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Dan Kalman This fall I have joined the mathematics faculty at American University,
Washington D. C. Prior to that | spent 8 years at the Aerospace Corporation in Los
Angeles, where | worked on simulations of space systems and kept in touch with
mathematics through the programs and publications of the MAA. At a national meeting
| heard the presentation by Zagier referred to in the article. Convinced that this
ingenious proof should be more widely known, | presented it at a meeting of the
Southern California MAA section. Some enthusiastic members of the audience then
shared their favorite proofs and references with me. These led to more articles and
proofs, and brought me into contact with a realm of mathematics | never guessed
existed. This paper is the result.

an infinite number of terms? Yet, in some contexts, we are led to the

contemplation of an infinite sum quite naturally. For example, consider the
calculation of a decimal expansion fof3.  The long division algorithm generates an
endlessly repeating sequence of steps, each of which adds one more 3 to the decimal
expansion. We imagine the answer therefore to be an endless string of 3's, which we
write 0.333. . .. In essence we are defining the decimal expansigB of as an infinite
sum

1/3 = 0.3 + 0.03 + 0.003 + 0.0003 + - -

For another example, in a modification of Zeno’s paradox, imagine partitioning a square
of side 1 as follows: first draw a diagonal line that cuts the square into two triangular
halves, then cut one of the halves in half, then cut one of these halves in half, and so on
ad infinitum. (See Figure 1.) Then the area of the square is the sum of the areas of all
the pieces, leading to another infinite sum

l=3+3+g+a+ .

The concept of an infinite sum is mysterious and intriguing. How can you add up
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Figure 1
Partitioned unit square.



Although these xamples illustate hav naurally we ae led to the cong# of an infnite
sum,the subject immedialy presents dficult problems. It is easy to desbe an
infinite seres of tems, much mote difficult to detemine the sum of the ges. In this
paper | will discuss a single imiite sum,namey, the sum of the sques of the
reciprocals of the posie integers. In 1734 LeonharEuler vas the ifst to detemine an
exact \alue br this sumwhich had been considedt actvely for a least 40 gars. By
today’s standats, Euler’s pooof would be considexdd unaccptable, but thee is no doubt
tha his result is corect. Lajically correct poofs ae nav known, and indeegdthere ae
mary different poofs tha use methods édm seemingl unrelaed aeas of mthemdics.
It is my pumpose hes to eview several of these pofs and a little bit of the ntlaemaics
and histoy associted with the sum.

Background

It is dear tha when an inhite number of positie quantities ar adled the result will be
infinitely large unless the quantities diminish inesio zr0. One of the simplest imiite
sums thahas this popety is theharmonicseies,

1+3+3+5+E+ -,
It may come as a sprise tha this sum becomes initely large (thd is, it diverges. To
see thiswe ignoe the frst tem of the sum andrgup the emaining tems in a special

way: the frst goup has 1 ten, the net group has 2 tens,the net group 4 tems,and
next 8 tems,and so onThe frst s&eral groups ae deicted belov:
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The inequalities & deived Ly obseving tha in eat group the last ten is the smallest,
so tha repededly adding the last tan results in a smaller sum thandauy the actual
terms in the goup. Nav notice thain eat casethe ight-hand side of the inequality is

equal tol/2. Thus,when the tans ae gouped in this \&y, we see thiathe sum is
larger than ading an ininite number ofl/2’s, which is, of course infinite.

We mg condude tha although the tens of he hanonic seies dvindle avay to 0,they
don't do it fast enough to pduce aihite sum. On the other hande hare alead/ seen
tha adding all the pwers of1/2 does poduce aihite sum.Tha is,

St+itgtast o =1
(More egeneally, for ary |z| < 1, the geometic sefesl + z+ 22 + 2 + - - - adds up
1/(1 — 2)). Appaently, these tams et small sodst tha adding an infnite number of
them still poduces aifite result. It is néural to wonder vha hgopens ér a sum thia
falls betvween these tavexampleswith tems tha decease mar rapidly than the
hamonic seles, but not so apidly as the gometic sefes.An obvious example
comes eadil to handthe sum of thesquaesof the eciprocals of the intgers:
1+%+35+ 35+ . For reference we will call this Eulers seies. Does the sum

get infinitely large?The ansver is no,which can be seen agliows. We ae inteested
in the sum



+ ! + L + L + L + e
2-2 3-3 4-4 5-5 '
This is &idently less than the sum

14+t .t 1
1-2 2-3 3:4 4-5

Now rewrite eat fraction as a dierence of tw fractions.That is,
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Substitute thesealues into the sum andewbtain
1 1 1 1 1 1 1 1
l+1—-3+2-3+t3—a2+ta—s5+ .
If we adl all the tems of this last sunthe esult is 2. So @ mg condude 4d least tha

the sum ve stated with,1 + ;11 + é + % + - -+, is less than ZThis implies thathe
terms actualy add up to some defite number But which one?

Before pioceedinglet us tale another looktahe two aguments adganced hove, the
first for the dvergence of the hanonic seies,and the secondf the comergence of
Euler’s setes. It mighty @pear a&first glance thawe have indulged in some
mahemadical sleight of handThe two aguments a of sut different 1avors. It seems
unfair to gply different methods to the twseres and aive & different contusions,as
if the condusion is a consequence of the methaitier than an inhent popety of the
seies. If we gplied the drergence agument to Eules seies, might we then ative &
the contusion tha it diverges?This is an instictive exercise and the eader is
encoueged to unddake it.

