive
the sprinkler arm in the desired motion?

The first two questions provide interesting applications of elementary differential
equations. The third, an excursion into mechanical engineering, leads to an interesting
family of plane curves which we've called curves of constant diameter. A serendipitous
bonus is the surprisingly simple classification of these curves.

The following result, proved in most calculus textbooks, will play a fundamental role in
our discussion.

LEMMA. Ignoring air resistance, a projectile shot upward from the ground with speed v
at an angle9 from the vertical, will come down at a distafvégg)sin 26. (Here g is the
acceleration due to gravity.)

Note thatd = 7/4 gives the maximum projectile range, since shed6 = 1.

Textbooks usually express the projectile range in terms of the “angle of elevation”,
/2 — 0; but sincesin 2(w/2 — 6) = sin 26, the range formula is unaffected when the
zenith angle is used instead.

The sprinkler arm curve

In Figure 1, a (half) sprinkler arm is shown in a vertical plane, which we take to be the
xy plane throughout this section. Lebe the length of the arc from the center of the
sprinkler arm to the outermost hole, andxet x(s), y = y(s) be parametric equations
for the curve, using the arc lenggh0 < s< L, as parameter. Let(s) denote the angle
between the vertical and the outward normal to the arc at the(p@nt/(s)).

We'll see that the functiongs) amyls) which define the curve are completely
determined (onck, a(L) andy(0) have been chosen) by the requirement that streams
passing through evenly-spaced holes on the sprinkler arm should be uniformly spaced



when thg stike the gound

If there were a hole aithe point(x(s), y(s)) on the spinkler am, the diection \ector of
the steam issuing fsm this hole wuld beN(s) = (sin a(s), cos a(s)), and this sam
would read the gound & a distance

d(s) = v§2 sin 2a(s).

The condition thievenly-spaced holes along theraproduce steams vhich ae ezenly
spaced \wen thg read the gound is thad(s) be popottional tos:

des _s
diL) L’
or equvalently,
sin 2a(9) = E sin 2a(L). )

(We havre made the assumption thiae dimensions of the spkler ae small in
comparson to the dimensions of theearwatered This simpliies the calculgons,and
the erors introduced a& not signiicant.)

The unit tangnt \ector to the spmkler am cuwve a (x(s), y(s)) is T(s) = (x(s), y(s)),
so the unit outard nomal vector (obtained yorotating T(s) counteclockwise by 7/2)
is N(s) = (—y(s), x(s)). Compaing this with our edier expression ér N(s), we hare

X'(s) = cosa(s), y'(s) = —sina(s).

Sincesin 2a(s) = 2 sin a(s) cos a(s), equdion (1) for the spinkler am cuve becomes

—2x(s)y/(s) = f sin 2a(L).

The \alue ofa(L), the angle beteen the ertical and the outenost steam as it lezes
the spinkler, is a paameter under the desigrecontol; once it is bosenthe \alue of
sin 2a(L) is detemined—call itk, where 0 < k< 1. Our equéion then becomes

XSy (s) = ;—Lk s 2)

SinceN(s) is a unit \ector also
x(9? +yl(92 =1 3)



Fortunaely, the pair of nonlinear diérential equéions (2) and (3)dr x(s) andy(s)
simplifies alggbraically:

—ks
2Lx’

x’2+<

or

X% —x?2+— =

Solving by the quadatic formula,

R

X(s)2 =

Since the spnkler am is horzontal d its midpoint,the unit tangnt \ector
T(0) = (x(0), y(0)) is (1, 0). Thusx’(0) = 1, which means & nust use ther sign in
the quadatic formula. Substituting

in equdion (2) gves

X =5

y'(s) = _7;

dis5)

Figure 1
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Sincex(0) = 0 andy(0) is arbitary, we condude tha

X(s) = %J:[l + 1- (%ﬂmdt

N 21/2
y(s)=y<0>—%“1— 1—(%)] .

These intgrals can bewaluaed in dosed brm, using the identity (kingl supplied
by a reviewer)

2
1+,/1—<E)2 ,/1+E ,/1—E
B L L L
= +
2 2 ’

2

and

with the esult

w= [ 2

y(s) = y(0) — % [(1 + kf)” + (1 — kf)”].

This spmkler am cuwe is dewn in FHgure 2. Note thiathe cuve is detemined ly the
requirement thathe steams be\enly spaced along thegund when the plane of the
sprinkler am is \ettical. Later we indicde wha hgopens wen this plane mas an
angle¢ with the \ettical.

ek

Figure 2

The rocking motion of the spinkler arm

We wish the spnkler am to oscillde in sut a way tha eat steam will dgosit water
uniformly along its pth, or what is the samghe speed of the point of impact of the
stream with the gound should be constant on kaiass of the smkler. As it tums out,
this condition cannot be tsfied by all the steams simltaneous}, so we shall
concentate our d@ention on the ceraf steam.



