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Introduction

We are all familiar with the idea of derivatives. The usual notation

df (x) df(x)
dx dx?

is easily understood. We are also familiar with properties like
D[ f(x) + f(y)] = Df(x) + Df(y).

Df(x), or D3(x)

1/2
But what would be the meaning of notation | le/(;() D3r2f(x)?  Most readers will

not have encountered a derivative of “ortl¢2 " before, because almost none of the
familiar textbooks mention it. Yet the notion was discussed briefly as early as the
eighteenth century by Leibnitz. Other giants of the past including L'Hospital, Euler,
Lagrange, Laplace, Riemann, Fourier, Liouville, and others at least toyed with the idea.
Today a vast literature exists on this subject called the “fractional calculus.” Two text
books on the subject at the graduate level have appeared re@rhg [L1]. Also, two
collections of papers delivered at conferences are four anfl [L4]. A set of very
readable seminar notes has been prepared by Whegldlt these have not been
published.

It is the purpose of this paper to introduce the fractional calculus in a gentle manner.
Rather than the usual definition—lemma—theorem approach, we explore the idea of a
fractional derivative by first looking at examples of famil#n order derivatives like

D"e® = a"eé™ and then replacing the natural numhéday other numbers lik&/2. In

this way, like detectives, we will try to see what mathematical structure might be hidden
in the idea. We will avoid a formal definition of the fractional derivative until we have
first explored the possibility of various approaches to the notion. (For a quick look at
formal definitions see the excellent expository paper by Mi8g) [



As the aploration contirues,we will a times ask theegader to ponder dain questions.
The anwvers to these questionseafound in the last section of thispex

So just vhat is a flactional dewvative? Let us see . .

Fractional derivatives of eponential functions

We will begin by examining the devatives of the eponential functiore™ because the
patems the develop lend themsebs to easyxloration. We ae familiar with the
expressions dr the deivatives ofe®. D& = ae®™, D?e™ = a?e®, D3> = a’e™, and
in geneal, D"eé™ = a"%e® whenn is an intger. Could vwe replacen by 1/2 and wite
DYV2e = al/2e2? Why not tiy? Why not ¢p further and len be an irational rumber
like /2, or a complg number like 1 + i?

We will be bold and wte
Dagdx = gee 1)

for ary value ofea, integer, rational, irrational, or comple. It is inteesting to consider
the meaning of (1) hena is a ngative inteyer. We ndurally wante™ = D(D~Y(e¥)).
Sincee® = D((e™)), we have D~1(e®) = [e™dx. Similarly, D~2(e®) = [[e™dxdx, S0
is it reasonhle to intepret D whena is a ngative integer — n as thenth iterated
integral. D represents a derative if « is a positve real umber and an inggal if « is
a naative real umber

Notice tha we have not yet gven a dahition for a fractional deivative of a gneal
function. But if tha defnition is found we would expect our elaion (1) to bllow from
it for the &ponential functionWe note thaLiouville used this pproad to fractional
differenticion in his ppers [5] and [].

Questions
Q1 In this case doed(c,e** + c,%) = c¢,De** + c,De??

Q2 In this case doeB*DFe?* = Do+ Be?

Q3 IsD e = [exdx, and isD2e™ = [[e2dxdx, (as listed hove) really true, or
is thee something missing?

Q4 What generl dass of functions could be fifrentiaed fractionallyy be means of
the idea contained in (1)?

Trigonometric functions: sine and cosine

We ae familiar with the dewatives of the sine functio®®sin x = sin x,
Dlsinx = cosx, D?sinx = —sinx. ... This pesents no obous pdatem from
which to find D2 sin x. However, graphing the functions disases a piem. Ead
time we differentiae, the gaph of sinx is shiftedw/2 to the left.Thus diferentiaing
sinx ntimes esults in the @ph of sinx being shiftech7/2 to the left and so

nm

D"sinx = sin (x + ?) As bebre, we will replace the posite integer n with an

arbitrary «. So,we nav have an gpression or the geneal deivative of the sine
function,and we can deal similéy with the cosine:

D2 sin(x) = sin(x + %) D« cos (X) = cos(x + %) (2)



After finding (2),it is naural to ask if these guesseg @onsistent with thessults of the
previous sectiondr the &ponential. |er this pupose ve can use Eules’expression,
X = cosx + i sinx. Using (1) ve can calcul

