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1. Introduction. Several surprises are in store for the mathematics student who looks
for the first time at nontrivial constrained optimization problems in economics. The

usual constrained problem in a mathematics course has only one or two critical points
and the selection of the absolute maximum is clear from the geometric nature of the
problem. Mathematics texts often ignore sufficient conditions (involving bordered
Hessian determinants) for relative extrema and provide no interpretation of the Lagrange
multiplier A, leaving the student with the impression that has no significance beyond
providing an extra variable which magically transforms the constrained problem into an
unconstrained higher dimensional problem.

Our purpose here is to examine carefully one example in order to highlight the
following features that are typical in the formulation of problems in economics:

(i) Functions are not usually explicitly given, but are assumed to have characteristic
qualitative properties. Thus the problems have an air of “theory” rather than
“computation.” Yet the problems are meaningful and often generate important
insights into economic behavior.

(i) Normally the economist is not interested in solving for a constrained optimum;
rather his starting assumption is that an optimum is achieved and seeks to base
predictions of behavioral responses on the assumption that optimizing will continue.
For example, assuming a firm minimizes the cost of producing a given output, one
wishes to know how changes in input prices will affect the firm’s behavior. Thus the
problem is not “find the minimum,” but “assuming the minimum is attained, what
consequences can be deduced?” An interesting result is that the economist is
primarily interested in necessary conditions for an optimum and wishes profoundly
that sufficient conditions were really necessary.

(i) The Lagrange multiplien generally has significance in economic problems. It can
usually be interpreted as the rate of change of the optimal value relative to some
parameter.

(iv) The implicit function theorem plays a pivotal role in the problem analysis, both
theoretically and computationally, since the analysis requires solving a system of
nonlinear equations for the endogenous (dependent) variables and computing partial
derivatives of these variables with respect to the exogenous (independent) variables.

2. An lllustrative Example. We analyze in detail an example in utility maximization.
We begin with the problem description.



Assume an indidual obtains utility (i.g séisfaction) flom the consumption of v
goodsx andy which ae puchased in the mketplace in quantitieX andY,

respectrely, and flom a cetain quantityL of leisure timel. The theoy of consumer
choice can then beharacteized mahemdically as a conséined optimizéion problem
in which the indvidual dhoosesin an optimal vay, the amount of leisartimel (and
implicitly mong income) and the quantities aindy consumedWe shall assume tha
the indvidual spends all his income on the ghases of sutgoods. If this ofends
reades who ae avid savers, they may assume thaone of the consumptiorogds
represents sangs. To keg the poblem mangeale, however, we pioceed on the
assumption of a targood world. Let P, andP, be the pice per unit ofk andy,
respectrely. Let T represent the total timevailable andL the amount of leisertime
chosen ly the indvidual per peod (eg., per week,month,or year).Work time can then
be deined asT — L. If the maket-detemined wage rate isw, the indvidual’'s income is
thenw(T — L). Since income equals consumptioqenditues,the hudget constaint
becomes:

(1) WT-L)—RX—RY=0

We assume thidhe utility U obtained fom a paticular dhoice ofX, Y, andL is gven by
a utility function (unique to the inddual)

(2) U=ulXY,L).

Thus the consumexr’pioblem is to ©100seX; Y, L to maximiz U subject to the
constaint (1). Futhemore it is rasonble to assume tha

