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which includes two semesters of physics and four of mathematics. Recently,

while teaching the multivariable course, we decided to develop a coursewide
project that would motivate the need for functions of many variables while using basic
concepts from physics. We also wanted a nonstandard application of vectors, one that
was not of the “projectile shot from a cannon” variety. After consulting with the physics
faculty, we decided to conduct a torque analysis of the robot arm on the space shuttle.
Much to our surprise, what at first seemed to be a straightforward analysis of a simple
model became more and more interesting the deeper we delved—and multivariable
calculus provided just the tools we needed.

Q t the United States Military Academy our students all have the same curriculum,

Modeling the Long Arm

The space shuttle’s robot arm is designed to snag an orbiting satellite and move it to the
shuttle bay. We model the arm as two hinged segments of different ldpgthis, as
shown in Figure 1. Three elements contribute to the torque about the primary joint: the
masses of the two arm segments and the mass of the satellite. Given a restriction on the
admissible torque about tipeimary joint— the joint that connects the robot arm to the
shuttle—our goals are to identify the region from which the robot arm can retrieve a
satellite and to analyze the return path followed by the two robot arm segments as the
satellite is brought into the shuttle bay. Along the way we determine the maximum
satellite retrieval distance. The recent fiasco involving the collision of an unmanned
supply ship with the MIR space station makes this goal an especially timely topic.

Taking a typical modeling approach, we make some simplifying assumptions. First, we
assume that the shuttle, the satellite, and the two segments of the robot arm lie in the
same plane, and that the satellite is at rest with respect to the shuttle. The nonplaner
generalization is more complicated but does not involve any fundamentally new ideas.
We next consider the shuttle’s orbit. If the shuttle and satellite were traveling in a stable
orbit, the robot arm and the satellite would be weightless. Then an arbitrarily small force
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Figure 1.The shuttle an.

would sufice to etrieve the stellite, and theefore the toque on the pmary joint could
be kept as small as desid Thus,from the sthle orbit we gve the shuttle an adional
small constant accekon, which products the déct of a veak“phantom gavity,”
pulling objects in the opposite dution. By substituting thergvitational accelestion of
objects athe surlce of the edn, we can @ply our anaysis to bbot ams on eah as
well.

We used thedllowing numeiical values to gneete the gaphs in this dicle. The
lengths of the tw am s@ments a&l, = 10.5 m andl, = 6 m. Their massean, = 90
kg andm, = 75 kg, are assumed to be uaimly distributed so the center of mass of
ead sgment lies aits midpoint.The mass of the t&llite ism, = 80 kg and the
constant accelation due to théphantom gavity” is a = 0.4 m/sec?.

The toque dout a point O pduced |y a forceF on a bog is gven ty the vector coss
productr x F, wherer is the \ector flom O to the point Were the brce is gplied We
introduce coadinae axes in the plane of our system as intkckin fgure 2,so tha the
phantom gavity forces on the te sgments of theabot am and the dallite ae
—(ma)j, wherel < i < 3. The obot am s@ments a& assumed to be ver moe than
180° apart, and we suppose thdhe shor sgment nger moaves dockwise past the long
one We also assume the linegseent has aange of motion of180°. Thus the angle8,
and@, are constained to sasfy 0 < 6, + 6, < wrand0 < 0, < .

The pat of the shuttle baat which the seellite can be etiieved is talen to be ere 6,
and @, are both ero; thd is. the point on thg-axis a distancg — |, above

Figure 2.Free bog diagram.



the pimary joint O. The polar angles of the owshuttle am sgmentsmeasued from
the positve x-axis,are (7/2) — 6, and 6, — (7/2), so the ectoss to the points of
applicaion of the thee brces ae

| I, . : I ,
= ()~ (gama) (o

| : l, . . | .
r, = 2r1+§24<62—g> = (Ilsm 61+§23m Oz)l + (Ilcosel—izcos%)J,

ry=2r, + I24<02 - 7—T> = (I;sin6, +1,sin6,)i + (I,cos6, — |,cos86,)].

2

As the thee Drces ae all paallel toj, thex-components of theectoss r; make the ony
contibution to the apss poductsr; x F;. Thus the togue of the obot am and stellite
about the pimary joint O is

To(0y, 6,) = Eri x F,

= —a[(mllzl + myl; + m3ll) sn 6, + <mz|§2 + mglz) sin 62] K.