We retun to the questionyhat is the sum of Eules’seres? Of couse you can use a
calculaor to estimé the sumAdding up 10 tems gves 1.55put tha doesnt tell us
much. The corect two decimal aproximation is 1.64,and is not eated until after
more than 200 tens.And even then it is nottaall obvious tha the frst two decimal
places a& corect. Compag the case of the hmpnic seies which we knav has an
infinite sum After 200 tems of tha sefes, the total is still less than 60oFthese
reasonsdirect calculéion is not \ery helpful.

It is possilte to male accuate estimées of the sumybusing methods other than
direct calculéion. On a ery elementay level, by compaing a single tan 1/n? with
f:“dx/xz, the methods of calculus can be used tanstiat



1+1+1+---+£+ 1
4 9 P n+1
is a nuch better aproximation to the full total than just using thiestn orn + 1 temms.
In fact, with this goproximation, the eror must be less thab/n(n + 1). Takingn = 14,
for example the gpproximation will be accuate to two decimal placeshis is a big
improvement on ading up 200 tens,and not knwing even then if theifst two
decimals as corect.

Calculding the frst few decimal places of the sum of Eugeseres was a poblem of
some inteest in Eulers time He himself vorked on the pyblem, obtaining
approximation formulas tha allowed him to detenine the irst seeral decimal places,
in the same ay tha the goproximation and eror estim&e were used in the pceding
pargraph. Laer, Euler deived an gact \alue br the sum. Et6s and Dudig[5]
descibe Eulers contibution this vay:

In 1731 he obtained the sum aatarto 6 decimal places 1733 to 20and in
1734 to ininitely mary. . . .

A more detailed histgr of this poblem, and of Eulers contibution ae pesented

in [4]. Briefly, Oresme shaed the diergence of the hanonic seles in the 14th centyr
In 1650,Menaali asled whether Eules seies cowerges. In 1655 ghnWallis worked
on the poblem, as did &hn Benoulli in 1691.Thus,when Euler pulished his alue
for the sum in 1734he poblem had akad/ been verked on ly formidable
mahemadicians br several decades. By an iegious aplicaion of formal algebraic
methodsEuler deived the alue of the sum to be?/6.

Euler’'s Proof

As mentioned edier, Euler’s pioof is not considexd \alid todg. Neverthelessijt is
quite inteesting and worth reviewing hee. Actually, Euler gave seeral proofs over a
number of ars, including two in the paer of 1734 §]. Wha we pesent hex is
essentiall the same as thequment gven in sections 16 and 17 of thegper, and is in
the samedrm as in 8] and [L8]. The basic idea is to obtain avper seres pansion
for a function wose oots ae multiples of the pedct squags 1,4, 9, etc Then we
apply a popety of polynomials to obtain the sum of theciprocals of the gots.

The other davation gven in Eulers 1734 pper is discussed ir] section 4] and

[10, pp. 308-309].

Here is the agument:The sine function can bepresented as a p@r seies
x3 x> X/

3.2 5.4-3:2 7:.6-5-4-3-2 "
which we think of as an imhite polynomial. Dvide both sides of this eqtian by x and
we obtain an inihite polynomial with ony even pavers ofx; replacex with /x and the
result is

1 2 3

sinv/x _ 1o X . X B X L

VX 3-2 5:4-3-2 7-6:5-4-3-2

We will call this functionf. The ioots off are the mmbes 72,472, 972, 1672, . . ..

Note tha O is not aoot, because therthe left-hand side is undetd while the rght-
hand side isleary 1.

sinx =X —




Now Euler knev tha adding up the eciprocals of all theaots of a pgtnomial
results in the ngative of the atio of the linear coédicient to the constant cdefient.
In symbols;f

X=r)x—ry)...x=r) =x"+a,_x""1+ - +ax+ a, (1)
then

1 1 1

=+ =+ + == —a/a,

rn I M

Assuming thathe same la must hold br a paver seres xpansionhe gplied it to the
functionf, conduding tha

11,1 .1, 1
6 = 4n 97 1672

Multiplying both sides of this eqtian by 72 yields 72/6 as the sum of Eules’seies.

+...

Why is this not consided a \alid proof today? The poblem is tha power seies ae not
polynomials,and do not sharall the popeties of poynomials.To get an undestanding
of the popety tha Euler usedtha the eciprocals of a pginomial’s roots ad up to the
negative ratio of the two lowest oder coeficients,let us consider a pghomial of
degree 4. Let

p(x) = x*+ axx® + ax® + a;x + a,
have rootsr,, r,, r5, r,. Then

P(X) = (x = r)(X = 1o)X = rg)(x = ry).
If we multiply out the &ctorss & the ight, we find tha