Hencebrth, let’'s dhoose a codlinae system in spacas indicéed in kgure 3,with

the z-axis \ertical and the axis ofotation of the spinkler am they-axis, with the
center of the an on the positie z-axis.When the plane of the spkler am males

an angleg with the \ertical, the cental steam will rad the gound on thec-axis,

at x = (V2/g) sin 2¢. The oscilldion of the spinkler am is desdbed by the function
¢(t), and the caesponding speed of the cealtsteam wer the lavn is the dewative
X'(t) = (2v2/g) cos 2¢(t) ¢'(t). Settingx'(t) = Kv?/g, a coveniently labelled constant,
we see thiauniform coverage by the cental steam is equialent to the equirement tha
¢(t) be a solution of the (parable) differential eqution

2 cos 2¢(t)p'(t) = K. 4)
Integration of (4) gves the solution
sin 2¢(t) = Kt + c. (5)

The paametes K andc have no gpaent signifcance so we net try to find an
expression 6r the angular ariation ¢(t) in termms of two other constantsich ae

easil intempreted

Figure 3

Suppose the sjpikler am rocks ba& and brth in the ange — ¢, < ¢(t) < ¢, Where the
maximum tilt, ¢, is a design pameter in theange 0 < ¢, < 7/4. Let the time equired
for the spinkler am to rotate betveen the ertical and the maximm angleg, be
denoted i T. (Thus 2 is the time equired for one pass of the spkler over the lavn,
and 4 is the peiod of the complete oscilli@on.) If we measuwe time so tha

#(0) = — ¢, then setting = 0 in equdion (5) gvesc = —sin 2¢,. Sinced(2T) = ¢y,
we then @tsin 2¢, = 2KT — sin 2¢,, orK = %sin 2¢y. Thus



sin 2¢(t) = t _TT

or, since— /2 < 2¢(t) < 7/2,

Sin 2¢,,

) =%arcsin[t _TTsinquo]. (6)

The oscillaory motion of the spnkler am is theefore uniquey detemined (once
choices of¢p, andT have been made)ybthe equirement thathe central stream coer
the gound unibrmly.

Remak: Since the maximm range of the cental steam occws when¢ = 7/4, one
might think the ideal @lue br ¢, would bew/4. However, we will shawv later tha the
shage of the egion covered by the spkler will be moe nealy rectangular ifg, is
someavha smaller thanr/4.

It remains to desitre a mehanism vhich will produce the desd oscilldion, given by
(6). (It was ly obseving my own spinkler, the Nelsorf'dial-a-rain”, which gppeas to
use the design dedoed belov, tha | was led to the questions consigléiin this pper)

Mechanical design of the spnkler

The steam of vater enteing the spinkler from a hose can be used tontan impeller
(waterwheel),which is then gaed davn to tun a cam with a constant angulaiacity
. A cam Pllower linkage comwerts the unibrm rotaional motion of the cam into an
oscillaory motion of the spnkler am—as the cam mais a half-evolution, the
spinkler am is pushed tim ¢ = — ¢, t0 ¢ = + ¢, and on the na half-revolution of
the (bilgerally symmetic) cam,the spmkler am males the etum sveep.

cam
[ollower sprinkler

fixed sleeve
to confine
connecting rod

pivol for
sprinkler arm

Figure 4. A typical cam medanism

Wha shae of cam will cause the osciilan of the spinkler am to be thagiven by
(6)?We my descibe the shpe of a cam in polar codinaes ty r(6) = r, + f(0),
whetre the functiorf (6) descibes the‘eccenticity’’ of the camj.e., its deviation from
the circle r(6) = r,. The pole of our codiinae system is placed ¢he center aund
which the camataes,so it is the ecceritity f(6) which produces the motion of the
spilinkler am. As the camdllower moves to theight or left of the point lbelledP in



Figure 4,by the amounf(6), the other end of the connectinogdrmoves the spnkler
am the same distance along ecalar ac of radius¢. Denoting the atength ly sand
using the elaion s/¢ = ¢, we hare f(0)/€ = ¢. Sinced(t) = wt, we want

flwt) = garcsin[t _TTs'n 2¢0}, 0<t< 2T

Our goal is to fnd a ormula for the eccenicity f(6), so we must expresst andT in
terms of 6 and w, using the elaion 6 = wt. This is easyas the cam tums a half-

revolution,from 6 = 0 to 6 = , the spmkler am moves flom ¢ = — ¢, to p = ¢,
S0 equtng the timesequired gvesw/w = 2T. Thus
t—T 2ot
T o L
o)

