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the curve. In the simplest case, the well-known cycloid is traced by a point on a

rolling circle. In general, the set of (pointed) closed convex curves produces a
wide variety of traced curves. Which curves are produced this way? Given a curve, can
it be traced by rolling a (pointed closed convex) curve? If so, which one? In this paper,
we give the necessary and sufficient conditions for traceability in terms of the normals
to the curve and construct the curve to be rolled.

Roll a closed convex curve along a line and follow the path of any chosen point on

Suppose that the tracing point is allowed to be inside or outside of the rolling curve.
Suppose further that the “line of roll” is replaced by a curve and that nonconvex curves
are allowed to roll, i.e., by requiring that the point of contact move smoothly with no
sliding (arclengths must agree) and the tangent lines agree at the contact point. In all
cases, we solve the local inverse problem, as before, in terms of the normals to the
curve.

The geometry of rolling curves has been studied extensively by mechanical engineers
and others (see bibliography; Besant’s book is the earliest systematic study) but their
solution of the inverse problem is somewhat incomplete. We thank Dr. Rundell for
suggesting this problem. All curves are plane curves. For simpliity,

differentiability is assumed unless explicitly stated otherwise. This topic may be suitable
for an honors calculus class.

1. Necessary Condition.

We begin with a simple case. L&t be a closed convex curve whiabltalong a line

L, i.e., the curvature o is positive except possibly on a nowhere dense set and so there
are no “straight sides.” This condition guarantees that the point of centact is well
defined and behaves as the arclength parameter of€bothL and (cf. 83). The tracing
pointP can be placed inside, on, or outsiZle = These are illustrated in Fig. 1 with

a circle.

If Pis regarded as the origin, th€h can be described by polar coordinates ¢ If is
the angle between the tangent line and radial li@, of Rhen traces out th€curve
(Fig. 2) given by

X=S—rcosy y=rsnyg (1)



We daim tha the mdial line is nomal toC. Using the vell-known equdion
tanys = rdé/dr, we calculde

ds = /drZ + r2de?

/ rde\?
= 1+ (E) dr

= V1 + tan?ydr
= secyr dr,
and so
dx ds dr : . dr
Ep = Ep — Ihcosw + rainyg = smp(r + tanlpap)
and
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Figure 2

Hencedy/dx = cotys and the adial line is namal toC. In paticular,
CONDITION 1. The nomals toC intersectL in increasing oder.
This condition is sdicient for the local constiction of C (Lemma 1).

An important obseration is tha the angle sund + ¢ is the angle beteen the tangnt
lines of C and a ixed line (the polar axis). Sinck6 + )/dsis the cuvature of C by
definition, the cuwature assumption of is equvalent tod(# + ¢)/ds= 0, with

equality ony on a navhere dense set.

CONDITION 2. The function(1/y)(dx/ds) is positve except possily on a nahere

dense subset @.

It suffices to shar

1o _do dy
yds ds T s )
By constuction,
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s x tanyy and dx y
So,
W 00 O Y ),
derdx_dx<tan s—x) T 1 o
dy ds
_ dx(S X y(dx 1) N rtanys dr
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y yseCzde +y+ rtangl/dx
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Sinceysecys = rtany, we obtain
d_1p+d_0= 1[(s—x)2+y2] 1

= 2 [

dx dx vy y

which is equvalent to equion (2).

Equadion (2) has seeral anusing intepretaions. Fom the cuvature assumption og, it
follows tha P moves brward ebove L and bakward belav L. This is equralent to the
popular bain-teaserWha pat of a train is mwing bakward? The ansver is:the pat
of the inner wheel fange tha drops belav the tadk. Also, if C crossed., then it cosses
orthogonally, i.e., 6 + i is defned eerywhere and saix|c=0 wheneery = 0.