Deg” = jag* = gime/2gx = gt (m/2)a) = cos(x + 7—2701) + i sin(x + 7—2701),
which agrees with (2).
Question
Q5 Wha is D*sin(ax)?
Derivatives of xP
We naw look & deiivatives of pavers of x. Stating with xP we have:

DOxP = xP, DIxP = pxP~1, D =p(p — IxP~2 - -,

D =pp— P —2) - (p—n+ 1" 3)
Multiplying the mmeitor and denomirtar of (3) ky (p — n)! results in

o _PE—DpP—2---p—n+Pp-nNp-n—-1---1
o= p-np-n-1.-1 .

(p E! S )

This is a gnenl expression oD"xP. To replace the posie integer n by the arbitary
numbera we mg use the gmma functionThe gamma function iyes meaning tq!
and(p — n)! in (4) whenp andn are not néural numbes. The gamma function \as
introduced g Euler in the 18th centurto genealize the notion of! to non-intger
values ofz. Its defnition isT'(z) = [;°e 't~ Idt, and it has the pipety tha

I'Nz+1 = 2.

We can ewrite (4) as

I'(p + 1)xp—n
nyp — -\ =77
D = o —n+ 1)
which males sense ifi is not an intger, so we put
I'(p+ xp—«
ayp — > "7 00000
e Py — ®)

for ary a. With (5) we can &tend the idea of adctional dewative to a lage rumber of
functions. Gven ary function tha can be gpanded in &aylor sefes in pavers ofx,

) = 3 ax,
n=0
assuming w can diferentide tem by term we et
Q — N ayn — N M N—«
Def(x) = nZoanD XN = Ea”l“(n E— )x : (6)

n=0



The inal expression pesents itself as a poskglrandidée for the dehition of the
fractional deivative for the wide arety of functions thacan be gpanded in &aylor’'s
seiles in pavers of x. However, we will soon see that leads to conadictions.

Question
Q6 Is thee a meaningdr D*f(x) in geometic terms?

A mysterious contradiction
We wrote the factional dewvative ofex as

Doet = e, 7)

Let us nev compae this with (6) to see if tlyeagree From theTaylor Seres,
e« = 3=  3x", (6) gves

[es) ana
D= -t D ®)

But (7) and (8) do not nbeh unlessx is a whole rumber!'Whena is a whole rumber
the ight side of (8) will be the sms ofeX, with different indexing. But whena is not a
whole rumber we hare two entiely different functionsWe have discaoered a
contradiction tha histoiically has causedrga problems. It ppeas as though our
expression (1) dr the fiactional deivative of the &ponential is inconsistent with our
formula (6) or the flactional devative of a paver.

This inconsistencis one eason the &ctional calculus is nobfind in elementartexts.
In the taditional calculuswhere « is a whole rumber the deivative of an elementgr
function is an elementarfunction. Unbrtunaely, in the fractional calculus this is not
true The fractional deivative of an elementgrfunction is usuajl a higher
transcendental functionoF a tdle of fractional deivatives seed].

At this point you mg be asking \wa is going on?The nystely will be soled in laer
sections. Statuned . . ..

Iter ated integrals

We have been talkingl@out epeded deivatives. Intgrals can also begpeded
We could wite D~ (x) = [f(X)dx, but the ight-hand side is indifite. We will instead
write D-%(x) = [Xf(t)dt. The second ingral will then beD~2f(x) = [ [&f (t,)dt,dt,,.

The region of intgyration is the triangle in kgure 1. If we intechang the oder of
integration, the ight-hand digram in kgure 1 shavs tha

D=2 (x) = [o i f(ty)dt,at,.
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i
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Figure 1

Sincef(t,) is not a function of,, it can be mwed outside the inner irgeal so,

D-%(x) = foxf (t) ft ]thzdtl - foxf (t)(x — t)dt,

or

D-2f(x) = foxf(t)(x — ).

Using the same pcedue we can shw that

D-3(x) — % [w0c-var, D400 = 2—13 [Cw0c— oot

and in geneal,

ﬁ [T — oo

Now, as we hare previously done let us eplace the—n with arbitrary « and the
factoral with the g@amma function to et

1 rx  f(Hdt
b sope ©

This is a gneal expression (using an ingeal) for fractional devatives thé has the
potential of being used as a iition. But thee is a poblem. If « > —1, the integer is
improper This occus because as- x, x — t - 0. The integral diverges br every

a =2 0. When—1 < a < 0, the impoper intgral corverges,so if « is negative thee is
no pioblem. Since (9) corerges ony for negative « it is truly a fractional intgral.