We will tred the toque as a scalar function,

To(6y, 6,) = a[(m%l + myl; + rr13I1> sin 6, + (mzli2 + rr13I2> sin 02]. (1)

Typical confgurations of the an result in dockwise toques,which by corvention ae
negative. We change the sign in défing the scalar tque function (1) so thaow
clockwise togues yield posite \alues ofTo(6;, 6,).

SingleVariable Results

Initially we will suppose thahe obot am is geaed so as todep angless; and 6,
equal. Once & undestand this simplied modelwhich can be angked without
calculus,we will remove the equal angleestiction to get a moe inteesting and
realistic multivanable model.

We first detemine theworkspaceof the obot am; tha is, the planeregion tha the tip
of the am can ead, ignoring ary constaint from a togue estiction. Since the ector
r, descibes the locaon of the tip of theabot am, when 6, = 6, the workspace is
simply the cuve

rg0) = (I, + 1) sin6i + (I, — 1) cos6,j,  for 0< 6 < %’

This is the upperight quater of the ellipse with centet the oigin, horizontal
semimajor axis of length + |,, and semiminor axis of length — |,, shavn in
Figure 3.

The epression (1) ér the togue educeswhené, = 6,, to

To(6,) = a[mllil + mz<l1 + %2) + my(l; + IZ)} sing;. (2)



Sincesin 6, is nonnggative for 0 < 0, < /2, this tolque function will avays
be positve.
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Figure 3.Workspace in singlearnable model.

From what points in the wrkspace can a tlite be ecovered while sdisfying a togue
restiction T, < T,,,.? Using the &ct tha the manitude of the tajue (2) is an
increasing function ob, for 0 < 0, < =/2, we see thaif To(7/2) < T, then the
torque will never exceed the &lueT, . But if To(7/2) > T, then theequaion
To(6,) = T, has a singleaot 0} in the inteval 0 < 6, < /2. In this case the
séellite can be srgned ly the obot am arywhete in the inteval 0 < 0, < 6; without
violating the togue estiction.

Once the dallite has beenrgspedit must be meed to the shuttle lyaWe assume tha
the s&ellite has been sgged a the maxinum admissite angle 6, = 67. Then the
directions or retuming ae gven ly the \ectorr: simply reverse the motion tha
extended theabot am to the equired angled?, stating from its“docked” position &
the shuttle ba The esulting doking pah, with paametic equdions

x(0) = (I, + 1) sin(6y — 6),
where 0 < 6 < 67,
y(6) = (I; — 1,) cos(6] — ),

reduces the tgue on the pmary joint from its \alueT5(6,) < T, a the moment
when the sillite is gaspedto zero & the shuttle ba The etum pah is pat of Hgure
3, stating & the position laeledr4(67). Here, T, = 800 N - m, which leads to the
root 6, = 0.7938.

The distance dm the shuttle to the tllite for ary angled, = 6, is easiy computed ¥
vector methods:

Iry(6)] = /12 + 12 — 21,1, cos 26),.

In other words, calculaing the distance of the tip of thebot am as the sum of the
vectos along its tw s@ments gves a constrctive proof of the lav of cosines! (See
Figure 2 for the positions of the sides of thafrgle)

Multi variable Extensions

In the actualwbot am the angle9, and 6, are indgendent of edcother but we will
still maintain the pavious angular consants.The etra dgree of feedom in theabot
am gves the pilot mch more flexibility in maneuwering, so the angisis of the an
motion is considably more sophisticeed The questions arthe same as wé: Wha
is the workspace of theabot am?What is the egion from which a sgellite can be



grasped andetumed to the shuttle pavithout violding a togue estiction Ty < T,,,?
Wha is the optimal dddng pah—the p#h followed Ly the tip of the ebot am tha
leads fom an accessi® point bak to the shuttle baand decgases the tgue on the
primary joint most apidly? A number of congets from nultivariable calculus gre
ansvers to these questions.

by 0

Figure 4

b

First let's exkamine the wrkspace of theabot am—the egion tha the am can ead.
In the 6, 6,-plane the workspace is theegion 0 < 6, < wand0 < 6, + 6, < m; see
Figure 4,whetle for later reference ve also sha the contous of the togue function (1)
in this region. In thexy-plane containing the shuttlebot am, and séellite, the work-
space will be the inge ofry(6, 6,) = (I, sind, + I, sind,)i + (I, cosd, — |, cosb,)j as
(6,, 6,) ranges wer the egion in FHgure 4.This is Fgure 5.



