A New Minimization Proof for the Brachistochrone
Gary Lawlor

The American Mathematical MonthMarch 1996, Volume 103, Number 3,
pp. 242-249.

1. INTRODUCTION. The cycloid is the curve traced out by a point on the
circumference of a rolling circle. See Figure 1. This curve has two additional names and
a lot of interesting history.

/

Figure 1. A cycloid, traced out by a fixed point on a rolling circle.

The other two names are the “tautochrone” and the “brachistochrone.” In order to talk

about the properties of the cycloid that gave it these names, we need to turn the curve
upside-down, so that it is concave upward. Thus, throughout this paper, a rolling circle
will always be rolling “on the ceiling.”

The word “tautochrone” means “same time.” In the 1600s Christian Huygens discovered
a pendulum whose period is independent of how high the bob swings; this is only
approximately true for a regular pendulum.

Huygens found that if obstructions in the shape of half cycloids are placed so that the
string of a pendulum wraps around them as it swings (see Figure 2), then the bob also
traces out a cycloid. Further, the period of motion is independent of whether the bob
makes the full swing or swings only part of the way back and forth. This is equivalent to
saying that if we build a ramp in the shape of a cycloid and let a marble roll down it, the
time is takes to reach the lowest point is independent of where on the cycloid we started
the marble. See Section 8.

Obstructions

I

Path of pendulum bob

Figure 2. Christian Huygens’ pendulum, with period independent of height of swing.



Then in the lee 1600sthe mahemadician bhann Benoulli posed a question andvited
mathemdicians of the time to sotvit. He askd “Let two pointsA andB be gven in a
vetrtical plane Fnd the cuve thd a pointM, moving on a pth AMB must follow sud
that, stating from A, it readesB in the shotest time under itsven gavity.”

Five pominent méhemdicians of the time sobd the poblem, namey Johann and
Jakob Benoulli, Leibniz, L’'Hopital, and Nevton. They shaved tha the solution is also
the gcloid, and gwe the gcloid its name‘bradistodirone” which is Geek br
“quickest’ The inteesting histoy (including the &dove quotéion from Benoulli) and
an outline of dhann Bemnoulli’s pioof can bedund inV. M. Tikhomirov's wonderful
book,“Stories @out Maxima and Minima[T].

In this paer we will call the two endpointd® andQ. Bemoulli’'s “path AMB’ we will
call a mmp,and the poinM we will call a marlke.

We will give a n&v proof tha the badhistodirone is the sheest time amp,using the
idea of slicing desdved in the pper [L1]. The philosopk of slicing is to compar two
guantities ly slicing both into tig pieces thbare easier to comparWe bein with an
object tha we hope to mve has leastolume area,length,or time among a ctin
class of competitor objectg§/e compae this“champion”object with an arbitry
competitor The goal is to ind a stategy for slicing both in sut a way tha ead piece
of the cnampion is smaller or sher than eat piece of the competitor

The pictue of the poof is dosely relaed to Huy@ns’cycloid pendulumWe will then
outline another mof tha uses the same basic ideas temonsttes some atitional
interesting @omety of the gcloid.

Various modifcations of Benoulli’s otiginal question can also be avesed Ly the
method of this paer; see Section 9.

We also biefly comment on Wy the gcloid is the tautolerone
2. GENERAL FACTS

2.1. Proposition. The \elocity of a marke rolling without fiction dovn a mmp is
propottional to /|y|, if the marlle statts a rest & a point vherey = 0. We will choose
units so thavelocity isequalto /y|.

Remark. It is interesting tha in paticular, velocity is indgpendent of the sipg and
length of the amp and of th& coominate, and d@ends onl on they coodinate.

Proof of Proposition 2.1. The kinetic enagy of the marke is popotional tomv?,
whether ve consider the mald as“sliding” or rolling. The potential engy is mgy. By
the lav of consevation of enegy, the @in in kinetic enagy must equal the loss in
potential enagy. So

maly| = kmv?,
which means tha
v =Ja/kV1yl. N

2.2. Proposition. The tangnt line to a gdoid passes tlwugh the lavest point of the
rolling circle, and the nomal line passes tbugh the highest point.



