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prepared for a gold inlay was posed to me by two instructors at the University of

Nebraska Dental College, Linda Dubois and Stanley Kull. They expected that a
mathematical analysis of the problem would require heavy use of a computer. However,
the problem they posed is nicely amenable to formulation (and solution) using some
elementary facts of three-dimensional vector algebra which are usually included in the
standard first course in calculus. The solution we obtained and its implications for
dentistry have been described in the pgperBut, sincg2] was written for dentists, the
mathematics was only briefly summarized and little attempt was made to explain the
details of the mathematical formulation and solution of the problem. Consequently, it
seemed appropriate to write this paper in order to give a full account of the mathematics
involved.

The following problem in dentistry concerning the way in which a tooth is

In order to describe the problem we will need a small amount of dental terminology
which can be easily learned frongBRE 1 and the accompanying “Dental Vocabulary”
gleaned from Dorland’s Medical Dictionaf¥] and Gray’s Anatomy3]. A tooth is

prepared for a gold inlay by carving out (from the occlusal surface and from a proximal
surface of contact with a neighboring tooth) a cavity shaped more or less as illustrated in
Ficure 1. This cavity is called ammlay preparation.

The proximal box is that part of the inlay preparation which is bounded in the rear by
theaxial wall, on the sides by the left and right walls, on the bottom byéla¢ on the

top by a portion of thecclusal(which has been cut away), and on the front by a portion
of theproximal surface of contact(which has also been cut away).
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FIGURE 1. A tooth (molar) showing a gold-inlay preparation carved out of it.



A Brief Dental Vocabulary

Buccal surface is the leeek side of the tooth.

Lingual surface is the tongue side of the tooth.

Ocdusal surface is the leewing surfice of the tooth.

Preparation (or inlay preparation) is the shped caity cut out of a tooth toeceve a @ld inlay.
Proximal is next to the neighbang tooth.

Proximal box is tha pottion of the inly preparation neaest to the neighborg tooth.

Proximal surfaceis the sur&ce of the tooth hich is in contact with the neighbog tooth.

Sed (or gingival sead) is the sekof the poximal bac neaest the gums.

Floor of inlay prepation is paallel to the seiabut is doser to the odasal suréce It is moe-orless
pempendicular to the axial @l and etends fom the axial \ll to the center of the toothihe poblem
discussed in this par is not conceled with the parof the inlay prepaation which lies betveen thelbor
and the odasal surhce

It is required to cut the caty for the gld inlay in su¢ a manner thiaa wax mold of the
cavity can be dawn out tavard the octusal and the gld inlay itself can be dpped into
the caity from the octusal side of the tootfiThis is called amcdusal draw. In order
to guaantee a god octusal dew it is both necessgrand suficient tha all of the
neaty-vertical walls of the inlg prepamtion should be tilted slightlbadk so tha they

all face slighty toward the octusal surace of the tooth.

The lines of intesection of the axial all with the left andight walls of the poximal
box will be called theaxial corner lines. Their contiuaions ae maked inFIGURE 1 by
arrows B andL (for “buccal” and“lingual”). Since these axial coer lines lie in a
common plane (namglthe plane of the axial all) they are either paallel or else thg
intersect. If thg intersect on the odasal side of the seahen we sy tha these lines
“converge in the diection of the odasal” or simpl “cornverge.” On the other handf
they intersect on theaot side of the séathen we sy tha these linesdiverge in the
direction of the odasal” or simply “diverge.”

It has been customafor dentists to cut inlapreparations in sub a way tha the axial
comer lines drerge in the oclusal diection as illuseted by the two arows B andL
shovn in FiGure 1. Evidenty, this dvergence ofB andL has been gnenlly regarded
by dentists (sef?] and the eferences cited thej) as both necessaand suficient in
order to &oid an undesut by the poximal bac walls in an inlg prepartion. Indeed
divergence is fequenty used as a visualiterion for a good octusal diew. It is the
main pupose of this paer to pove by means of a nthemdically rigorous agument
tha this dvergence is neither necesgaror suficient for an octusal dew. In fact,we
shav tha

M Cornvergence ofB andL toward the octusal can be
consistent with agpd octusal draw;

(i) Divergence is no guantee of a god octusal draw.

One consequence of thissult which may have impotant signifcance or dentisty is
that when an inlg preparation is cut withcorvergence(consistent with dw) it allows
less @od tooth meerial to be cut avay than when one equires dvergence



It remains of cowge br dental instctors to peréct a pocedue which, on the one hand
allows cowergence and guantees a@od dew and on the other hands simple
enough to be pictical br dentists to learand to belae to put into pactice In this
paper we havre meely shawvn tha it is geometrcally possilbe.