D "f(x) =

Df(x) = .

Before we leare this section @ want to mention thathe doice of zro for the laver
limit was arbitary. The laver limit could just as eagilhave beerb. However, the
resulting epression will be diferent. Because of thispary people wo work in this
field use the notan D f(x) indicating limits of integration going from b to x. Thus we
have from (9)



1 f(t)dt

o _ X
oD FX) = r(—a)fb (X — et (10)
Question
Q7 What lower limit of fractional diferentiaion b will give us the @sult
« I'(p+1) _
— o = — Q)p—a?

The mystery solved

Now you mg begin to see wa went wiong bebre. We ae not suprised tha fractional
integrals involve limits, because intgrals involve limits. Since attinary deivatives do
not involve limits of intgration, no one gpects factional dewvatives to ivolve sut
limits. We think of deivatives as local mpeties of functionsThe fractional deivative
symbolD“ incoiporates both devatives (positie «) and intgrals (ngetive «). Integrals
are betveen limits. It tuns out thafractional dewvatives ae between limits alsoThe
reason ér the contadiction is thatwo different limits of intgration were being used
Now we can esol\e the nystey.

Wha is the se@t? Lets stop and thinkWha are the limits thawill work for the
exponential fom (1)? Rememberawant to wite

bqﬁwzﬁ§%x=§@& (11)
Wha value ofb will give this anger? Since the inggal in (11) is eally

f@m=1@—1@,
b a a

we will get the brm we want whenz e® = 0. It will be zero whenab = —oc. So,if a
is positve, thenb = —oo. This type of intgral with a laver limit of — oo is sometimes
called theWeyl fractional dewative. In the notéon from (10) we can wite (1) as

_ De = ave™,
Now, what limits will work for the deivative ofx° in (5)?We hae

1 X xPp+1 pp+1
P = Pax = _
oD X fbx o p+1 p+171

Again we Wantppr“1 = 0. This will be the case aenb = 0. We condude tha (5)
should be witten in the moe revealing notéion

I'(p+ xp—«
ayp — > "7 0000
oDxX INp—a +1)°

So,the epression (5) ér DxP has a hbilt-in lower limit of 0. Havever, expression (1)
for D“e®™ has— oo as a laver limit. This discepang is why (7) and (8) do not nteh. In
(7) we calculéed ___Dge® and in (8) ve calculéed ,Doe™.

If the reader wishes to contie this stug, we recommend theary fine paer by Miller
[8] as well as the ecellent books ¥ Oldham and Spaniei]] and ty Miller and Ross
[9]. Both books contain a shobut very good histoy of the fiactional calculus with



mary references. the bookybMiller and Ross 9] has an gcellent discussion of
fractional diferential equaons.Wheelers notes 14] are anotherifst rate introduction,
which should be made mewidely available. Wheeler gves seeral easiy accessile
applications,and is paiculady interesting to ead Other eferences of histacal intelest
are [1,2,4,5,6,10,13].

Answers to questions

The following are shot ansvers to the questions thughout the paer.
Q1 Yes,this popety does hold
Q2 Yes,and this is easy to siwofrom relaion (2.2).

Q3 Something is missing hat something is the constant of igtetion. We should
have

Dle™ = [edx = a '€ + ¢, D €

—2_ax
= [fexdx=a “e” + X+ cC,....

inx

Q4 Let f(x) be xpanddle in an &ponential Burier sefes, f (X) = 27 ___ c.e .

Assuming ve can diferentige fractionally term by term we get
Def(x) = =7 cy(in)“e™,

Q5 Desin(ax) = a*sin (ax + aw/2).

Q6 We knaw tha Df (x) is geometically intempreted as the slope of the war
y = f(x) andD?f(x) gives us the conedy of the cuwe. But the thid and higher
deiivatives gve us little or no gometic information. Since these arspecial
cases oDf(x), we ae not suprised thathere is no easy&pmetic meaning
for the factional devative.

Q7 The laver limit of differentigion should béc”.
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