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he so-called real numbers used in computing are actually a small subset of the
I rational numbers. This simple fact can easily lead to some interesting effects.

The example we study in this note illustrates a pitfall that may be encountered
when studying the graph of a function with the aid of a computer. Demana and Waits
[1] discuss some interesting examples in which computer generated graphs overstep
important features of a function or suggest erroneous asymptotic values. The example
we discuss here illustrates a case where a computer-generated graph appears to indicate
incorrect slope behavior at a point.

We consider the following well-known continuous function used in the teaching of
calculus to illustrate logarithmic differentiation:

oo = ;" 370 g

Suppose that we were interested in the shapamd, in particular, suppose that we
were curious about the slofg k) xat 0. Figures 1 and 2 indicate a slope of
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about§, = —4.5, as estimated by laying a ruler along the graph and measuring its

slope. Since the graphs are very nice and they were, after all, generatednbyaer
this rough estimate might be considered satisfactory.

However, imagine we were to look a little more closely at the problem, and plot the
graphs shown in Figures 3 and 4, which show magnified portions of the grépbasf

x = 0. Figure 3 indicates a slope of ab&yt= —9, and Figure 4 indicates a slope of
about§, = —18. Similar graphs coveringntervals with half-widths of respectively
10-19and10~ % indicate slopes of about27 and —50.  This really is turning out to be
a slippery slope.
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Since the functioffiis elementayr, we can anaize the situaon exactly. Using
logarthmic differentigion on (1) ve find

f'(x) = f(¥)(In|x| + 1). (2)
Consequenyl since f(x) has limit 1 ax tends to Owe see thiathe slope is unbounded
in this limit; evidently f’(x) tends to—oo. The @proad to lage (neative) values is

very slow because of the hae of the Ig function. Some @proximate values off’(x)
are shaovn in Table 1. In Fgure 5 we ehibit graphs of a symmeitral gpproximation

g0 h) = o [F(x + ) = f(x = )]
for the slope of for values ofh diminishing fomh = 0.1 down toh = 0.01 in steps

of size 0.01 As h deceasesthe minimum of g(x, h) with respect tox deceases
without bound

Table 1
n f/(10™") n f/(10~")
1 —1.03 10 —22.03
2 —3.44 20 —45.05
3 —5.87 30 —68.08
4 —8.20 40 —91.10
5 —10.51 50 —114.13
6 —12.82 60 —137.16
7 —15.12 70 —160.18
8 —17.42 80 —183.21
9 —19.72 90 —206.23
10 —22.03 100 —229.26




Figure 5

Of coursg altematively, we could use a computer tosestigate the slope, without
graphics; we could simp} compute alues off (x) nearx = 0. If none of the points &
consider isvery close to Othen it is ¢ear in pinciple thd the same misleadinyieence
concening §, could arse from a puely numeical investigtion.

The pitfall we adiress is not to do with ac@gy nor with computer ahmetic The
danger aises because theaphical pesentdion of the d#a, with straight-line sgments
joining adjacent computed pointegy easiy sugestto us thawe hae explored the
situaion in enough detail nen in &ict we have not.The gaphs off shavn in Fgures 1
and 2 look gtremel corvincing. In fact,they are just the kind of compute&enested
graphs we should be mud to indude in a eseach report. We usual tum to the
computeynot for dasspom eamples lile (1) lut when the ging gets toughthen een
computingvaluesof the functionf is not easyThis, of courseg is precisey the situgion
where we donot have anaytical expressions like (2) aailable to us br chedking our
results.The lesson is aery geneal one We should aliays be ‘ery caeful to plore
the teritory round dout aly result tha we first find with the aid of a computelPerhas
we should emember one dklan Turing’s exhortations made tewards the bginning of
the pesent ea of computing with the aid of eleotric matines,tha one should beafr
to computes.
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