The mahemaical formulation and solution of the poblem

We ae concemed with the gomety of the poximal bax, and it sufices to consider the
right-hand side since the left-hand side could badd in a completglanalgous
mannerWe introduce a thee-dimensionalectangular coalinae system aented so thia
the setof the poximal ba lies in thexy-plane the z-axis coincides with the cealr
axis of the tooth (dected fom the pot out though the odusal suréce in the dection
of draw), they-axis is paallel to the plane of the axialall and passes out thugh the
right (lingual) sur&ce and thex-axis pieces aright angles the line of intsection of
the axial vall with the seaand then xts the tooth thwugh the poximal surbice This
rectangular coalinae system is illuséted inFIGURE 2. Instead of compang the ight

L and leftB axial coner lines (br corvergence or diergence tward the octusal),we
will compatre the ight (or lingual) axial carer lineL with the line of intesection of the
axial wall with thexzplane This later line we call the'medial” line.

As usualwe use the lettat, j, k to denote the unitectors pointing in thex,y, z
directions respectrely. Recall thathe orentaion of a plane in tlee-dimensional space
can be covenienty descibed mahemadically by means of a unit noral vector (a unit
vector pependicular to the suate of the plane). IRIGURE 2, the \ector ldeledA is the
unit nomal vector to the plane of the axiabWj and the ector ldeledP is the unit
nomal to the plane of theght (lingual) wall of the poximal bax. Both of these ectors
are chosen so thaheir directions poininto the poximal bax. Also in FIGURE 2, the
vector ldeledM is paallel to the medial line and theetor ldbeledL is paallel to the
right (lingual) axial comer line
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FIGURE 2. An appropriate rectangular coodinate system.



For the brmulation and solution of our pblem we shall need to use thellbwing well-
known propeties of the‘cross”and“dot” products of the tw vectos U andV, which
can be éund in ag good calculus tet.

(1) Definitions. IfU = u,i + u,j + uk andV = v;i + v,j + vk, then thecross
product of U andV is defned as

or
U XV = (Vs — UVp)i — (Uvs — Ugvy)j + (v, — Uy,

Thedot product of U andV is defned asU - V = u,v; + UV, + uyvs. Thelength |U|
is defned to be[(u,)? + (u,)? + (uy)?]V2.

(2) U x Vis pependicular to botty andV.
B)UxV=-VxU.

(4) The“right-hand ule” If 0 < ¢ < mris the (smaller) angle beegnU andV,
thenU x V points in the diection of the thumb ten the ight-hand ingers ae
folded (though the angle) from the diection ofU into the diection ofV.

(5) [Ux V[ =[U]|V]|sin¢.
(6) U -V = |U||V|cos .
7)Y Ux(VxW)=(U-W)V - (U-V)W.
u U U
B U-(VxW)=UxV)-W=|v, Vv, v
Wy W, W
If this product is positie (naative), the tiple U, V, W is called dtral (sinistal).

Now note thasinceM is paallel to thexzplane and also to the axial plane (FerJre
2), M must be pgrendicular to both of theeetosj andA. Therefore (since the length
of M is immédernal), we ma write

M=AX] 9)
and similaty,
L=PxA. (10)



SinceM andL are both paallel to the axial all, it follows tha eitherM x L =0
(when theg are paallel to eab other) oM x L is a nonero scalar mltiple of the
vectorA. Consideation of the rght-hand ule (4) and the akpraic sign of this scalar
coeficient of A yields the bllowing criteria:

I. The nght (lingual) coner line conerges tavard the medial line in the
direction of the odasal precisey when

M x L = AA,withA > 0.

[I. The night (lingual) coner line dverges fom the medial line in the
direction of the odasal precisey when

M x L = —MA,witha > 0.

[l The conditiondr a good octusal draw is met (asdr as the poximal b is
concened) pecisey when the namal \vectois A andP (as well as the nomal
vector to the left &ll) eadh have a positve z-component.

The question then is thiks ocdusal conergence ofl. toward M consistent with aapd
ocdusal dew? Tha is, can conditions | and Ill be suntaneoust met,rather than (as
traditionally believed ly dentists) on Il and 111?

In order to anwer this questiorwe will need thex, y, andz components of the unit
nomal vectoss A andP. These can be obtainedf FIGURES 3, 4, and 5 vhich are two-
dimensional ifjures etracted fom FIGURE 2.
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FIGURE 4. The z-componente of FIGUre 5. Projection of P
the vector P; heree = sin ¢. onto the xy-plane.



From FIGURE 3 we see thia

A = (cosa)i + (sina)k (11)
and fom FIcures4 and 5 ve see thia
P = (cos ¢ sind)i — (cos ¢ cosh)j + (sin p)k. (12)

Extracting thez-components t'm (11) and (12)criterion 11l says tha the condition ér
good octusal daw is met vhend = sin«a > Oande = sin ¢ > 0. The axial plane
will be undecut if 56 < 0, and the ight wall of the poximal bax will be undecut if

e <0.

