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1. Introduction. | am not, of course, claiming that L'Hopital’s rule is wrong, merely
that unless it is both stated and used very carefully it is capable of yielding spurious
results. This is not a new observation, but it is often overlooked.

For definiteness, let us consider the version of the rule that says fthatif are
differentiable in an intervdl, b), if

i 169 = Jim 09 = oo

and ifg’(x) # 0 in some intervalc, b), then
Tim £/(x/g'09 = L

implies that
X“jgl f(x)/g(x) = L.

If lim f’(x)/g’(x) does not exist, we are not entitled to draw any conclusion about

lim f(x)/g(x). Strictly speaking, ifg’ has zeros in every left-hand neighborhodxl of
thenf’/g’ is not defined ofa, b), and we ought to say firmly thatfljfg’ does not
exist. There is, however, the insidious possibility fiat @hd contain a common factor:
f/(x) = s(x)i(x), g'(x) = s(X)w(x), wheres does not approach a limit and ligx) / w(x)

exists. It is then quite natural to cancel the fastey. This is just what we must not do
in the present situation: it is quite possible that Jifr) / w(x) exists but (b g(x)

does not.

This claim calls for an example. A number of textbooks give one, but it is (as far as |
know) always the same example. The aim of this note is both to emphasize the necessity
of the conditiong’(x) # 0 and to provide a systematic method of constructing counter-
examples when this condition is violated. | consider the case whef oo, since the
formulas are simpler than whéns finite.

2. A construction. Take a periodic function (not a constant) with a bounded
derivative, for example(x) = sinx. Let

F(x) = J "1 d

It is clear thaf(x) -~ + co a% - + oo. Now choose a functipn such #acx)) is
bounded and botla(A(x)) angl(A(x)) are bounded away from 0. There are many such
functionsg; for example,

o(x) = e or (X + c)? or 1/(c + x),

provided|A(x)| < ¢ andA’(x)| < c. Takg(x) to Héx)e(A(x)). Since
inf @(A(x)) > 0, we haveg(x) - co ax - oo.



Now try to gply L'Hopital’s le tof(x)/g(x). We hare to considef’(x)/g’(x), where
() = {1 (01,
9'(x) = {A (X }Pe(A(X) + f(X)@ (AX)A(X).
Here g’(x) = O whenever A'(x) = 0, i.e., g’ has eros in eery neighborhood ofo,
and consequentiwe ae not entitled to @ply L'Hopital’'s wle & all. However, this

condusion seemsather pedantic; let usogahead ayway. If we cancel theactor A /(x),
we obtain

P _ M)
9’ ¥ A Xe(AX) + F(X)e (A(X)
Now A (x) is bounded (b hypothesis) A (x)p(A(x)) is boundede’(A(x)) is bounded

away from 0,but f(x) — oo, sof’(x)/g’(x) — 0. Yetf(x)/g(x) = 1/¢(A(x)) does not
approad zero, sinceg(A(x)) is bounded!

3. DiscussionWha went wiong? If you will study ary proof of LHopital’s mle, you
will find a place \Wwere it used (or should ke used) the assumption thg(x) did not
change sign ininitely often in a neighborhood eb. Our example shass thd, at least
sometimes|.’Hobpital’'s ule actual fails when this lypothesis is not siafied.

The phenomenon just dedid was discoered moe than a centyrago by O. Stolz[1],
[2]. His example vasA(x) = sinx, ¢(x) = €% it has beenepeaed in all the moder
discussions thd have seen. It ws wondeing whether thes are ary other &amples tha
led to this note

One can eiify that it is the hianges of sign ofA (x) that cause the tube, not the mee
presence oferos of A”. In other words,if A’ = 0, the cancellaon process still leads to
a corect lesult,as Stolz pointed out. kever, it seems wildy improbéeble tha an
example of either kind will occur in pctice especial for limits & a finite point.
Differentieble functions with iniitely mary changes of sign in aifite inteval ae
rarely encountezd outside notes lkthis one; all the lesgynctions with ininitely

mary doube zeros.

4. History. Guillaume FancoisAntoine de LhospitalMarquis de Sainte-Mesme
(1651-1704) puished (anogmousl) in 1691 the wrld’s first textbook on calculus,
based onahn Benoulli's lectue notes. He seems toveawitten his name asbave,
but it is moe familiar as [Hospital (old Fend spelling) or tH6pital (moden Fend);
| prefer the ldter, since it stops studentofn pionouncing the s (lich Larousses
dictionarl sas is not to be mmounced).
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