Gy = M1l 3ly
Q= I rgfy — [lghy — [lofy — fofs.
From these it islear tha
1 1 1 1

—a/a,=—+—+—+—.
1/3 R, r, Iy I,

A similar agument vorks for a poynomial of aly degree

Notice tha this agument vould not work for an infnite polynomial without,at the \ery
least,some thear of infinite products. In ap casethe result does notpply to all paver
selies. For example the identity

i=1+x+x2+x3+---

1-—x
holds pr all x of absolute alue less than 1. Nwconsider the function
g(x) = 2 — 1/(1 — x). Clealty, g has a singleaot, 1/2. The paver seies epansion 6r
gx)isl—x—x2—x3—---,50a, = 1landa, = —1. The sum of theacipocal
roots does not equal thatipo —a,/a,. While this eample shwss thd the eciprocal oot
sum lav cannot be jgplied Hindly to all paver seies, it does not imp} that the lav
never holds. Indeedhe lav must hold br the functionf(x) = sin./x/</x because &



have indgendent profs of Eulers result. Notice the di€rences beteen thisf and theg
of the counteexample The functionf has an inhite number of bots,where g has lt
one And f has a pwer seres tha converges br all x, where the saesg cornverges ony
for —1 < x < 1. Is thee a theoem tha provides conditions under ich a paver seies
saisfies the ecipocal 0ot sum lav? | dont know.

Euler’s pioof is generlly conceded not to hold up to togds standals. There ae a
number of poofs tha are considezd accptable, and thg display a wide \ariety of
methods andmproades. Shadty we will cover seeral of these pyofs. Havever, before
leaving Euler two mote points desee mention. Kst, the aspect of Eules’methods tha
are considezd irvalid today geneally involve the inbrmal and intuitve way he
manipulded the ininitely large and smallThe moden subject of nonstandhianaysis
has povided in our time wa Euler la&ed in his:a sound &ament of analsis using
infinite and ininitesimal quantitiesThe methods of nonstandiaanaysis hae been
used to alidate some of Eules’ agumentsThat is, it has been posdidto develop
logically corect aguments thiaare concetually the same as Eulst’In [12], for
example Euler’s dervation of an infnite product br the sine function is madgorous.
This pioduct brmula is dosel relaed to Eulers agument taced aove. Euler gve
another poof in 1748,again by compaing a paver seres to an inhite product.This
argument has also been madgorous using nonstandaanaysis [14].

The second point | wish to maks tha Euler was &le to generlize his methods to
mary other sums. In pticular, he deeloped adrmula thd gives the suml + 1/25 +
1/3%+ 1/4% + - - - for ary even paver s. The idea of allwing the pever sto vary
prompts the deéfition of a function ofs: /(s) =1 + 1/25+ 1/35+ 1/4°+ ---. This
is called the Riemanreta functionand it has gea significance in mmber theoy.
Whensis an @en intger, Euler’s formula gves the alue of{(s) as a ational rultiple
of 7. Interestingl, while the 2zta function alues ae& knavn exactly for the @en
integers, things ae much more obscue for the odl integgers. For example it was not
even knavn for sue tha ¢(3) is irrational until 1978 An interesting account of this
discovery can be éund in [L9]. The Norember 1983 issue dllathemdics Magazineis
devoted to aticles on Euler[10] being one rample

Modem Proofs

Let us tun now to the moder proofs of Eulers result.We will consider iive different
approaces.The frst pioof uses no nthemdics moe advanced than igonomety.

It is not as spectacular as some of the otheofprin tha it doesnt really have stange
twists or connections to othereais of mthemadics. On the other hand genealizes in
a direct way to deive Eulers formula for {(2n). The second mof is based on methods
of calculus,and irvolves a sequence oftisbrmaions tha will take your bieah avay.
Next, we will enter the @alm of comple anaysis and use a method called contour
integration. The fourth proof, also in the compleworld, involves tebiniques fom
Fourier anaysis. knally, we finish with a poof based ondrmal manipul&ions tha
Euler himself vould have been pyud of This last @aproad uses both comptenumbes
and elementgrcalculus. In the midle of this sequence of gufs we will take a bref
time out br an gplicaion.



Complex numbes shav up repededly in these profs,so it is @propriate hee

to remember adv elementay propeties. Most impatant is the identity

€X = cosx + i sinx, along with the special cases = —1 ande'"™ = (—1)".

Raising both sides of theegeal identity to then” power pioduces de Mere’s theoem:
cosnx + i sinnx = (cosx + i sinx)". By expanding the poer on the ight and then
gathering real and complepaits, formulas br cosnx and sinnx are obtainedFor a
complex numberx + iy, the dsolute alue is dehed as|x + iy| = /X? + y? and the
conjugate is X + iy = x — iy. If (r, 6) are the polar codlinaes br (x, y), then

X + iy = re’.

It will also be necessgrto use thedmiliar sigma noti@on

f(k) =f(1) +f(2 +f3) + -,

D8

k
which rendes Eulers result as
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Trigonometry and Algebra. The irst pioof, puldished ly Papadimitiou [15], depends
on a special tgonometic identity. Once the identity is kmen, the deivation of Eulers
result is &irly direct and unsyrising. Apostol P] genealizes this poof to compute the
formula for £(2n). A closely relaed poof is gven by Giesy [7]. Note tha Apostol and
Giesy eah gve seeral adlitional references to elementadeiivations of Eulers result.

The tigonometic identity involves the angle = 7/(2m + 1), and seeral of its
multiples. The identity eads

m(2m — 1)
T 2)

For example with m = 3 we hare w = 7/7 and the identitygads
cot? w + cot?(2w) + cot?(3w) = 5.