(3) uy >0, uy, > 0, u_ >0,
(4) uy <0, Uy < 0, u, <0,
(B) uq >0 Uy > 0,

(6) eitheruy,, > 0 or Uy < 0 or u. =0,

where subsdpts denoteas usualpattial deiivatives.The frst oder deivatives in (3)
are called maginal utilities. The inequalities in (3) sta tha utility increases with higher
levels of consumption ok andY and with moe leisue time per peod. The inequalities
in (4) stae the“law of diminishing maginal utility.” Tha is, while utility increases with
consumption ok, y, andl, it increases taa diminishing ae. The thid beer one dinks
within an hour does not quemones thirst as nuch as the second be@he inequalities
in (5) stde thd the séisfaction one deves flom consuming lger amounts ok (ory) is
enhanced ypthe aailability of more leisue time It takes time td‘enjoy things’ The
sign ofuy. in (6) dgends on \wetherx andy are substitutes (gesi and cok),
complements (tenniskets and tennis lessonsy, unelaed (mahemdics texts and
jellybeans). If the gods ae substitutesy,,, < 0; if complements,u,, > 0O; and if
unrelated u,, = 0. The inequalities in (3) tlough (6) ae posited elaionships fom
economic thegr. [See poblem feaure (i).]

Applying the method of Lgrange, we introduce the maltiplier A and brm the
Lagrangan

(@) VX, Y,LA) =uXY,L) + \W(T — L) = PX—=P)Y).



Assuming the consumer maxirai utility, the optimal quantitiex*, Y*, L* and the
multiplier A* necessaly saisfy the frst-oder conditions:

(8a) v, =wW(T — L) —PX—P)Y=0,
(8b) vy = uy, — AP, =0,
(8c) vy =uy — AP, =0,
(8d) v, =u — Aw =

Obseve thd because of (3) enof the equions (8b—d) imp} tha the optimal alue
A* > 0. [See poblem feaure (ii).]

In the modelthe indvidual choosesX, Y, andL. The picesP,, P,, and the \age rate w
are gven by maket conditions bgond the indiidual’s influence or contl. T is gven
by naure. The economistafers toX, Y, andL as endgenous warables and td,, P,,
andw as &ogenous wariables. The cental question dr the economist is to ayak the
impact on the endgenous arables of hianges in the rogenous wrables,assuming
the indvidual responds to sincchanges ly making a diferent set of hoices in oder to
re-maximiz utility in the ®ianged contet. Thus,if P, should inceasewith P, andw
constantywe might intuitvely expect the consumer to adjust deceasingX and
increasingY or deceasingL in order to ean more income toifiance puthases of the
more expensve x. Mathemdically, we want to sole the bur equéions (8) br X, Y, L,
andA in tems ofR,, B, andw and compute the ®ive patial deivatives:

IX/dR,, aX/9R,, 9X/aw, etc These pdial deivatives ae refered to as the
compastive staics of the modelThe modek usefulness is detamed ly how
accuetely it predicts adjustments in consumer beba

The poblem & hand consists oblur equéions (8a—d) in seen \ariables. Since w shall
assume thiahe left side of edtequaon is contiruousy differenticble and tha
solutions &ist, then ly the implicit function theam, X*, Y*, L*, A* will each be
continuousy differentieble functions ofP,, P,, andw, if the Jacobian maix
0 —-P, P —w

© H=|_ Py Uxx Uxy Us

- Py Uyx Uyy Uy

-w U x Uy U
is nonsingular tathe optinum point *, Y*, L*).
For the momentlet us assume th&l is nonsingularSolving (8) br X, Y, L, A in temms
of B, P,, w and substituting thessults into (2)we can &press the optimizd utility U*

X1 Ly

in tems ofP,, P, w: U* = U(P,, P,, w). Using the bain wule, we obtain
oUx X Y oL
— =Uy— + U— + U —;

(10) aw  Xow T Now T Yaw

then fom equéons (8) and (10)e obtain

U= X oY oL
11) —— = Pt w—,
(11) ow A[PX oW Py oW w aw]



From 8(a),we have the identity
wT = RX + P)Y + wiL,
and diferentigion yields

rop X Y iy
ow ow ow

which allows us to ewrite (11) as
oux 1
(12a) A = G_Wﬁ

Thus the Lgrange nultiplier A may be intepreted as the mginal utility of the wage
rate per hour of wrk. Letting

B=wT-L)

be the mongincome of the indiidual, we can tansbrm (12a) into anxpression of
more inteest in economics. Recalling titie optinum dhoice ofL depends on
P,, Py, W, we mg substitute toxpressB in tems ofP,, P, w:

B = f(P,, P,, W).