Proof: The poof is shevn in Fgure 3.We diaw a \ectorA tangent to the olling circle,
with the length ofA chosen so that reades to the hazontal line as in theidure. From
its endpoint v diaw the hoizontal \ectorB tha reades to the lavest point of the
circle. By a genenal symmety propety of circles,the \ectos A andB have the same
length. On the other hanthe \elocity vector of the point on thelling circle’s
circumference can be wten as a sum of twvectoss, one tangnt to the cicle (from the
rotaion) and one hazontal (fom the motion of the aifte’s center). Since the cie
rolls without slipping these tw vectoss nust be of the same lengffhis means thahe
velocity vector of the meing point is a miltiple of A + B, so tha the tangnt line does
pass though the lavest point of the cale.

Figure 3. The tangnt and nanal lines to the ycloid pass though the lavest and highest points of
the olling circle.

Now by a genearl propety of circles,the nomal line automtcally goes though the
opposite pointnamey the highest point of the cle. Alternaively, one canescaleA
andB into unit vectoss, and consideAt + B*t. [

2.3. Proposition. In Figure 4,the sgment KL is pgrendicular to the lwver cydoid
and tangnt to the upperydoid. The point J is the bisector of thegseent KL.
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Figure 4. The tangng pointJ is the midpoint of sgmentKL.

Proof: The two circles in the igure ae to be thought of aslling simultaneous} to the
right, both wlling “on their ceilings”(counteclockwise) and thus slippinggainst eab
other ether than olling like geass. They trace out the upper andwer g/cloids. It is
interesting to note the similéy between Huyg@ns'tautodirone pendulum and our quof
of Bemoulli’s bachistodhrone popety.



In the fgure, K is defned as theixed point on the caumference of the laver rolling
circle, andL is the fxed point of the upper die. Since the coles oll at the same
speedK andL are alvays opposite edcother with the tangng/ pointJ being the
midpoint of the line sgment betwen them.

By two goplicaions of Poposition 2.2since the line sgnentKL goes thoughJ, the
sgment is pgrendicular to the Wwer g/cloid and tangnt to the uppenycloid. |

3. THE BRACHISTOCHRONE IS THE SHORTEST TIME RAMP . We nawv stae
and pove the main theam.

3.1. Theorem. Let P and Q be tvgven points in a &rtical plane with the y
coordinate of Q no higher than thaf P Let M be the ydoid whose tangnt \ector
points staight dovn & point R and whose @nerting circle has the ight radius so tha
the g/doid passes tlaugh the point QFor any pah from P to Qconsider the time it
takes br a marble, starting a rest d P, to roll without friction dovn to Q Among all
sud pahs,M is the one on hich the marle takes the least time

Proof: Our goal in this paer is to pesent the mof in as elementgra manner as
possilke. Thus,although ede of the bllowing lemmas is tre eactly, in proving the
second one w/will ignore tiny approximation erors. In Section 7 & sletch a igorous
proof by calculus.

Figure 5 is the pictwe of the poof. We draw narowly-spaced s#ight lines
pempendicular to theyeloid, and call the linesstrings; reminiscent of Huygns’
pendulumWe letP be the highest point of thgdoid on the leftand letQ be ary
other point of the ycloid. Now every ramp on vhich a marke may roll fromP to Q
must coss all of the sings. By Lemma 3.3he iamp on viich a marlke travels most
quickly from ary one sting to the ngt is the gcloid. Thus,by adling up the local
results ve obtain the theem. |

Figure 5. The main idea of the pof tha the gcloid is time-minimizing

3.2. Lemma. Given a constant > 0, the mininum \alue of(r + x)/</x occurs
where x =r.

Proof: Of course this is staightforward calculus. Ordr a student Wwo has not had
calculus,one can wite

r+ x r
=—+ Jx
X

JX




In the later form, we have a sum of tw tems whose poduct is the constamt Thinking
of the tems as lengths of sides of ectanglewe see thiathe aea of the ectangle is
constant and & want to minimiz the (semi)-p@meter This is accomplishedyba
squae, so we set

r
—= = VX,
VX

sothax =r. [ |

3.3. Lemma. Given ary two consecutie stings in Rgure 5, for any ramp stating a P
consider the tig increment of time it tads br a marbe to cioss the gp from the one
string to the net. This time incement is alays minimied ty the gdoid.