We will use identity (2) to dére the sum of Eules’seres,and then discuss the
deirivation of the identity

cot? w + cot?(2w) + cot?(3w) + - - - + cot¥(mw) =

For ary x between 0 andr/2, the Pllowing inequality holds.
Snx < X < tanx

Squaing and iverting eat tem in the inequality leads to
cot?x < % < 1+ cot?x.
Now to use (2)we will successiely replacex in this inequality § w, 20, 3w, and so
on,and sum theeasults.This gves
cot? w + cot¥(2w) + cot¥(3w) + - - - + cot? (Mw)
<1/w? + 1/40?> + 1/90* + -+ 1/mPw?
< m+ cot? w + cot?(2w) + cot?(3w) + - - - + cot? (Mw).



Using identity (2) then pduces

w<i<1+1+1+...+i) _mem-1)

3 ? 4 9 m? 3

For a fnal transbrmation, multiply through ly »? and substitutes = 7/(2m + 1):
m(2m—1)772<1+1+1+___+i<m(2m—1)772 mar?
3(2m + 1)? 4 9 v 3(2m + 1)? (2m + 1)

This final set of inequalities pvides upper and Wer boundsdr the sum of theirfstm
terms of Eulers seies. Nav let m go to infinity. The lover bound is

m(2m — 1)7? 2m? — m
3(2m + 1)2 (7°/6) 2m? + 2m + 0.5
which gpproaces#?/6. At the same timgthe upper bound alspproates#?/6 as its

second tan deceases to 0. Eulex’sum is squeed in betveen these boundand so it
must equakr?/6 as well.

This completes the pof of Eulers result,subject to the alidity of identity (2).
For completenessye will prove thd next. Interestingly enoughthe deivation
uses a @pety of polynomials \ery similar to the one used in Eulepoof ebove.
Specifcally, for ary polynomial

anxn + an_lxn—l + - 4 aO
the sum of theaots is just-a,_,/a,. The deivation of this popety is so similar to the
previously given pioof of the ecipocal 0ot sum lav tha it is recommended as an
exercise br the eaderWe will use the ppety by consideing a poynomial whose
roots ae the temscot?(kw) on the left side of (2). Eqtiag the sum of theoots to the
negative ratio of the two highest ader coeficients will yield the desed identity

The poynomial is ggneated by manipuléing de Movre’s identity withn odd.
Consideing just the imginary pats of eat side of the identitywe begin with

) n\ . ny . .
sinnf = <1>sm 0 cos"~ 19 — (s)sm?’ fcos" 30+ ---+sn" O

= sn" (9((2) cot"~19 — (g>cot”‘30 + -t 1).

Assuming tha0 < 0 < 7/2, we mg divide thiough ly sin" 6 to obtain
Sinne_ n n-1g _ n n—3
Sme (1>cot 0 <3)cot 0+ + 1

Now nis odd, son — 1is even. Let us epress the xponents on thaght side of the
preceding equ#on in tems ofm = (n — 1)/2:

snnf
sin" o

(Dcotzme — <g>cot2m—20 + -+ 1.

This is where we see the pghomial emege. Make the substitution = cot? 6
and ve hae



Sinne_ n m _ n m—1
Sre (1>x <3>x + + 1.

At the night is a paynomial; we can ead of the two leading codifcients.The
expression aithe left eveals to usn distinct oots. Indeedinng = 0 for 6 = 7/n,
27/n, ..., mm/n, so we would like to contude tha x = cot?w/n, cot? 27/n, . . .,
cot?msr/n are mdistinct 1oots of the pginomial. It will sufice to \erify that all of the
0's ae stictly between 0 andr/2 since then thegenegte distinct positie values of
the cotangnt function. Remembiaig tha n = 2m + 1, we see thiathe lagest6 is
7+ m/(2m + 1) which isevidently less thanr/2.

From this anajlsis,we condude tha the poynomial ()x™ — ()x™~1 + .-+ + 1 has
the ootscot?sr/n, cot?27/n, cot?37/n, . . ., cot?mar/n. The sum of theseopts is the
negative ratio of the two leading codfcients:(5) /(7). To complete the davation, we set
o = m/(2m + 1) and compute
5
3

(2
_nin—=1H(n - 2)/6
n

(n— 1 -2
6

2m(2m — 1)
6

~ m(2m — 1)
-

This completes tharkt pioof. Although it is &irly direct,it requires the use of an
obscue identity Other than thtanothing moe difficult than high skool tigonomety
Is required, and thee is nothing pdicularly suiprising or eciting éout the agument.
The net proof provides a damadic contast. It uses methods of calculasd malks
several suprising and ungpected tansbrmations.

cot?w + cot?(2w) + - - - + cot¥(mw) =

Odd terms, Geometric Seles,and a Doulde Integral. The net proof is one |
originally sav presented in a lectarby Zagier [20]. He mentioned thahe poof was
shavn to him ly a collegue who had leared of it though the gapevine. It is dosely
relaed to a poof gven by Apostol B], but has a couple of unique twists. Veanot
seen this @of in piint.

It will simplify the discussion to IefE representX 2 ;1/k?. The point of the mof is then
to shav tha E = 72/6. We beajin with just the gen tems of the sum. Obses:



Since the een tems adl up to onedurth of the totalthe odl tems nust accountdr
the emaining thee burths. Write this in equaion form as

3. & 1
45~ kZO (2k + 1)2 ©

Now we shift geas. Consider theollowing defnite integral:

¥2k+1 1

2k +1

_ 1
2k + 1

Of course this equéion would be just as coect if we used theatiable y in place ofx.
Therefore we may write

1 2_ 1ok 1ok
<2k+1> _fox dxoy dy

1
J x2dx =
0

0

and this is substituted in edigm (3) to obtain

3 = 171
2 E= kEofO fo x2ky2K dx dy.

