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This note comments on the engaging article by David Horowitz on “Tabular Integration
by Parts” College Mathematics Journall (1990) 307—-311]. The method is based on
iterating the diagram

Uu —— Vv’ The integral of this product
\ equals this product
U—mo—v minus the integral of this product,

and can be ended at any stage. Table 1 shows how the procedure handles the integral
[ x?sinx dx. A preliminary column lists alternating plus and minus signs, starting with
plus. The integrand is written as a product of two factors, which head columns 1 and 2.
Column 1 lists successiwerivativesof the head entry, and column 2 successive
antiderivativesof its head entry. The value of the integral is the sum of the indicated
diagonal products, plus the integral of the product along the last row, all taken with the
indicated signs. Note that if you reach a 0 in Column 1, as in the illustration, then the
integral across that row provides the constant of integration.

Table 1

[x2sinxdx = —x2cosXx + 2xsinx + 2cosx + C

Column 1 Column 2
+ X2 sin x
- ZX\ —COS X
+ 2 \ —sinx
- 0 > COS X

As Horowitz shows, the method is a blockbuster, as can be seen from the way it knocks
off an integral like

12t2 + 36 dt
S3t+27

not to mention Taylor’s formula and the other examples he presents.

The purpose of this note is to call attention to a variant scheme, suggested in [Leonard
Gillman and Robert H. McDowelCalculus W. W. Norton; 1st edition (1973) 328; 2nd
edition (1978) 409], where it was used to integsats x (but was not developed
further). In the second edition this occurteforethe section on integration by parts;



the spiit was“mess aound and see & hgppens:"Wha do we differentide in oder to
get sec® x? Cleatty it will arise when we differentiae sec x tan x; but so will another
term tha we dont want.Well, let’s differentiae sec x tan x anyway and then see if &
can ¢t rid of the unvanted tem.

Table 2 shavs the details of this Beme br [ X% sin x dx, the poblem treaed dove.
The sum in the 2nd columnx3sin x, the intgrand and the sum in therkt column

is its inteyral, so the anser is easy togad of. (One could bild in a constant of
integration by puttingC in the irst column and O opposite it in the secde stieme
is really self-explandory, but hee ae some commentsVe wiite the intgrand as

uv’ (hereu = x2, v/ = sinx),

then enteuvin column 1 and its dertive in column 2; this guantees thiathe frst
term in column 2 will be the aginal integrand Our task is then to cancel out the second
temrm; we tale it as our n& uv’ and contimie the pocedue.

Table 2
fx2snxdx = —x2cosx + 2xsinx + 2cosx + C
uv uv’ + u'v
— X2 COS X X2 Sin X — 2X COS X
+2xsinx + 2xcosx + 2snx
+2 cosx —2s8nXx

This moe contemplave stieme seems melinformaive than the other;ou can see the
medanism,the work is very easy to bed, and the ihal ansver is \ery easy to ead of.
A disadrantage is tha there is moe wiiting to do,in fact @out twice as mch.

A mild point shevs up in ®aluding integrals sub as/ e*sin x dx, where odinaily one
integrates ty pats until the oiginal integrand egpeas on the other side of the
equdion, then tansposes and s@s. In the a&nant shieme the intgrand comes b&con
the same side of the edigm, so tha what is taking placeeamains somgha more
transpaent; seelable 3. (In the second gigwe wiite thee* cosx first because it is the
uv’ tem.)

Table 3

Jexsinxdx = 3eX(sinx — cosx) + C

uv w’ + uv
—eX Ccos X e*sin X — eXcosx
+e*snx + eXcos X

+ eXsin X




In the orginal method one still has teekp alet. A case in point is an ingeand of the
form f(In x). Suppose w stat off with

+ f(Inx) 1

_fnx)
X

Continuing the algrithm & this stae is unlilely to lead to aything except algebraic
complicaion. Insteagdwe leare the poductxf(In x) untouded lut rewrite the second
line in the equialent brm

— flnx) 1

and continie from thee. Table 4 shavs the vork for [ (In x)?2 dx. The two lines maked
* are identifed, as ae the tvo maked **. In this ekample the \anant stieme seems to
be smoother @le 5).

Table 4

f(Inx)2dx = x[(Inx)2 — 2Inx + 2]+ C

Column1l Column 2

+ (Inx)? 1

B 2Inx\x .
X

— 2Inx 1 *

.2 \X N
X

+ 2 1 **

— 0 \x
Table 5

J(Inx)?2dx = x[(Inx)? — 2Inx + 2] + C

uv uv’ + uv
(In X)2(x) (Inx)2 + 2Inx
—(2Inx)(x) —2Ilnx — 2

+ 2X + 2




Another textbook favorite is

fsinlnxdx.

The orginal method uns into the same polem as the @ceding gample; lut the
variant, Table 6,is smooth and inafct is isomaphic toTable 3.

Table 6

Jsinlnxdx = 3x(sinlnx — coslnx) + C

uv uv’ + u’v
(sinIn x)(x) sinlnx + cosln x
—(cosIn x)(x) —cosInx

+sinlnXx




