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function, a practical function that at first may seem mysterious. Anyone who has

played a VCR probably has noticed that the counter reading is not a simple linear
function of the time. For example, the following data came from reading a 6 hour tape at
one hour intervals:

The tape counter on many VCRs and audiocassette players is an example of a

Time (minutes)  Counter

60 1540
120 2669
180 3604
240 4422
300 5157
360 5831
If we letf(t) denote the counter reading as a function of time we sekighat
increasing function, but its rate of increase slows down (th&f(s, IS negative). It's not

obvious what kind of functiofi(t) is. When the VCR operates, the tape moves past the
heads at a constant spdeds it is wound onto the take-up reel, the radius increases,

and hence the reel turns more slowly. The number on the tape counter is proportional to
the number of turns of the take-up reel. (Some of the newest models of VCR, however,
have now replaced this kind of tape counter with one that gives the time elapsed.)

How do we determine the functidft)? At a given titnket s denote the length of tape

which has been wounddenote the radius of the tape on the take-up mebke number

of turns the take-up reel has made, &1d denote the angle (in radians) through which the
reel has turned. If the initial radius of the tape on the take-up ngelis  and the thickness
of the tape idb, then it is easy to see thé&t= 27n  ane r, + nb. See Figure 1.

| take-up reel

Figure 1. Side view of a videocassette.



We male the assumption thhais very small compagd tor at ary time, and hence thaa
winding of the tpe ma be gproximated ly a circle of radiusr. Then Pbr a small
rotetion A6, the length of the @@ wound isAs = rAf. Hence

6 n
s= J rdo = f (ro + nb)27 dn (1)
0 0
and we see thia
s= wbn? + 27 ryn. (2)

Formula (2) or the tpe lengthsis of couse gplicable in ary problem of winding tpe,
rope or ribbon on a spool owil where the thikness of the tge is small elaive to the
radius of the spool. It ishhecessarto use calculus to dee formula (2) and on the
other hangdone can also defe an &act (lut moe complicéed) formula for s; see

Box 1.

Finding a Formula for s

Formula (2) can also be deed easy without calculus using theflowing geometic
approad. A side viev of the eel shavs thd the aea of the tpe wound on theeel is
that of a“washer’of outer mdiusr and inner adiusr,, hence equalsr? — 712 But
this same aa also equals the length of theumd tge s times the tpe thiknessb.
Thus

sb=ar2— mig = w[(ry + nb)2 — rZ]
= 27rohb + 7n?b?
Dividing by b yields equ#on (2).
One can obtain thexact \alue ofs by using polar codalinaes to stug the cuve. We

haver = ry + nb = ry + (b/27)6 = g(6) as the equén in polar coadinates. Since
the formula for arc length in polar coalinaes is

ds= v[g(6)2 + [9'(0)]? do,
sis gven ly the ormula

SZJ:,/r2+<%>2d0. 3)

If we diop the tem (b/27)? in equdion (3) (sinceb is very small compagd tor), and
simplify, we get the equion s = [¢r d which was used in eqtian (1). It is possile
to evaluae the intgral in (3) ly standad tediniquesbut the esulting function wuld
be much more complicéed than thadescibed in equaon (2). [Note thathe inormal
geometic proof of (2) gven dove is justifed by assuming thathe wound tge con
sists of concenitt circles instead of being a sair]

Box 1



Now in aVCR, the tpe mwes & a constant speddso we knaw s = kt for some
constank. The counter@adingm s a constant moitiple of the mmber of tunsn; tha is
m = cn for some constart (I have foundVCRs where gpaently ¢ = 2 or 4, for
example) Substituting into equi@n (2) yields

kt = ng+ ZWFO%

and hence
t= [”—b]mz + [M]m = AP + Bm (4)
c%k ck

which is a quaditic function whose gaph is pat of a paabola passing tlmugh the
origin. To find the functiorf(t) (the counter function\we simpy invert the function
descibed in (4) to gt

— 2
m = f(t) = B+ \ZA/B + 4At

(5)

Thus the functiori(t) is a modifed squae oot function and its igph is the upper par
of a paabola opening to thaght and passing tbugh the agin. It's a néurally
occuring inverse functionsomething thiashould inteest our students.

Since its had to get accuate values br the constants shasb andr, the easiest ay
to calculde A andB is simply to use tw test \alues in equi#on (4) and sole the
simultaneous equens for A andB. For example using = 60, m = 1540 andt = 240,
m = 4422 yieldsA = 5.31334E — 06 andB = 3.07785E — 02. | used thesealues in
equdion (5),and tedking minute ky minute found thathe ormula for m mached the
readings with a disepang of & most+2. | have also dund tha different tgpes gve
different radingsgven when thg are the same bnd and type(For example vhen

t = 240, besides theeading of 4422 on thepa desdbed in this @ample | have found
readingam = 4310 andm = 4370 on different tpes.)

What hgppens if the tge is being wund onto aeel which is tuning & a constant
speed? Substitute= kt into equaion (2).You'll see thathe tae length is @
growing as a quadtic function of time

Using formula (4) or (5) yu can gneete a hanyg reference tale for use with pur
VCR. Wha happens however, if someone esets the counter in the rdid of your tgpe?
Or if you stat a tgpe tha has been plaed pat way through?The tdle cant be used
but you can still estim@ hav far the tpe has been pfad ly using the devative
dm/dt.

Differentigion of equéion (5) yields
B (6)
dt  /BZ + 4At

Solving for t gives

1

—— _ _ B
_ (dm/dt)?
B 4A (7)

2




In addition if we differentiae equéon (4) with espect tan and usedm/dt = 1(dt/dm)
we find

dm 1
dt 2mA+ B (8)

which can also be rerted to epressmin tems ofdm/dt.

If we can estima dm/dt then we can use thesermulas to estimi@t andm. A simple-
minded vay to get a pugh estimg for dm/dt is to un theVCR for one mimite

(At = 1) and calculee Am from the counteiThere ae also moe sophisticeed methods
which involve getting seeral values of the function and then using elemeantar
numeical anaysis to estimte the dawative.

Be wamed however: dm/dt changes apidly a the bginning of the tae and much
more slavly a the end For the paticular tgpe used in thisxample we computed the
following daa from equéon (7).

dm/dt t
30 8
26 15
22 53
18 101
14 195
13 234
12 282
11 344

It follows tha near the end of thepe where dm/dt changes slavly, we need to kne
it more accuately in order to gproximate t or m. We might let the tae un for ten
minutes,for example and dvide Amby 10 to gt an estimi with one decimal place
A stopwatch might also be use@if more caeful estimaes.

Addendum. It has come to mattention thé some of the ntanal in this pger has
previously appeaed in an aicle by Arnold J Insel:“Cassettelape: Predicting
Recoding Time,” the UMAP Jurnal, Vol. V, No. 2,1984,pp. 200-214.
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