For the net step, exchang the sum and the ddehntegral to obtain

3 1712
2 E= JO JO kzo x2ky2k dx dy.

Concentating on the sum pgrnotice thaits tems ae the pavers of x2y2. The
geometic seies formula mentioned in tharkt section tyes the total a$/(1 — x2y?),
leading to

3 111

ZE B fofo 1- X2y2dXdy'
To complete the dartion, we need onl evaluae this douke intggral. An ingenious
change of \aniables males this stp trivial. The substitution isigen by x = sinu/cosv

andy = sinv/cos u. Applying the methods of aitivariate calculusye can sha tha
dx dy/(1 — x?y?) = dudv, and thathe egion of integration in tems ofu andv is the

10



triangle in theifst quadant illustiated in Fgure 2. Therefore, the doulte integral yields
the aea of the fiangle #2/8, which implies tha

3 2
4E— g

Thus,E = #2/6, as equird

X = 51N M, o0s |
Vo= SN0 S Cos i

_—-.n-ulllll-.-

w2 it 1 X

Figure 2
Transbrmed egion of inteyration.

Two comments should be made dadtirst, interchangng the intgral and the sum does
require some justi€ation. In Eulers da, the conditions under fich sud an opeation

Is valid were not undestood Today the conditions @& knavn and ae geneally
consideed in an adanced calculus cose In the casetehand sincel/(1 — x2y?) is
positive & every point in the egion of integration save (1, 1), the monotone ca@mgence
theoem [16, Theoem 10.30] povides the necessajustification. One should also
address thedct tha the intgrand in the dginal integral is undeihed d one point of the
region of integration; the usual methodsif improper intgrals aply.

Secondthe dang of vanables in the doule integral also equites a little vork. Recall
tha the wle for transbrming dx dy into an &pression inolving du dv depends on
calculding the &cobian of the amsbrmation. And thee is some ébrt involved in
verifying that the cang of \ariables tansbrmation mas the tiangle illustated inuv
space into the unit squeam xy space

Residue Calculus. The thid proof gplies a teknique fom comple anal/sis knavn as
residue calculusA full account of this telenique can beound in ay introductoy text
on comple& anaysis. For the pesent discussion theal is simpy an intuitve feel for
the stucture of the agument. Br this pupose we will discuss the basic ideas efrdue
calculus inbrmally.

Residue calculus concesr functions with poles (fwch may be thought of as places
where a denominar goes to 0) defed in the compbe plane Suppose thd is sud a
function,and has a polet @,. Then thee is a pwer seres pansion thadescibes hav
f behaes neag,. It might look like this:

fzy+2=a,z2+a z'+a,+taz+ .

11



The fact tha there is a pole &z, is revealed ly the ngative pavers ofz. It is evident
that asz goes to 0,f(z, + 2) blows up. In this gample thee ae two tems with
negative pavers ofz. In the gnerl casethere ma be aiy finite number of tems
with negative pavers ofz

A second cendl ingredient in esidue calculus is theomple integral. For this
discussionthe compl& integral may be thought of as a kind of line igtal. The
integrand f(z) dz is an eact diferential if f is the deivative of a comple function
throughout a egion containing the gh. The compl& integral behaes like a line
integral in thd over a ¢osed p#h, the intgral of an e&act diferential is 0. In parcular,
we will consider alosed p#h tha endoses Oand Dr the intgrand ve tale the
expansion off(z, + z). Eadh tem in the &pansion is the desmtive of a comple
function, except for the tem with exponent— 1. This coresponds to theatt in eal
calculus thathe antidewvative ofxkis x**1/(k + 1), except whenk = — 1. Of course
in the eal casewe knawv tha the antidevative of 1/x is In x. Unfortunaely, in the
comple planeg it is not possilke to deine a néural logarithm consistenyi on ary closed
pah encicling the oigin. In fact,a line intgral of z ! around sub a pah does not
produce Orather, it produce<2i. This actualy makes god sense intuitely, if we
think aout hav a compl& natural logarithm should beh&e. In polar brm, any comple
numberz can be gpressed asg? = €"" "1 where (r, 6) are the usual polar codinaes
for the pointzin the compl& plane The naural logarithm should then be In+ i6.
Now if we integrate 1/z along a pth from z, to z,, we epect the esult to be

Inr, +i6, — Inr, — i6;,. On our ¢osed pth, z, = z,, andr, — r, = 0. But if we
traverse the ptn once countetockwise varying 6 continruousy along the sy, then

6, — 6, is 2. Thus,the intgral should poduce a &lue of27i. To genealize slightl, if
we integrate f(z, + z) along a pth circling 0 once countefockwise every tem of the
sum \anishes xcept thez ! term, and intgrating tha tem results ina_, - 2. Since
the contibution of thez* tem is all tha is left of f after intgyrating, the coeficienta_,
is called the esidue of at z,.

The functions studied in thesidue calculus mightidw up & more than one place
For example the functionl/(z2 + 1) has polestabothi and—i. But if a function can
always be epanded in a pger seres with a inite number of ngative exponent tems,
then the line intgral dbout a simple losed p#h (in the countetockwise diection)
encircling a finite number of poles is equal & times the sum of theesidues &
those poles.