We wish to sole this last equeon for win tems of P,, P,, B and substitute thessult to
expressU= in tems ofP,, P,, B:

U+ = TU(P,, P, w) = T(P, P,, B).

Then to computéU= /3B = Tg(P,, P,, B), we of couse holdP,, P, constant and use the
one-dimensionaltwain wle to obtain
oU*  gU* ow ow

B~ aw 9B WP Py W g

Proceeding to the detailae put
h(P,, P,, w, B) = f(P,, P,, w) — B.

We mg apply the implicit function theam to sole h(P,, P, w, B) = O for wiif
h(Pe P, W, B) = f,(P,, P, w) # O,

after which

ow _ —hy(P, P, W, B) _ 1
9B~ h,P,P,W,B) (P, P,w)’




Sincef(P,, P, w) = W(T — L), it follows tha

9
fuPo Pyw) =T — L+ w- o (T— L)

- (T- L)[1+ (T - L)]
= (T—- L)1+ &y),
where
w9
=7 LawT Y

is called the indiidual’s elasticity of supl of labor with respect to \age rate; e may
be intepreted as theatio of a pecentaye chang in work time to a pezentae dhang in
wage rate. Thus ifec# —1, thenf,(P,, P,, w) # 0,and ve hae

oU* _ 1 U=
oB (T-LD@A+ e ow’
from which
oU*

(12b) A =1+ &) B
Thus,in this model A is propottional to the maginal utility of income The popottion-
ality constant is one plus the elasticity dida suppy. Note tha if there is no suppl
response to ahang in the vage rate, i.e., eg = 0, the Lagrange multiplier equals the
maiginal utility of income We shall etum to this inding laer in the pper. [See
problem fedure (iii).]

Retuning to the dcobian maix (9), sinceP,, P,, w are all positve, we see fom (4) and
(5) tha regardless of vha assumption is maddéaut (6),0ne cannot guantee th(9)

is nonsingularlf one does the tediousork of expanding and angting the deteninant
of (9), one inds tha some tems ae positve and some ters ae ngative. However,
widespead economicdiklore has helddr some time thathe neative tems will in
practice dominte and thathe deteminant ofH may be saély assumed rggtive.

We shall etum to a citique of this assumption in the xtesection.

We ae nav a the point vihere the economist dply wishes thathe suficient
conditions be necessailhe &cobian maix in (9) is actualy a bodered Hessian.
According to the mthemadical theoy of constained optimizéon problems,the
analgue of the second deative test isThe suficient conditions ér a solutionX*, Y*,
L*, A*, of (8) to yield a elative maxinum ae (a) the deteninant of (9) be ngative and
(b) the detemninant of the3 x 3 Hessian miix

0 -P, -P,
— Py Uy Uy

be positve & the pointX*, Y*, L*, A*.



Assuming thathese suifcient conditions actuafloccur then not ony is the
deteminant of (9) nonero, so tha the implicit function the@m can be wvoked
legitimately, but further results of economic intest can be dered To illustrate, we
shall deive seeral of the twelve compaative stdics mentioned laove using the implicit
function theoem. [See wblem feaure (v).]

Let F be the ectorvalued function defied for points
AL XY, L, P, Py, w) € R?

and taking alues inR* whose componentsegven ly the left sides of eqtians (8).
By the implicit function thea@m,the equéion

8 FOAXY,LP,P,w)=0
may be soled in the érm

A
X
Y
L

Furthemore, the &acobian maix for G is gven by

(13) = G(P,, P,, W).