If noncorvex curves ae mlled, then the position oP (above or belev L) and the
curvature of C at the contact point detetine the diectionP travels. It follows tha the
noncowexity of C can be an obasiction to the smoothness Gf For example if C is
noncowex and ifC lies aove L, then(1/y) dx changes sign and® moves brward and
badkward above L. If C is smooththen it has aertical tangent line But the nomal
lines toC must intesectL, and hence&€ cannot be smooth.

2. Sufficient Conditions

Let C be a plane cwe which sdisfies condition 1 and lich is peiodic with respect to
a lineL. In this way, the aclength paameters on L also paametizesC. The
differentiability assumption orC is tha the lengthr(s) of the nomal vector flom C to
L is smooth anddr /rds)tanys (or equvalently (1/y)(dx/ds) — (diys/ds)) has a smooth
extension @er all its singuldties. These smoothness conditions do not inthk C

is smooth.

LEMMA 1. If L andC are as #ove, then thee is a smoothlosed not necessaly
convex or simple curve C and a distinguished point Fhieh traces aw finite piece
of C.
Proof. Letr be the length of the nral vector fiom C to L, and letd saisfy the
differential equéon

de dr

ds ~ rds W
The cuwe gven by (r(s), 6(s)) is smooth g assumptionTo see thathis cuwve isC, it
sufiices to bied tha the aclength paameter of(r(s), 6(s)) is s.

Since equions (1) still hold it follows tha

dy _ ar dy _
- cos¢x<r + tan¢d¢> and ax coti.



Hence

dx dr
d:p_sn"l/( +tand¢l>
and on differentiging equdons (1),
ds_ o dr
dys dy
= J1+ tanzgydw

-V (e

Henceds = /dr? + (rd6)? andsis the aclength ofC. If our constuction of C does
not result in a smoothlased cuve, then we easly completeC to obtain the desad
curve (Fgs. 4 and 5). Q.E.D.
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The local constrction of C contains seeral peculiaities. For examplg if all of C is
used and ifC is the gaph ofy = logx, x = 1, thenC is a spial. Another eample is
best illusteted by a cuwe C (solid cuwve) lying slightly above a gcloid (dotted cuve)
(Fig. 3). Our main the@am requires a pdod of C, and it is possile for different peiods
to produce diferent curesC. Over a peiod like A, our constuction of C produces a
comer d the oigin (solid curve) which is then completed (dotted g®8) to a smooth
closed cuve (Fg. 4). Owr a peiod like B, our constuction of C produces a nornased
curve which is then completed {&. 5). This dgoendence on the ped can be @soled
by introducing the dllowing integral condition (3) into our main thesm.
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THEOREML. Let L andC be as in Lemma Assume fuither tha C saisfies
Condition 2 and

J Lok = 2n (3)

Cl
where C, is a peiod of C relative to L.Then thee is a unique smoothased coriex
curve C and a distinguished point Phish traces all ofC.

Proof At the endpoints o€,, the nomals @ree Also, the dhang in s onC,, the
integral condition (3)and equaon (2) detemine the bange in 6. Namely, if » changes
by O, 7, or 27, then 6 changes ly 2, , or O, respectrely, where these coespond to,
for example the polate, ordinaly, and cutate gycloids in Hg. 1. If 6 changes ty 27 or

0, then gplying Lemma 1 tdC, produces alosed cuve C. If ¢ changes ly = then,by
the peiodicity of C, r must be ero & the ends and algd is dosed The smoothness of
C follows from the continity (equvalently, closure) of C and the smoothness of the
tangent \ector(dr/ds, do/ds) to C. The cowexity follows from Condition 2 and
equdion (2). Rnally, C is unique up to aotation of the(r, 6)-plane becauseis

uniquel detemined ly C and @ is defned up to a constarty equialently, a rotaion.

Q.E.D.