Figure 5

The two semicicular acs tha corespond to the eég 6, = 0 and#, = 7 shav the
possilbe positions of the tip of theobot am when the long ggment is ertical and the
shot sgment maks a half tum, staying dockwise of the long oneThe other tw
semicicles in the igure, with radiil; + |, andl, — |,, shav the possile positions of
the tip when the sharsegment is in line with the long gement—fully extended

(6, + 6, = m), or fully collapsed(6, + 6, = 0).

At wha points in the wrkspace can a salite be gasped andetumed to the shuttle
bay without violding a togue estiction T, < T,,,,? For a gven \alue ofT,, we can
use the method of Igeange nultipliers to ind the maximal etension of theabot am
tha is alloved Ly the toque estiction. The togue (1) can bexpressed as

To(0y, 6,) = K, sind; + K, sinb,,

where

K; = all<% +m, + rr13) and K, = alz<% + ms>.

The distance beteen the pmary joint & O and the tip of theobot am is|r;(6;, 6,)],
so inding the maximalx@ension of theabot am for a gven togue limit T, iS a
guestion of maximizing the squaof the distance

D(6,, 6,) = (I, sinB; + 1,sinf,)? + (I, cosh, — |, cosh,)?,

subject to the equality conaint To(6,, 6,) = T, and the inequality constints

0< 6, < mand0 < 0, + 6, < = Ignoling the inequality consdints br the moment,
we knaw from Lagrange’s method thia(provided VT, is nonzro) the maximal &lue of
D(6,, 6,) on the constint cuve To(6;, 6,) = T, OCcus & a point vhere VD = AVT,,.
This yields the equens

21,1, sin(6; + 6,) = AK, cosb,,
21,1, sin(6; + 6,) = AK, cosb,,



K, sing, + K,sing, = T,

This system can be s@# eplicitly, but the solutions mst be intepreted caefully
because thedgpend on so manparametes. The frst and second eqtians impl tha
eitherA = 0 andK, cosh, = K, cosh,. The case\ = 0yieldssin(6, + 6,) = 0, so it
corresponds to the solutiods + 6, = & (the am fully extended maxinum read) or
6, + 6, = 0 (the shoram fully retracted minimum read). Using these lineaelaions
and the consaint equéion K; sinf; + K, sind, = T,,., we can sole eplicitly for 6,
and6,. For values ofT,,, larger thanK; + K, there will be no solutionspf course But
for values ofT,,,, somevha smaller tharK; + K,, there will be one solution witl®; an
acute angle and a second solution viitlequal to the supplemenyaangle

Figure 6 shas a typical gample The solid cuve shevs all possite positions of
r,(0,, 6,) of the tip of the obot am for which the togue on the pmary joint is

800 N - m, and the dashed lineseacontous of the distance functiofther ae thee
places along the tque contour thiasaisfy the Lagrange condition—places here the
torque contour is tarent to the distance conto@ne is in the midle of the togque
contour This is the point on the constantdae cuve with minimumread of the pbot
am, and it coresponds to a solution of g@nge’s equéions withK, cosf; = K, cosé..
The other tw places & & the ends of the constantdoie cuve. They are tangnt to
the circle of maximum extension(radius|; + 1,) which is the imae under the naping
r; of the lined, + 6, = .

¥ ; ) | Figure 6.Path of the am’s
ri ; , tip (T = 8OON - m).

Moreover, the ends of this constant-tpre cuve, the points of tangng/, have equal
x-coominaes.To see iy, we use the identitiesn(7 — 6) = sin  and

cos(m — 6) = —cosf and estict our atention to the boundgdine 6, + 6, = . Along
this ling T, = (0, m — 6,) = To(7 — 6, 6,); tha is, the togue function esticted to
the boundar line is symmeic about its midpoint(w/2, 7r/2). Similady, we note tha
thex-coodinaes ofr4(6,, = — 6,) andrg(7 — 6,, 6,) agree whereas the/-coodinates
differ by a sign.Thus the tw endpoints of a cue of constant taue(both of which lie
on the lined, + 6, = =) are magped under, to points symmeir about thex-axis.