This is all \ery interesting but wha on eath does it hee to do with Eules sum?

The anwver is tha using esidue calculusye can compute a suny bloing a compbe
integral. Actually, we will use a limiting sgyument ivolving a sequence of gesP,,
Ead of these phs entoses aihite number of polesdr our functionf(z), and the sum
of the esidues will intude fnitely mary of the tems of Eulers sumAs n goes to
infinity, two things will hgpen. kst, the line intgral of f over the péh P,, will go to O.
But & the same timahe sum of theasidues will aproad an epression vhich
contains all the tens of Eulers sum. Equing the sum of theasidues to 0 then yields
our final result.

The function used in thisgument isf(z) = cot(7z)/z2. The padh P, is a ectangle
centeed 4d the orgin with sides pallel to the eal and imginary axes in the comple
plane (Fgure 3).The sides intesect the eal axis a+(n + 1/2) and the imginary
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Figure 3
Path of integration.

axis d =ni. It may be shan tha |cot(7rz)| < 2for all zon the péh P, (Actually, we
can ¢t a nuch more accuate bound than Zyut accuacy is not impotant hee.) At the
same timgz| = non the péh, so|f(2)| < 2/n2 Bounding|f(z)| on the p&h in this way
pemits us to estima the intgral. We have

6, 1(2) dz) < S(8n + 2)

where 8n + 2 is the length of the pl. Now it is dear tha asn goes to ininity, the
integral goes to 0.

To complete the gument,we obseve thd f has polestaeadt of the intgers, and
detemine tha the esidue isl/7k? at k # 0, and— /3 at 0. Bebre carying through
these calculions,let us see he the deivation of Eulers formula condudes. Since the
integral over P,, goes to Owe infer thd 27 times the sum of all theesidues is 0.
Combining the esidues Bk and —k into a single tem, this leads to

— 274 1 1

, 1
+ + S+ 5+ 5+ =0
3 4i (1 » T2t > 0

A trivial rearangement of this equin revealsE = 72/6.

All that remains of this grof is the calculgon of the esidues. &r the esidue &0, let
us obsere thda

cos(7z)

sin(mz)

. 1— 7w%22/2 + w*/24 — - --
wz — w32/6 + m2°/120 — - --

zcot(mz) = z
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_ 11— 722+ w*Z/24 — - --
7 — 726 + m7)120 — -

Using the long diision algrithm, the @tio can be gpressed as a p@r seies. The frst
few terms ae shavn belaw.
w2 w3

1
zcot(mz) = 7_T 3 T 5

By dividing both sides of this egtian by %, we deive

_|_ . e

7 T 3 45
Reading dfthe coeficient of z 1, we see thiathe esidue &0 is — /3.

We use a slighyl different methoddr the esidue aik. Suppose thave calculéed the
power seies for f(k + 2) as

fk +2=a ,z+a,+az+a,z2+ .
Then

dk+2=a,taz+ a2+ az2+ -
and it is ¢ear tha

a, = Izim[zf(k + 2)]

. _cot(mk + 2)

B 'Z'I% z (k + 2)2

_lim z cos(m(k + 2))
z-osin(mk + 2) (k + 2)?

Apply L'Hbpital’s wile to the irst factor and fnd a_, = 1/#k2 This gves the esidue &
k as peviously asseted

This calculéion gopeas to ely on knaving in adrance thathe paver seies for

f(k + 2) has ony one tem with a ngative paver of z Why were thee no tems
involving z 2, z"3, as thee were for the esidue a0?Actually, the anwver is implicit in
the limit we calculéed dove. Sincezf(k + z) has a limit &0, its paver seies cannot
have ary tems with ngative pavers of z. Thus,every tem of the sees for f(k + 2)
must hae an &ponent of aleast— 1. Trying to gply the same gument &0 would
require evaluaing the limit ofzf(z) = cot(7z)/z The failure of tha step alets us to the
existence of aditional ngative exponent tems in the pwer seres d O.

It seems to me thahe ley insight in the éregoing pioof is using an infgral to evaluae
a sum. In this casé is the mahinely of residue calculus th@onnects the sum and
integral. Oncef has been dafed the emaining stps ae a staightforward exercise of
residue calculus methodBhe net agument also uses an igtal to ezaluae a sumand
again involves complg numbes, but it has a distincyl different favor. There, we use
vector algbra tetiniques in the conk¢ of Fourier anaysis.

Fourier Analysis. Before discussing the pof using Burier anaysis, it will be helpful
to review a little vector anafsis. In thee-dimensional spacthink of a \ector as a
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directed line sgment (thais, a sgment with an aow at one end). &r vectoss a andb,
a fundamental opaition is thedot or inner producta - b. This ma be deined as the
product of the lengths af andb and the cosine of the angle beem themThus,if a
andb are pependicularthena - b = 0, while for paallel a andb, the dot poduct is
just the poduct of the lengths (or the gative of the poduct if the ectos ae paallel
and oppositgl directed).