[ A oA
0P, 9P, ow
X aX X -X -Y T-L
P, P, aw | _ _f-A 0 0
0P, 9P, ow 0 0 -4
oL 8L oL
0P, 9P, ow

where theith row in the last miix on the rght is obtained ¥ differenticing theith left
side in (8) with espect td,, thenP,, and thenw. Letting C;; be the cadctor (signed
minor deteminant) of the element in théh row andjth column ofH, and then igerting
H using the method of cattos gves
1
-1_-_— T

H det H c
where C = (Cij). Now we ae in a position to dere compadtive staic results.
For example how does the leel of consumption oK change when its pice increases?
We find tha

X _ -1
9P,  detH

(14) [_XC12 - ’\sz]-



ComputingC,, andC,,, we obtain,
C,, = — R,ZuLL — W2y + 2wP, Uy
and
Cio = Rluwuy — (uy)?]
- Py[uXY UL — Upy Uy |+ Wy Uy — Uy Uy .

Because of (4) and (5(,, > 0. Sinceuy, = 0 (x andy are complements or ueleted),
the second and thirtems ofC,, are unambiguousl positive. If we assume also tha

u u
Uy Uy

as economistsamenlly do (we examine this assumption in Section 8)enC,, > 0.

ThusaX/oP, < 0, which is intuitively corect and is céainly in accod with empiical

evidence

Next, we might askHow does the amount of leisutime ¢osen bang when the age
rate increasesWe find tha

oL -1
(15) 8_W = det—H[—/\C44 + (T — L)C14],
where
Cu = —(P2Uyx + PZUyy) + 2B P, Uyy

and
Crs = PylUyxUpy = UpxUyy) = Pyt Uiy — Upy Uyy)
+ W(Uyy Uy — (Usy)?).
Contirnuing to assume thay, = 0, we infer from assumptions (4) and (5) tl@,, is

unambiguousf positve. Futhemore, the frst and second ters inC,,are positve.
Assuming gain with the economists tha

u u
Uyx  Uyy

we see thiaC,, is positive. Therefore the sign ofL/ow is ambiguous. Heever, this is

itself a \ery interesting esult.

Economistsefer to the ifst tem in the badkets on theight side of (15),- AC,,, as the
substitution dectof a wage incleaseWhen wages incease thex is a stonger incentve
(reward) to work longer hous,i.e., to choose less leisartime The second ten in the
bradkets on theight side of (15)(T — L)C,,, is called théncome dctby which is
meant thaa wage hike increases income and alls an indvidual to opt br more
leisure in oder to hae the time to enppthe gods he consumesoFexample a 10%
wage hike might lead an indidual to dioose 5%édwer work hours plus a 5% higher
income In geneal a wage hike gves 1se to both income and substitutiofieets vhich
have opposite ifnfiences on an indidual choosing a n@ optimal amount of leiser
per peiod.



However, (15) can be iyen an gen moe pecise economic intpretaion. Using (12a),
which defnes A in economic tans,we can ewrite (15),

L -1 1
ow  detH (T — L)

From (16),we can see qualii@ely tha, if u, is small or if an indiidual works long
hours (T — L is lamge), the income d&ct dominges andL/ow > 0. Corversel, if u,,
is large or if he works few hours (T — L is small),the substitution é&ct dominges and
dL/ow < 0. Put another way, relaively high incomewhether because of a higlage
rate and/or long howsrof work, tends to lead a pgon to opt &r moe leisue when

W rises.

(16) [—u,Cu + (T — L)2Cy,].

Finally, with a little moe manipuléion, we can g@ve a specit intempretaion to a 2ro
elasticity of ldor suppy. Equaion (16) can beawritten

-9(T—-L) -1 1 _ 12
oW - det H (T o L) [ uWC44 + (T L) C14]
or
o w 9T -1L)
A7) o= 7207 ow
1 w

= det H (T o L)2 [_UWC44 + (T - L)2C14:|

But (17) stées thawhenT # L, e = 0 if and ony if the income dkct
[(T — L)*Cy,]
just equals the substitutionfe€t[ —u,C,,] of a wege chance.