We can aply some of the mpeties of coss poduct to ewrite M x L in
criteria | and II:

MxL=Mx(PxA)
=M -AP—-(M:-PA=—-(M - PA.
Thus citeria | and 1l can beephrased asdilows:

[’,11". M - P should be ngative for ocdusal comvergence and posite for
ocdusal divergence

But by formulas (8),(9), (11),and (12) ve obtain
M-P=(Axj): P
COS 0 Sna
= 0 1 0
cos¢psSne® —cos¢psing sing
= C0SaSinN¢ — SiNna Ccos¢ sin 6.

Therefore, the citerion for ocdusal conergence of theight axial coner lineL toward
the medial lineM becomes

tan ¢ < tan a Sin 6, (13)
while the citerion for a good octusal dew may be epressed as
tan ¢ > Oandtana > 0, (14)

becauseos ¢ andcos « are positve in the ealistic ange |¢| < w/2 and|a| < 7/2.

Conditions (13) and (14) maeasiy hold sinultaneoust for a contimum of \alues of
a, ¢, and 6. Tha is, corvergence is deitely consistent with aapd octusal draw.

The reverse inequalities

tan ¢ > tan a Sin 6, (15)
and

tan¢ < 0 and/ortana < O, (16)

are also easyl saisfied sinultaneoust for a contimum of \alues of¢, «, and 6 with
0 < 6 < 7r/2. But (15) is the conditionofr ocdusal divergenceof the iight axial coner
line L away from the medial linéVl, and (16) is the conditiorof failure of ocdusal



draw, because of an undrirt of either theight proximal wall (tan ¢ < 0) or the axial
wall (tan « < 0). Of cousse (15) implies thaan ¢ can be ngative onl if tan « is also
negative, becausesin 0 is aways positve (0 < 6 < 7/2). Thusocdusal divergence is
not a guaantee of a god octusal draw, and thus should not be used as a visual test f
sudh. Note thafor sinultaneous corergence and dw it must be tue tha

tan ¢ < tan a becaus® < snf < 1.

The citerion (I") tha M - P should be ngative for corvergence has impeoant
geometic implications. The dot poductM - P negative means thahe component d?
in the diection ofM is negative, i.e., the piojection ofP along the line troughM has a
direction opposite to thaf M. In adlition,M - P = (A x j) - P is negative if and ony
if the three \ectos {A, j, P} form aleft-handedsinistral) coodinate system.

A table of values br the angles thaallow simultaneous cornergence and daw

In addition to the angleg, ¢, and 6 introduced inFIGURES 3, 4, and 5,we can intoduce
the angleu betweenM andL and call it thé‘angle of conergence”(taken positve for
convergence and rgative for divergence) We defnedM in (9) asM = A x j; using
equdion (11),we find tha

M=Axj=(—sina)i + (cosa)k,

so tha M is a unit ector From (6) it llows tha M - L = |L| cos u. Also from (11)
and (12) ve have

M-L=(Axj):(PxA)=cosd¢coso,
so tha

cos u = (cos ¢ cos6)/|L|. (17)
Propeties (3),(5), and (8) gve

MxL=|LIAsng =—(M - P)A,

so tha

snu = (SNnacos¢sin @ — cosa sin ¢)/|L|. (18)
Combining (17) and (18)iges

tan u = sinatan 6 — cos « tan ¢ sec 0. (29)

Thus the angle of cermenceu is complete} detemined ly the anglesy, ¢, andé.

By using standal tebles of the tigonometic functions (suk as thosedund in #]), or a
calculaor with trig function cgability, one can easilconstuct a téle of accetable
values of the angles, ¢, and# and compute the casponding &lues ofu by means of
the formula (19).We gve an &ample of sub a tdle in TABLE 1.



e ¢ 0 “ « [0) 0 7
6° 3 30° 0.01° 7° 3 26° 0.09°
! ! 35° 0.55° ! ! 30° 0.59°
" ! 40° 113 ! ! 35° 1.25°
" " 45° 177 " " 40° 1.97°
" " 50° 2.49° ! ! 45° 2.77°
" ! 55° 3.34° ! ! 50° 3.68°
60° 4.39° 55° 4.77°
! ! 65° 5.76° ! ! 60° 6.11°
" ! 70° 7.68° ! ! 65° 7.87°
! ! 70° 10.36°
Table 1

o = angle of tilt of axial vall badk from \ertical.
¢ = angle of tilt of poximal wall badk from \ertical.
6 = angle of (tangnt plane) ofight wall of proximal bax.

u = angle of comergence betwen \ectos M andL.

O<tan¢g < tanasing

DraNT TCorvergence

I would like to thank Bul Campbell ér encouaging me to &pand and wte up this
problem, which was the topic of a talk | psented to the Neaska-South Daka
Section of the MAA taits meeting invemillion, South Dakta inApril of 1981.
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