The inner poduct is useful in lraking devn vectoss into simple pieces. L&, g, and
e, be \ectoss of length 1 stading & the orgin and pointing along the, y, andz axes.
Every other \ector in space can beili up using sums and uttiples of these tlere
special ectos. A typical example vwould be something of therm 3e, + 5¢, + 1.3e,.
This is the ector which bagins & the orgin and endstahe point (35, 1.3). dist as the
three codficients,3, 5, and 1.3 completey detemine the ector in this gample so ary
vector is uniqual detemined ly its three codfiicients elaive to thee vectos.

Notice tha since ag two of thee vectors ae pependiculaytheir dot poduct is 0And
the dot poduct of ag of these ectos with itself is 1. These two propeties,which ae
charmacterstic of anorthonomal basis provide a simple \ay to compute the coktients
which descibe ary vector Indeedif we harea = pe, + gg, + re, then ly taking the
dot pioduct of eak side withe, we find p = a - e,. Similar reasoning leads to
q=a-eandr = a- e, Thais,the coeficient for eat of thee vectos can bedund
by computing the dot pduct ofa with tha vector As another consequence of
orthonomality, obseve tha a - a = p? + g? + r2. The deivation of this identity

a-a=(pe + 0g +re) - (pe + gg, + re)
= p%, - 6 +0%, - +r%, - € + 2pge, - ,+2pre, - €, + 201, - €,
:p2+q2+r2’

again uses theafct tha the dot poduct of ay of thee's with itself is 1 while the dot
product betveen two differente’s is 0.

In Fourier anaysis, there is a vonderful analgy with the ideas of ectors, dot
products,and othonomality. In place of ectos we deal with compbevalued
functions of a eal \anable. The dot poduct of two functions is defied using intgrals:
f-g=(1/2mf7_f(t)g(t) dt (the bar denotes compleonjugation). In place of the
special ectos g, g, ande, we hae the functiond = €, e*'!, e*2t, e*31, ..
These 6rm an othonomal basisand ay well-behaed functionf can be rpressed
using the basis functions in just the sanay tha vectors in space can be
expressed in tens of thee vectos. As was the caseof vectoss, the coeficients

for the basis functions @just dot poducts.Thus,if we wiite

ft) = +a e d+a e+ a + ae + aet + -, then

a, =f- et
_ 17 —2it
27TLTf(t)e it
and similaly for all the other coétients. Fnally, in Fourier anaysis thee is an analp

for the brmulaa - a = p? + ¢? + r2. Because the cdiéfients in the Buiier case can
be compl& numbes, it is their squagd dsolute alues (not simyl their squaes) tha
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must be summedut otherwise the analy is exact. Thus,we have the brmula
fef= 4 |a 2+ |aq?+ |ag)? + |a? + |ay|? + - - - . Itis this last &ct tha
we use to deve the \alue of Eulers sum.

Here is hav it works. The function to use i$(t) = t. By direct calculéon,

_ 17,
f f—ZWﬂTt dt
_ 1t
2773*77'
_m?
3

Now we will computef - f in tems of the codicientsa,. As an g&ample let's
calculde a,.
1= .
a’=—| te?tdt
27T -

w

:i2it+1e_
2w 4

2it

-1

The last stg in this calcultion talkes adantage of the &ct tha €?™' = 1. A similar
calculdaion done with an arbisry integer nin place of 2 disceers tha a, = +i/n
for all n except 0,and thaa, = 0. Thus,for every nbut 0, |a,| = 1/n, and

e al,|? o Jal|? + ag|? + |ay]? + |a,|? + - - - is none other than Eulersum
written twice This leads t®E = 72/3, and dviding by 2 completes the pof.

Inter lude: An Application of Euler's Result. Let’s tale a beak fiom all these mofs,
and consider anpplication. If an infnite sum of positie tems conerges,it can be
used to ceae a pobability distribution. dist so ér Eulers sum. Letp, = (6/72)(1/k?).
Then thep, sum to 1and can beegarded as a disete pobability distribution, with p,
the pobability of the k" outcome Does this distbution actualy have ary use?As it
turns out,it does. In &ct, p, is the pobability that two randomy selected posite
integers have gedest common d@isor (GCD) equal ti&. One nust be a little caaful
about what is meant p randomy selecting an ingger, for thee is olviously no way to
make all the positie integers equal likely and still hae total pobability 1. This is a
tedhnical point thacan be put asidef the momentin favor of a heustic gpproad.
To proceed define g, to be the pobability that two randomy selected posite integers
have GCDk. We shav tha g, = p,.

The GCD of intgers a andb equalsk if and ony if two conditions holdFrst, both
integers must be naltiples ofk. Secongdthe GCD ofa/k andb/k must be 1. Nw the
probability that two randomy selected intgers ae both nultiples ofk is 1/k2. The
probability that GCD(a/k, b/k) = 1, given tha a andb are nultiples ofk, is just the
same as the unconditionalbpebility that two positve integers havre GCD 1for asa
andb range over the nultiples ofk, a/k andb/k range over the full set of posite
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integers. Combining the tev preceding obsestions shavs tha g, = q,(1/k?). Since the
g, Must sum to 1we see thiag, = 6/72, henceg, = p,, as asseed

In retrospectknowing the \alue of Eulers sum vas a necessaste in detemining the
distribution of the GCD functiorAs an inteesting consequengce&e can nw assetr tha
a randomy geneeted fraction will be in lavest tems with pobability 6/72. | found

these ideas inl] (which comments on the tenical point ve set asidetsove) and 13].