These compative stdic results 6r 0X/9dP, anddL/ow are intuitively appealing and
they are impotant. For example one implicdion of this analsis is th&aan income tax
cut designed to stiatate work effort, by raising after tax \age rates (“suppy side
economics”)may geneste little response because the tax cut willegiise to both
substitutionandincome eflects.

3. Discussion ofAssumptions.The main eason ér the assumptions madg goplied
mahemadicians is thathey allow a contusion to be dmwn. In practice the ends justify
ary (reasonble) meansThe real rason thiaphysicists nglect fiiction, air resistance
etc, is to malke nonlinear prblems linear or gry difficult problems solhable in dosed
form. Of couse ary scientist with intgrity will then examine the alidity of his
assumptions.

Although the diferential equéions textbooks of the past nty-five yeas ae
significantly supeior to their pedecessa; one of these older booky Bgnew [1]

is relevant to the pesent discussion anidl the reader can lota a cop, the incisve
humowous comments therdbout assumptions inpalied mahemadics provide insight.
Agnew’s famous discussion of tfenowplow problem” (Section 2.8) contains the
opinion“much of the pogress in science is due to mehawhare the couasge to male
assumptionshe good sense to makeasonble assumptionsand the hility to draw
correct contusions fom the assumptiorisin Section 3.4 ontenospheic pressues,



he sgs“we male progress ly gpplicaion of a time honad method \Wwich often bmgs
valuable results in gaplied mahemadics. This method consists in making an assumption
known to be &solutey and uneqwocally false” But we digess.

We first exkamine the deteninant ofH (see (9)) in detail. Expanding the detérant
by minors acoss theifst row, then panding edg of the esulting3 x 3 deteminants
down the frst column,and fnally simplifying, we get

(18) detH = —P2 det [uw UYL] P2 det [uxx uXL]

Uy Uy Ux U,

—w2det [Uxx va] + 2P, P det [va uXL}
Uy Uyy Uy Uy

T R A |
Uy Uy Ux Uy
Obseve thd the irst thee deteminants on theight side of (18) & of similar type and
two of them vere assumed non-gative in our discussions of (14) and (15).

Let us call tvo goodsx andy weakly dgpendent (with espect to the utility function) if

[ )20

Uyx  Uyy
As always, X (or Y) denotes a quantity obgdx (ory). If we assume thaad pair of
the thee @ods,x, y, | are weakly dependent ana andy are complements or uelaed
(U, = 0), it is an immedite consequence of (4) and (5)ttbet H < 0. However, if
Uy < O, then (18) contains posre tems which threaen to tiang the sign of det,
or male det H = 0. However, we emphasiz thd our compaative staic results in
Section 2 a firmly estdlished if eab pair ofx, y, | are weakly degpendent and, y are
complements or uptaed

Let us &amine the conge of weak d@endence merdosely. Widespead economic
folklore has held thor realistic economic situ@ns, the inequalities

(19) |ugyl < |uxx]s [uxyl < [ugyl

would suely hold One sationalizgion of sud inequalities uns as dllows. “Consider
the extreme cases. ¥ andy are unelaed uy, = 0 and the inequalities autiivial.

If x andy are perect substitutes ¢f all practical puposesjndistinguishale), then
Uyy = Uy = Uyy and the inequalities arequéions. Other cases lie beden these tw
extremes.

Of course this agument does not stand up undirise xamindion. In fact,the
inequalities in (19) a& not gneally true and a not eally required The required
inequality is

Uy U
(20) det [UX; U::j = Uyy Uy — (Uyy)? = 0.

Note tha (19) implies (20) bt the comerse is not e



To illustrate the dificulty with (19),suppose thau,, = 0.1, u,, = —1.0 a some ixed
point. If we chang Y units to a n& unit Y’ wher Y = 12Y’ (for example Y units ae
inches,Y’ units ae feet),then

dy
Uyy: = uXYd_Y’ = 12uy, = 1.2

and thuguy, | < |uy fails using the ne units.