There contirue to be thee etremal \alues ad,,, deceasesuntil T, reahes

K; — K,. This is the togue \alue br which the mininum distance beteen the pmary
joint and the tip of the ar equald, — |,, the smallest posdi reat of the pbot am,
with the long am on thex-axis and the shoam fully retracted For values ofT,, less
thanK, — K,, the cuwes of toqueT,,,, break into tvo or thee piecesheing obstcted
by one or tvo of the semicrtular boundaes of the workspace In either casghe esults
are the samerhe maxinum reates of the an still occur with maximmm extension of
the am. However, there ae nav two values of6; tha result in mininum read,
corresponding to fullgtraction of the an. These tvo complementarvalues of6,

are the solutions of the lgeange equéons tha saisfy 6, + 6, = 0, not

K, cosh, = K, cosé,. Figures 4 and 5 shwseveral cuives of constant tque dewn on
the workspace of theabot am. The cuwe of toque800 N - m, for example is seen in
either case to lva a single componenihile the cuves of constant tques400 N - m
and200 N - m have two and thee componentsespectrely. Note also thiathere ae
curves of constant mtive toique corresponding to positions of thelrot am, with

0, = m and negative values br angled,. Can you pictue the coresponding positions of
the iobot ams and see pisically why they yield counteclockwise toques &out the
primary joint? (Recall thathe total togue dout O is the same as if all the mass of the
robot am and stellite were locded d the center of mass of the eettonfguration.)
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Figure 7.Four am positions
(T, x = 800N - m).
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The anajtic desciption of the p# of the pbot am’s tip as it taces a cwe of constant
torque povides insight into the accompang motion of the an’s two s@ments.
Consider hav both sgments mwe as theabot am transpots a séellite along a cure
To(x, y) = T, for example the cuwe of constant tque in Fgure 6. Ima@ine the am
initially fully extended upwrds,so(6,, 6,) = (0, 7) and the togue is initialy zero. If
the am rotaes dockwise in the fuly extended positionthe toque T, will increase until
at some poinA (Figure 7) it equals thealueT of interest.As we see fom FHgure 4,

this point of maximalead of the pbot am will be on the boundwuline 6, + 6, = m,
and substituting into the constantgoe equaon gves



SO
0, = arcsin(L>
1 K, + K,/

(Thus,pointA is r4(6,, m — 6,) = (11.765, 11.56) in Figure 6.) In oder for the am to
move beond this point viile maintaining the same tpre the long inner sgEment nust
turn counteclockwise while the sharouter sgment ptates dockwise (compag to
Figure 4).This will be the case until therarreades position Bwhere

. (T—K
6,=- —and 6, = arcsm( < 2).

Then both sgments of the an tum dockwise in oder to maintain the same tpre
until point C,where 6, = /2. From hek, the shor segment ptates counteslockwise
as the long gament contines déockwise until the amn is fully extended &D, where

01 =TT — HCSH(m)
as «pected
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Figure 8.Graph of toque as a function of position.

We used this kind of angdis and the contosiin thed, 6,-plane (Fgure 4) to assist in
plotting the contour cwes in thexy-plane as in igure 5.At this point we also intude
Figure 8,the thee-dimensionalmgph of the togue as a function of positiowe leae

the constuction of the gaph as anxercise Dr the inteested eader

Docking Paths

At this stage we knaw a lot dout hav the 10bot’s am position and taue ae relaed,



but having sn@ged the seellite the pilot still has the task oétuming the am to the
shuttle ba without exceeding a yen toque limit T,,,,.. What is the best ga to follow?
With a little prodding a calculus student mighgspond thiathe optimal ptn is to
“follow the gadient”to reduce to tajue most quikly. The gadient \ectorVT4(6,, 6,)
is pependicular to the ieel cuwves,or cuves of constant tque and we can sktch on
Figure 4 the athogonal tiajectoy of the level cuves tha begins & ary point in the
domain. fer a stating point(6,, 6,) with 6, > /2, the pah following — VT, curves
down and to theight in Fgure 4 until it stikes the boundsgrline 6, = #. Then it
proceeds gttically to the midpoint of this edg (w, — 7/2), and stops tathis global
minimum of the togue Similaly, we see thiafor a stating point(6,, 6,) with

6, > m/2, the pdh following — VT, curves up and to the left inigure 4 until it stikes
the boundar line 6, = 0, whereupon it mees upvard to end &(0, 7r), a local mininum
of the toque

In neither of these cases does thatajy of following the gadient lead to the desul
destinaion, the shuttle bg which is also seendm FHgure 4 to be a local miniam of
the togue However, for stating points(6;, 6,) with 6,, 6, < 7/2 it is dear from the
figure tha the pah following — VT, will curve davnward, deceasing botto, and 6,
until it hits eitherg, = 0 or 6, + 6, = 0, and theeafter it will follow this bounday line
to the shuttle ba where both angles arzr. For sut stding points(6,, 6,), following
the gadient will be the optimal sitegy. But which pahs lead to the boundap, = 0

wia

2 0 Figure 9.Optimal retum

pahs.

