What Goes Up Must Come Down;

Will Air Resistance Make It Return Sooner, or Later?
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2v./g. Air resistance, or drag, will influence the return time in two ways: the

maximum height reached is less than the zero-drag heidty, and the speed
at any height is less than the zero-drag speed. (These statements follow from the
energy equatiopmv = 3mv(z)2 + mgz + W, whera s the mass of the ballViind s
the (positive) work done against air resistance. The speed is zero at the top of the
trajectory, s, <V%/2g; and at argyv(z) < /v — 2gz.  Note that the energy
conservation equation is not an additional physical principle: it follows from the
equation of motion on multiplying by and integrating.) Thus with air resistance, the
ball has ashorter distancéo travel, but at @lower speedWhat effect wins?

Q ball thrown straight up with speegl  would, in the absence of air, return in time

Let f(v) be the deceleration due to the drag force. The equation of motion then reads
dv/dt = —g — f(v) on the way up, andv/dt = g — f(v) on the way down (it is
convenient to deal with speeds rather than velocities in this context). We will assume
thatf(v) has the property that there is just one speed at which the gravitational and drag
forces are in balance. This defines tleninal speed;: f(v,) = g. The terminal

speed is a natural scaling parameter for this problenu kev/v, and

¢d(u) = f(v)/f(v,) = f(v)/g. Then by integratinglt (obtained from the equation

of motion) we find the time to go up to maximum height is
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and the time to come down is
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The speed on impaat;, is determined by the condition that the distance travelled on the
way up is the same as that travelled on the way down. These are given by integrating
vdt; we findu; is determined by
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We are interested in the ratto  of the return time to the zero-drag returBuijfge
From (1) and (2),
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Physically, f(v) must ¢ to 2ro asv goes to ero. Thus @, the maxinum value of(u),
can be made arbérly small compagd to unity vinen the initial speed is chosen
sufficiently small compaed to the teminal speed;, (u, suficiently small. We can
therefore expand[1 + ¢(u)]~*in (3) and (4)to find
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Thus ary physically reasonble form of drag will make the ball etum soonerprovided
the launt speed is small compat to the teninal speed

Wind tunnel &peliments [L] on sphees sha tha the dieg force is (@pproximately)
propottional tov? in the Rgnolds number ange 10° < R< 10°. This covers the ange of
practical inteest,provided the launikc speeds arkept modesate (a spher of diameter
1.5 cm and speetD® cm/s hasR = 10% in air). For f = kv(¢ = u?) we find from (3)
and (4) tha
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and
7 = (arctan u, + arctanh u,)/2u;. (7)

The rumetor N(u) = arctan u + arctanh (u/\/l + u2) has slope

dN/du = (1 + u?)~* + (1 + u?~ 2 which is less than 2of nonzro u. ThusN(u;)
increases mar slavly than2u;, the leading ten in its Taylor expansion aoutu, = 0.

It follows tha, for av? drag, 7is aways less than unifyno madter wha the initial speed

Could this esult be e for an arbitary (nonnggative) diag f(v)? Let's try a few more
examplesWhenf is linear inv (Stokes’law), we find the dtractive result
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Sincey; is aways less thaw,, we ajain hare the etum time being shaened ly air
resistanceirrespectre of the initial speed

or

tup + tdown -

So far, all has indicged a shder retum time Now consider some &ctional pavers.
First supposé(v) ~ v¥/2, Settingu = w?, we find tha u, is detemined ly an inteesting
transcendental eqtian

%WF - %Wiz +w, — log(1l + w) = —%W]ﬁ - %sz —w; — log(1 — wy), 9)

and thathe @tio of retum time to 2ro-drag retum time is
7=w"3w — log(l +w) —w; — log(1 — w,)}. (10)



Foru>1we find v - %uil/z, larger than unity

Next, supposd(v) ~ v¥/3, Settingu = y® we find

1 1
EYi4 —y2+log(l+y? = _EYf4 —y# — log(1 — y?) (11)

and

;= is{yi — arctany, + arctanhy, — V}. (12)

i
Foru>11 - guil/?’, again lager than unity
The dove results sugest to me thiathere is a coss-wer & the linear drce law:

CONJECTURE. For powerspin f(v) = kvP, p=1 gives a etum time vhich is alvays
shotter than the ero-drag retum time2v,/g. For p < 1, the retum time is shaer for
small initial speedshut eventually becomes loregg than2v,/g asv, increasesThe
closerp is to 1, the higher theatio of the initial speed to the tainal speed befe this
happens.

We have detemined (u;) for only four values ofp: 2,1, 1/2, 2/3. Students maenjoy
some of thedllowing projects in analsis and nmeiical methods:

(a) plotting T versusy; for these dur values ofp;

(b) finding other @lues ofp for which the intgral equaion (3) for u; is reducible
to a tanscendental eqtian, and plottingr(u;) for these;

(c) a dass eercise in which different \alues ofp < 1 are assigned to students or
student goups,and eabh is asled to fnd theu; for which = = 1.

This problem oniginated from a frst-year plysics question setyblim Shirtclif fe.
| am gateful to him and toghn Haper and GaemeéWake for helpful comments.
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