4 .12 T\ .
f(wt) = EarcsmL—T(wt - E) sin 2¢0], 0<t< 2T

Replacingwt by 6, we condude tha

t(6) = L arcsin [3<9 - ’—T> sin 2(150], 0<6<m (7)
2 T 2
As 6 goes fom 7 to 27 we want the spnkler am to perbrm the same motion in
reverse i.e., the cam should be symmietebout the polar axis:
f(0) = f(2m — 6) for < 0< 2. (8)

The polar cwer(6) = ry + f(6), where the eccenitity f(6) is gven by (7) and (8)is
the cam shae which will produce the desed oscilldory motion of the spnkler am
(see kgure 5). (Note thar is arbitrary, providedr, > €¢,.) This cuve has an
interesting g@ometic propety, descibed in the bllowing defnition.

DEFINITION. A simple dosed cuve C is said to be ofonstant diameterd if there is
a pointO insideC sud tha every chord of C throughO has the same lengtt, Any
chord through this‘center’ point O is called adiameter of C.
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Figure 5
(a) The Cartesian gaph of f(x). (b) The polar gaph ofr =r, + f(6)



N.B. This dass of cuves should not be confused wftturves of constant width’
a family of cornvex curves which gppeas frequenty in the litegture, e.g. [1].

It is easy to erify using (7) and (8)tha our cam cure r(6) = r, + f(6) has constant
diameter2r,,

Proof. Let O be the pole of our codinate systemThen the diameter of our aug which
makes an angl® with the polar axis is(6) + r(6 + ), or 2ry + f(6) + (6 + ).
Thus it nust be shan tha f(6) + f(6 + 7) = 0. Without loss of gnearlity we ma
assumé < 0 < 7; then ly (8),

fO+m=f2r— (0 + 7m) =1f(7— 0)

{ .| 2 T\ .
—Earcsm[q—_r<7r— 0—§>sm2¢0]

= garcsin [_72 <0 - 7—27> sin 2¢o] = —1(0).

Examining this poof, we discoer a simple conaiction for all cuves of constant
diameter Givend > 0, take ary contiruous functiorr(6) such tha r(0) + r(w) = d
and0<r(6) <dfor0< < 7. If we extend the domain tpr, 27| by defning

r(+ o) =d—r(6),as in (8)the polar cwer = r(6) will have constant diametek

For cuves symmetc with respect to the polar axise., with r(27 — 6) = r(6) for

0< 6 < mr, the constant diameter condition is sigha r(7 — 6) = d — r(6) for
0<6< w/2. Sod = 2r(7r/2). Thus an arbitary contiruous functiorr(6) defined for
0< 6< 7/2, for which 0<r(60) < 2r(w/2), can be gtended uniqugito produce a
simple d¢osed cuve of constant diameter= 2r(7r/2) which is symmeic with respect
to the polar axis.

The obseration tha the cam cure for our spinkler has constant diametgr, suggests
a paticulay simple mebanical designdr the cam dllower linkege: a post ixed to the
center of the cansliding in a slot in the connectingd, with rollers fixed on thead
separated by the distanc@r,. As the cam turs,the ollers remain in contact with itta
opposite ends of a diametand the connectingd is altenaely pushed and pulled
along the line of its slot (seadtire 6). If the cam did not kra constant diameteat

more complicéed mebanical linkge would be equired to lkee the camdllower in
contact with the camgnd to conihe the motion of the connectingd to one dimension.

roller

Figure 6



The complete spnkler pattern

In detemining the cuve of the spnkler am we considezd ony the situéion in which
the am is \ettical, and bund tha the equirement of unibrm spacing of the s#ams on
the gound then detemnines the cure uniquey. Similaty, in anayzing the oscilléion of
the spmkler am we considezd ony the cental steam,and bund thathe equirement
of uniform coverage by this single seeam along its gh uniquey detemines the motion
¢(1). It remains to be seenhether the seams fom the other holes will @ along the
lawn & constant speedand whether these sstams will emain equajl spaced as the
spiinkler am rocks ba& and brth.

Suppose therae 2n + 1 holes in the sjpmkler am: one in the center andmore
spaced equal intevals on eals side By symmety we need onl consider the
streams fom one half of the spikler am. Using the coatinae system desitred
eatier (see kgure 3),denote the angles beten the eirtical and the seams as the
leave the spnkler am (when the plane of theraris \ertical) by o, ay, . . ., @,
where 0 = qy<a; <' * ' <, < 7/4 The steams will stike the gound & distances
d, = (v2/g) sin 2a;, and since the #ams ag equal spaced along thergund

d = (i/n)d.. Tha is,

2 i 2
L sin2e, = 1 (% sina, |

1 A
or, a; = Earcsm Hsm 20, |-
The direction \ectoss of the steams as theleare the spnkler am arwe
N. = (0,Sing;, cOS;), 0<i<n.