It is easy to erify that the sign of a detarinant like the one in (20) or détin (9) is
not afected ly changng units of meas@ment. 6r example if X units were yards and
X’ = 3X measued in ket,the efect of dlangng X units toX” units on (9) wuld be to
multiply the second column and the secoow of H by 3, thus diangng detH by a
factor of1/9, leaving the sign of ded unchanged

If X,y are substitutegu,, < 0), but uy, is suficiently close to Odet H < 0 will

contirnue to hold Compaative staic condusions tiange in this caseas the eader

may verify.

4. Other Representdive Problems from Economics.The gproad we have just
illustrated is useful in adkessing a arnety of problems in economicdlMe sugest

several other types of mblems belav, which may be eplored Ly the eader or students
in independent stugl projects. One wuld bein by applying the Lagrange method to see
which feaures of the pavious poblem regppear perhgs with modifcation.

(a) Cost Minimizaion. Suppose aiffm is under conact to poduce and deler (for a
fixed pice) Q, units of output dung the nat year It emplgss caital (K), labor (L),
and other inputsR) in its pioduction pocess. If theifm seeks to maxime piofits
while meeting the tens of the contict,its production decision can bdéamacterzed
as a conssained cost minimiz#on problem in which the frm chooses the least cost
combindion of K, L, andR necessarto produceQ,.

Its objectve is then to minimig the cost function
C(K,L,R) = rK + wL + pR

subject to the output conaint
Q = f(K,LLR)

whenr, w, andp are the cost per unit df, L, andR, respectrely, andf is the
production function dér the frm. Some obious assumptions need to lwenulated
regarding the qualithve behaior of f, similar to those w made edier on the utility
function. In this poblem, the Lagrange nultiplier tums out to be the mginal cost of
productionaC/aQ,, tha is, the incease in total costshen one mar unit of output
is produced

10



(b) Output Maximiz&ion. Suppose aayemment geng/ is gven an annal udget
B, and is taiged with the esponsibility of poviding as nuch sewice to the
community as possile. If the ageng/ usesK, L, andR to produce sarices,then
its objectie is to maximie the output function

Q=9KLR)
subject to the lodget constaint
By = rKk + wL + pR.

(The meaning of thearious paametes should belear) In this poblem, the
Lagrange nultiplier is 9Q/dB,, the inverse of maginal cost.This poblem is thus
dual to the cost minimiz@n problem.

(c) Multiple Constaints. During wartime, consumes often nust pa for goods with

moneg/ and the suender of ation couponsThe mahemadical problem is then (using

an olvious notdéion) to maximiz an indvidual’s utility functionU(x, y, z) subject to
the hudget constaint

B=PX+RY+PZ
and the coupon conaint
R=rX+rY+rZ

(d) Nonlinear Constaints. Suppose ourayemment geng in (b) can obtain pice
discounts g purchasing lager quantities oR. We can ewrite the ludget
constaint as

B, — rK —wL — p(RR = 0.

5. Conduding Comments.We piovide several references wiich the inteested eader
may wish to consult. Staments of suiicient conditions dr local maxima (or minima)
can be éund in B] and [6]. A very readdle account of some elementaut inteesting
applicaions in economics can beund in B]. An interpretaion of the Larange
multiplier and some consequences of the necegssarditions ag provided in [7] but
no use of sudifcient conditions is mentioned tleer

The authos of this paer hae for several yeass jointly taught an upper Vel seminar
in mahemaical economics as plaof an intedisciplinayy major The type of ppblem
descibed hee is considexd in the edy weeks of the seminaBecause edcof us has
leamed a lot of useful thingsdm the otherwe recommend sutintedisciplinary
endeaors with enthusiasm.
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