Let us etum naow to our tour of ppofs and gamine aihal dervation.
A Real Integral with an Imaginary Value. The inal proof was pulished ly Russell
[17]. It begins with the dahite integral
/2
| = fo In(2 cos x) dx.

Now 2 cosx = €% + e x = (1 + e 2X), Therefore, In(2 cosx) = In(€*) +
In(1 + e 2 = ix + In(1 + e 2¥). We male the substitution in the irgeal and
arive d

/2 .
— i —2iX
I fo ix + In(1 + e 2% dx

_ i%z + fO”/ “In(1 + e-2) dx 4)
The neat st is to eplace the Igarthm with a pever seres,and intgrate tem by tem.
The paver seres &pansion is9, p. 401]
In(1 +x) =x—x%/2+x3/3 — x4+ ---
or, replacingx by e2x,
In(1 + e 2X) = e 2x — @ 4x/2 + e 6X/3 — e 8x/4 + ...,
Integrate:

. g—2ix g—4ix @ 6ix g i
+ —2iX — — — - —+ . — N
fln(l e 2%) dx gy —2i-22 —2{.32 -2 .42

B __1 oix e*4iX + e*GiX _ e*SiX +
o \® 2 Tz e T

This last epression is to bevaluaed from 0 tow/2. That yields

/2 )
fo In(1 + e 2%) dx

—_ — T — — -

2i (e =7 "=z P )
Now every exponential eitheraluaes to 1 (br even multiples ofi) or to—1 (for odd
multiples). Therefore, half of the tems dop out,and the emaining tems ae all

fractions with a—2 in the rumestor and an od squae in the denomirtar. Thus

/2 ) 1 1 1
— 2iX — = = -
fo In(1 + e )dx—i<1+32+52+ )
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As we hare seen befre, the odl tems of Eulers sum ad up to3/4 of the total.

Combining this with thedct tha 1/i = —i, we condude tha
/2 , —3i
— 2iX - =
fo In(1 + e 2%¥) dx 4 E.

At this point,we must etum to the intgral we first considezd Substituting the
expression just déved into (4),we obtain

-(5-29

But | is real,and it is equal to a parimaginary. This forces both sides of the edioen to
vanish. Setting theght-hand side to Oiges us thedmiliar condusionE = 72/6.
Setting the left-hand side to Ogoluces an atéd bomwis:

/2 T
fo In(cos x) dx = -5 In2.

In this whirlwind of manipuléions,there is pobably nothing thawould hare disturbed
Euler In contast,a moden student of m@iemadics would find reasonsdr skepticism d
practically every step. Frst off, the orginal integral is impioper so we need to wrry
about cowergence Next, in order to use the maral logarithm for comple variables, we
need to be serthd we can estict the complg numbes to a suitele domain. (In this
caseit is enough to obsee tha we never need to pply the layanthm to a ngative
real.) Thirdly, the paver seres for the néural logarithm corverges within a cicle of
radius 1 cented d O in the comple plane Unfortunaely, for every x in the domain of
integration, e-2* is on the boundarof this circle, so tha we must be concered dout
corvergence of the pwoer seies,too. (For this st@ we mg appeal diectly to Theoem
3.44 of [L6].) And finally, there is the tem by tem intgyration of the sum. In gneal
terms, we handle these pblems ly stating in the midile and verking our way out. The
idea is to stdrwith the seies formulation of the intgral, but let the upper limit be less
than#/2. Then we can justify the ten by tem integration and tak a limit to eat the
upper limit of /2, detemining the alue br the intgral in the pocessWorking in the
other diection,now tha we knav tha the intgral exists in the case of the per seres
formulation, we ae justified in perbrming the manipul@ons tha geneste the intgral
tha the agument aove stated with.This \erifies tha the orginal improper intgral is
indeed dehed For adlitional comments on justifying the ptein the poof, see [L7].

Condusion

We hare seen aafiety of proofs of Eulers result. It is inteesting hav wide a ange of
mathemdical subjects ppeaed in these mofs. Eulers proof has the ppeaance of
direct alggbraic manipuléion, but involves an urdunded assumptiorbaut the
propeties of paver seres.The frst valid proof we considezd works directly from the
definition of corvergent paver seies by providing bounds dr patial sums of Eules
selies. Two proofs eab involve replacing the sum with a dérent opeation. Thus,in
residue calculusa sum of esidues isaplaced ly a comple line integral, while in
Fourer anaysis,a sum of squad coeficients is eplaced ly a dot poduct.And finally,
two proofs use a témique of intechangng a sum and an irgeal to tansbrm Eulers
selies into anotherdrm tha can be summed dictly. It should come as no suise tha
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there ae still moe pioofs of Eulers formula (induding a w by Euler himself).

The inteested eader is encoaged to consult theeferences ér more gproates and
additional references. Of histacal intetest is eference [L1], the frst edition of vhich
appeaed in 1921. In this enclopedic work, several proofs of Eulers result can be
found (see dicles 136,156,189,210) in the contd of generl procedues br
manipulding and analzing seres xpansionsThe poof in aticle 210 is tosel relaed
to the urer anaysis poof gven dove.

Acknowledgements. Thanks ae due Melvin Heriksen,Richard Katz, Alan Krinik, and
Harris Shultz br aleting me to some of the pars cited in the dicle, to Judith Giabiner
and Mak McKinzie for help with the histacal referencesand to the eferees ér mary
helpful sugiestions.
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