When the plane of the spkler am is tilted @ an anglep, the diection \ectos N; are
rotaed though the angle around they-axis,so the steams issue ém the

holes in the dictionsN; (¢)= (cos ¢; Sin ¢, Sin a;, COS «; COS ¢). The angley, between
N.(¢) and the ertical is gven by

cos 6, = Ni(¢) - (0,0, 1) = cos qa; COS ¢,

so theith steam stikes the gound a& a distance

2 2
d(6) = ¥ sn 26, = 2lcos 6, sin 6,
g g

2v2
= E COS a; COS p+/1 — COS? a; COS? ¢b.

The point of impact isl(¢)N,(¢), where

— . {(cosa;Sin ¢,sina;, 0)
Ni(¢) = VoL o St + Sin? ;'
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the unit \ector in the diection of the prjection ofN;(¢) on thexy plane Thus
parametic equaions for the p#h of theith steam as it mees wer the lavn ae

2v2 cos” ; COS ¢ Sin p/1 — co a, cosqu
g\/COSZa s ¢ + snfa

() = 2V2 COS «; SiN @; COS p+/1 — COSza coszqs
Wil \/COSZa sn2¢ + snfa

Evidently y,(¢) is not constanto the pth of thelth steam of vater is not the saight
line paallel to the centl steam vhich one might hee expected

X(¢) =

To paametize the péhs ty time, we can simpt replace the pameter¢ by the
expression or ¢(t) in (6). Computer plots of thesulting fimily of cuives ae shevn

in Figures 8 and 9. In ehoof theseifures,the cuves unning gproximately paallel

to thex-axis ae the pt¢hs of the seams fom one side of the gpkler am. Time is
indicated by the cuves nedy pamllel to they-axis,which ae polgonal acs
connecting the points on the eightestm p#hs d six equaly spaced instants

T+ (k/6)T, 1< k< 6. (Recall thaast runs though the interal T < t < 2T, the plane of
the spmkler am tums thiough the interal 0 < ¢ < ¢,.) Thus,ead of the esulting
“squaes’ receves the same amount o&ter on eahk pass of the spikler.
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As seen in Fgure 8,where ¢, = 40° anda, = 30°, the outer sgams cure in
significantly, making the‘squaes’ near the outside coer smaller in a&a. Since edc
“squae” receves the same amount oeter per pass of the spkler, the spmkler
shaovn would overwater the bur coners of the egion it spinkled.

In Figure 9,by reducing¢, to ébout29° (and deoeasinga, to 26° to kegp similar
propottions to the egion watered),not only is the non-unbrmity of coverage reduced
but & the same time thegion covered is moe nealy rectangular

We condude with some obseations which could not bedllowed up heg; their
investiggtion is left to the poverbial inteested eader

1. No atempt has been made to idefan optimal shae for the egion watered
Evidentl, deceasing the angle pametes ¢, anda(L) will make the coerage
more uniform, but & the cost of deeasing the &a watered An interesting
guestionsuggested g a reviewer, might be to design a gpkler to maximiz
the aea coered without &ceeding a stiputad amount of aration in the vater
applied per unit aa.This would mean intvducing some non-ur@fmity along
thex andy axes (i.e, unequal spacing of the sams as thestrike the gound
when the plane of the spkler am is \ettical, and non-unibrm speed of the
cental steam along its fgh), to compenda for the werwatering of the coners
obseved in Rgures 8 and 9 with our sipkKler.

2. My Nelson“dial-a-rain” spiinkler has an atitional feaure of inteest. On the
spiinkler am suppor is a dial vhich, when tuned changs the adius¢ of the
arc on which the spinkler am moves.The efect of douling ¢, for instance
can be shan to be to cut in half theegion watered The cwerage of this
smaller aea is slighty less unibrm, however.

... of course other
sprinkler designs & possile.

| find it remakable tha not ony are the cuve of the spnkler am and the motiomp(t)
of the am unique but even the melganical design of the Spkler is essentiayl
detemined ly the equirement thawater should be spad unibrmly along the tw
coodinae axes.The wealth of m#éhemadical questionsaised in the angsis of this
simple mebanism gves me a ne respect 6r mehanical engeeing, and geaer
confidence in the impdance of tassical méhemdics to students in thisefd.
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