Proof: Pick two consecutie stings,as in kgure 6.Ther ae two factors working
against eah other in the competitiorof a fastest ptn acoss the gp. Up higherthe gap
is narower, but the speed will be smalléfery near the top the speepgpaoadies ero
but the width does noso the time will in &ct be geaer thee. Down lower, the speed is
greder kut the gp is wider Asymptotically the width gows likey and the speedrgws
like /Y, so the time is lajer thee as vell. Thus,somevhere in the midle the cossing
time is minimizd LetU be the intesection point of the tavchosen sings. Letr be the
distance fom U to the pointV where the frst sting crossesy = 0. Let x be the distance
fromV to a place \Wwere someamp cosses theap. Nowv the \elocity is popottional to
VX, and the width of theap is popottional tor + x, so the time to ass othogonally

is propottional to(r + x)/+/x, which is minimizd whenr = x, which by Proposition
2.3 is where the badhistodirone cosses theap. (Note thawe have used the
approximating assumptions thahe speed of the mdebis constant as it asses theap,
tha the quikest amp acoss the gp is a line sgment pependicular to theiffst sting,
and thathe two stings intesect & the point vhere the frst one is tangnt to the upper
cycloid in Hgure 4.)

Figure 6. The quikest place to ass the gp is whee x = r.

4. FINDING THE CYCLOID IN THE FIRST PLACE. We hare shevn how to

prove tha a g/cloid is the shaest-time amp.We hare not mentioned o to discwer

the g/cloid as a candida in the irst place This was done ¥ the 17th centyr
mathemadicians ly setting up and solving a thfrential equaon. Michael Kerckhove &

the Unversity of Ridhmond had the idea thslicing could also be used as a tawl f
finding sut a diferential equ#on. This gproad is poving successful and is a topic of
cumrent leseach.



5. COMPARISON WITH O THER PROOFS. Recall thathe stetegy of slicing is to
compae two quantities # slicing them into tig pieces thiaare easier to comparand
for which the desid inequality still holds.

The solutionsdund in the 17th centyiby Leibniz and ly Johann Bemnoulli can both be
descibed as slicing with hazontal lines; see [T, pp. 58-62.The moden tednique
called the calculus ofanations can be viged as slicing with ertical lines; see L. C.
Youngs wonderful book Y]. With horizontal and with ertical slicing it is not tue tha
ead piece of the cwe will minimize time acoss its espectre gagp. Competitor cures
will take a shaer time to coss some @ps and a longr time to coss othes. In the
calculus of arnations poof, the etra bookleging thus equired is accomplishedyb
integration by pats. Leibniz allevs only a tiny piece of the cwe to \ary a a time and
Bemoulli agues ly analgy with the efraction of light.

Young is caeful to point out thiain all of these methods mentiondabge a lot of vork
remains to complete theqof. A complete agument ges asdllows: One shas thd
there does xist a time minimizing cwe, and then shes thd sud a cuve (if it is
smooth) nust saisfy a cetain differential equéion, and fnally findsall curves
saisfying the diferential equéion and compass them to seehich one taks least time

In contiast,the method of slicing does notpend on a wof of existence of a
minimizing cure. And, although slicing pdially localizes the ppblem, we still kegp a
sufficiently global viev to keep tradk of all competitos thioughout the prcess.

6. SKETCH OF ANOTHER SLICING PR OOF. We nav sketdh a second jmof,
which is done g the same basic idea as tirstf namey, slice up the plane with cues
pempendicular to the lachistodirone mamp,sud tha the fastest @y acioss the gp
between consecuwte cuwes is thataken ly the badistodirone The geomety is
interesting The esult obtained is not quite asatg as bedre.

For this poof, we can on/ take half of one ygcle of a gcloid, not extending bgond the
point where the gcloid becomes hazontal. This time the slicing cuves ae themselgs
cycloids. They have the same sizand she as the lachistodrone gcloid, but ae
turned rght side up (seeigure 7). It is a wnderful fict tha no mater hav far we shift
the gcloids left or ight, if they intersect the bachistodrone thg do so othogonally.
(The two hotizontal lines in kgure 7 ae paallel; the g@paent narowing to the ight is
an illusion.)

Figure 7. The pictue of another slicing pof.