3. Relaxaion of Some Conditions

As mentioned edier, a noncomex cuive C can oll under a suitle defnition of “roll,”
and the taced cue C will not be smoothThe nonsmoothness &f can also be caused
by flat sides orC. Sud sides érce a discontinity in the nomal \ector feld toC. If a
squae is plled along a line and theatring pointP is chosen to be a coer, then we
obtain kg. 6. Hee we deally see the éécts of coners and fat sidesWhenC rolls & a
comer, the nomals meet the line in a $i@nary fashion.The fat sides cause the
singulaities. Notice also theC is not conex, even thoughC is. If C is rounded slightt
to produce a smooth cwex cuive, the tiaced cuve C will still be noncowex, although

it will now be smooth.

Figure 6



4. Rolling CurvesAlong Curves.

Let a cuwe C with tracing pointP (not necesséy on C) be olled along a cwe C to
produce a tced cwe C (Fig. 7). We paametize these cwes ly (r, ), (z u), and
(%, y), respectiely. Let a be the angle be®en the nanal toC and the axis.

L

Figure 7

We daim tha, as bebre, the line betveenP and the contact point is gendicular tcC.
Consider

X=rcos(90° + o — ) + z= —rsin(a — ) + z (4)
y =rsin(90° + a@ — ¢) + u = rcos(a — ¢) + u

whee i is the angle betaen the nanal toC and the tangnt toC at the contact point.
Since the alength paameter orC agrees with thion C, we obtain

JdZ2 + du? = ds = secysdr.
Fromdu/dz = tan(90° + «) anddz/du = —tanq, it follows tha

secydr = —seca du = csCa dz

S I |



Differentiging equaion (4),

S_Z = —g—crlsin(a — ) — rcos(a — zj;)(l — 3—;6) + 3—;
= —g—Lsin(a — ) — rcos(a — ¢)(1 - 3—?) + sin(a — ¢ + zp)sewg—;
= cos(a — z,lf)[—r<1 - %g) + tanng—;].
Similary,
dy B B _dy dr
do sin(a ¢)[ r(l ds) + tanzp@},
and so
Y~ tan(a - ),

estdlishing pependiculaity.

Analogous to 82the local constrction of C proceeds ¥ solving the diferential
equdion

do _ tenx

ad
where ¢ andr are obtained fom C andC. To see thaC is the desied cuwe, we work
bakward through the equ@éns @ove to shav tha the aclength paameter orC agrees
with tha on C. Also, we need to calcutadys + d6, as bebre, for dosure and cowexity
considestions.

60 9y =) e
derdx_dx[tan zZ— X a0+ rdx

@%iﬂ@—w—wy—weﬁ—ﬁ |

do | tang dr
B r2 dx rdx
1, g Cosady o (dnadr ) da o
- r2[(z x)(tan (a — ) + coswdx) (y u)<cos¢/dx 1) +r o + 1 tanys X
_ldf|,_  _cose . sSna da| 1] (z = x)? _]
=5 dx[(z X)—coslp (y u)—co&p + rtany +r dr} + rz[ V- u +y—u
1 1dr[sin(e — y)cosa  cos(a — P)Sina d_a]
“y—ur dx[ cosys cosys ey
y—u radx|[ dr
1 da
= -

y—u ax’



Hence C is corvex if and ony if

1 da
+ —=0.
y—u ds

The intgral condition br dosure is

J 1 dx = 27 — A«
y—u

where the intgral and the kbang in « are talen over one peod. Note thay andu are
the “heights” of the cuvesC andC, but not necessly above the same poin& point
(%, y) lies dove (z, u) only whena — ¢ = 90° or, equivalently, the nomal to(x, y) is

vettical.

Previous considations cary through with the obious danges. Comexity coresponds
to the cuvature of C(s) being geaer than the cwature of C(s). Flat sides carespond to
conguent pieces o€ andC which roll against eahb other

Finally, one can ask theegeal questionGivenC, is thee a pair(C, C) of cuwves so
that C rolls onC to produceC. If no smoothness iequired the ansver is yes,but some
curvesC admit no paig C, C with the cuvature of C(s) greaer than the cweture of
C(s), C, C smooth. Details a@rleft to the eader
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