8, /e

and which lead tof; + 6,=07? Let’s call these te kinds of p&h types (i) and (ii);
an xample of eal is shevn in Hgure 9.

The two types of pth patition the esticted domaird,, 6, < /2 into two regions,
accoding to whether dllowing the gadient fom (6,, 6,) to the oigin is a pah of type
(i) or (ii). We ae inteested in the boundabetween these taregions. This s@arating
curve is a pth following — VT, tha leads diectly to the shuttle baat the orgin,
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simultaneous} meeting the tw bounday linesd, = 0 and 6, + 6,=0 there. To find it,
we can justeverse the pth and bllow the gadient+VT, from the oigin and see
whet it leads!

We want a pth (6(t), 6,(t)) for which the tangnt \ector(6;(t), 65(t)) will be a positve
multiple of the gadient \ectorVT, = K, cosb,(t)i + K, cos 6,(t)j. Taking this arbitary
multiple to be 1we wish to sole the initial \alue poblem

6;5(t) = K, cosb,(t),
where (6,(0), 6,(0)) = (0, 0). 3)
65(t) = K, cosb,(t),

The equaions ae uncoupledso all tha is required is to intgrate them sparately.

Alternaively, dividing to eliminde the dpendence ot we get the single autonomous
equdion

do, _ K, cosf,
dg, K,;cost,

Separating variables and using the little-kman tigonometic identity secé + tanf =
cot((7/4) — (6/2))we can sole eplicitly for 6,

K
0, = 7—27 - Ztm‘l{é[tan<g - %)] }

where C is an intgration constant an& = K,/K;. Using the initial conditiorg,(0) = 0
givesC = 1. Whether ve sole the initial \alue poblem rumeically or in dosed brm,
the gaph of the solution cwe sgarating the tw regions is as indidad in Rgure 9. If
the séellite is retieved d a point(6,, 6,) on a type (i) pth, the obot am opeator will
rotae the long sgment countatockwise and the shoseggment ¢ockwise deceasing
the two angles arates speciéd by the diferential equions (3),until the long sgment
is vettical (6, = 0). Then the sharsegment contimes etracting (tuning dockwise)
until the sgellite & its tip reates the by If the stating point is in the otheregion, can
you desdabe the motion of the tvams as theabot am retums the seellite to the
shuttle bg along a type (ii) pd?

The poblem of inding the best ddgng pah may not be impaiant for a single sllite
retieval. kbut it does hee gplicaions elsevhere. For exkample in an automeed

assemly line a obot mag perform identical motions hundds or thousands of times a
day. Any reduction in the séiss on a joint will @end the li€ of the makine and educe
the cost of equired maintenance

Further Extensions

One factor we hare ignoed is dpendence on timend a full-scale angsdis would have
to take angular momentum into account.i#wer the gnamic g@proad is moe
complicded than the st model. Our simplitations male this poject gproprate for a
multivanable calculus cowge We guide our students thugh the single-asable results
in this aticle and use the contouraph of the toque (Fgure 4) to demonsite the need
for functions of tw variables. The studentsifid the poject dallengng, and mag say it
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is their ley to undestanding both the nlaemadical and the pysical ideasThe toque
analsis becomes andretypal poblem to which we often efer in motvating
nev maeral.

Our anaysis by no meansxhausts the mhblem, and inteested eades might vant to ty
their hand aextending some of ouesults. Br instance:

Exercise 1 Using Rgure 4,propose a god do&ing stiategy for initial points with
6, = m/2and6, = m/2. Discuss its pactical adantages and disadintayes.

Exercise 2 How does the motion of therarchange if the estiction on the anglé, is
removed so tha the smaller an is alloved to mak a full evolution?

Exercise 3 Say the angles of the ar are geaed in a atio of n : m, with nandm
integers. Given a stellite retrieval point,how does the taue tiang as the an stats
to move? (Think directional dervatives)

Exercise 4 Suppose a thir sggment,of lengthl, — [, is adled to the wbot am to
increase itsange of motion. Hav will this affect the varkspace? Note thha gven
retrieval point mg have mary different allavable confgurations of the an’s sgments.
Wha will the regions of constant tgue look like? Hav will the three sgments muoe
as the tip of theabot am traverses a cwe of constant tque?

Exercise 5. Add another sgment as bbove and consider theraras a system with the
degrees of feedomWha do the leel surbices look like? Discuss optimal d&ing
strategies.
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