Now consider aiked gp between consecute slicing cuves. It can be calculed tha
the shotest time pth acioss the gp is not unique;it takes the same amount of time to
cross the gp orthogonally no mdter where you cioss it.

If Sis some otheramp with the same starg and ending points as the (half)
brachistodirone and if Sdoes not g “below ground”,i.e., below the level of the



endpointthenS must coss all of the slicingycloids. The best it can do is toass all
of them othogonally, which is wha the badistodirone emp does.

7. PROOF SKETCH OF THEOREM 3.1 USING CALCULUS. One way to indude
calculus is to défie a functionf(x, y) by dedaring it to equal ero a the top of the
bradhistodhrone mmp,and & ead point of the amp let it equal the time it tak br the
marle to et thee. Extend the functionybletting its level sets be the slicing otes (the
straight stings of the irst poof or the upside-den cycloids of the second pof). Nov
prove the inequalityVf || < 1//[y| with equality on the kachistochrone This can be
done ly implicit differentigion. LetM be the badhistodirone andSa compaison mamp
with the same endpoint§hen wite the inequalities

Time(M) = f(Q) — f(P) = fMVf . ds = jSVf . ds

1 .
< js||Vf|| ds < LW ds = Time(S).

This poof is an &@ample of the method callédalibrations; whose mats were
demonstated in a 1980 landmiampgoer ty Reese Harey and Blaine Levson HL]. The
method of calibations (like slicing) povides a global minimiz&on result. Futher
comments on the compson betveen calibations and slicing & found in the slicing
paper [L1]. A good &position on calibetions is the pper M1].

8. THE TAUTOCHRONE. Why does it tak the same amount of timerfa marke to
roll down to the center poir€ of the mmp,regardless of vere we stat it? The ansver
is tha the motion is hanonic. If we set a matb & the center poin€, there will be no
force to mee it from this equiliblum point. Nav it tums out thaif we set a maitb a
ary other point of theamp and measerits distance &m C (measuing aic length along
the mamp),then the érce acting on the mald (the component ofrgvity parallel to the
ramp) will be popottional to the distancenay from C. So if we stat marde M some
distance way from C, and we sinultaneous} stat marlde N (say) twice as &r out flom
C, then marke N will always have twice the érce acting on itso twice the accelation,
so twice the glocity, so it will go twice as &r as marle M in the same amount of time
and both will eat C at the same timeThe same is tre with the word “twice” replaced
by “« times as mch,” for ary positve real umbera.

9. OTHER QUESTIONS. The gometic proof of the time-minimizing mpety of the
brachistochrone (the one with sdight lines) opens the door to theestigation of
interesting elated poblems.Among them &e:

(1) Wha is the quikest psh from P to Q if the initial speed &P is nonzro?

(2) What is the qui&est p#h if the g/cloid solution is uled out because itould
dip belav the level of the foor?

(3) Wha is the quikest pah from a pointP to arywhere on a lind.?

The frst can be amgered Ly calculding hav high we should daw the horzontal line

y = 0. Tha is, we pretend thaa marle has gined its initial elocity by rolling dovn a
ramp flom a staing point higher tha®. Having drawn the liney = 0, we then ind the
right-sized g/cloid tha stats \ettically at y = 0 and then passes thugh the point®
andQ. The poof thd this is the bestamp is the saméraw lines pependicular to this
cycloid; the gscloid is the quikest pah acoss agy gap.



The quikest mmp br the second questions consists ad pieces of ycloids with a
line s@gment in betwen. nd the gcloid tha is vettical & P and is tangnt to the loor.
Divide it in half Move the ight-hand piece to theght until it passes tloughQ. Join
with a line sgment along theldor. The poof is aain by drawing lines pependicular to
the mmp e@erywhere. The lines pgrendicular to thelbor sgment ae paallel; the
guickest p&h acoss those gps is along theldor (since pu cant go belav the foor).

The thid question is sokd ly a g/cloid vertical & P and pependicular td-, with the
same poof.

The eader mg enjoy devising and solving questions with neocomplicéed
obstuctions (like question 2) an@r more complicéed free boundar (like question 3).

10. FURTHER READING . For further stug of curent work in gegometrc measue
theowy in proving minimizdion of aea,length,time, etc, | recommend the pers [BK],
[K], [L1], [L2], [LM], and M2].
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