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he Greek Period. The Greek problem underlying integration is thedrature
problem:Given a plane figure, construct a square of equal area.

It is easy to solve the quadrature problem for a polygon, a figure with rectilinear
boundary. The first quadrature of a figure with curvilinear boundary was achieved by
Hippocrates in the fifth century B.C. Hippocrates showed that the area of the lunule in
Figure 1 (that is, the figure bounded by one-half of a circle of radius 1 and one-quarter
of a circle of radius,/2) is equal to the area of the unit sgBare

Hippocrates managed to square two other lunules.*

In the third century B.C. Archimedes effected the quadrature of a parabolic segment.
He showed that its areaéA, whéeye is the triangle of maximal area inscribed in the
parabolic segment.

Archimedes effected a number of other quadratures (and cubatures). Some of his
guadratures involved inventive constructions but most relied on the technique of
wedging an area between ever closer upper and lower approximating sums.

Figure 1

Figure 2

Analogs of such sums are a key element of the definition of the Darboux integral
(a variant of the Riemann integral introduced by Darboux in the 19th century) as
well as of quadrature programs for computéde illustrate both of Archimedes’
approaches next.

*Two more quadrable lunules were found by T. Clausen in the 19th century. In the 20th century,
two Russian algebraists proved (independently) that these five lunules are the only quadrable
ones.



Figure 3

Consider kgure 3. Hee the lypoteruseAB of the ight tiangle OAB is tangent to the
spiral & A. It then tuns out thathe sideAB is equal to the coumference of the cale
with radiusOA. (This is a special case Afchimedestectification of circular acs by
using tangnts to spals.) Since he knetha the aea of a cicle is half the poduct of
its circumference ly its radius,we can sg tha Archimedes used (a taegt to) a spial
to rectify a cicle and squae its aea. Their billiance notwithstandingsud
constuctions hae been educed to histical footnotes because thé&iled to yield
geneal methods.

Figure 4 shaws a tun of Archimedes'spiral r = af and the assodied circle of radius
27a, and thus of @aK = 47%a%. To compute the aaSof the tun of the spial in
Figure 4Archimedes pproximates it flom belav and @ove by unions of cicular
sectos indicded in Fgure 5.
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The aeas of thesepproximating figures ae, respectiely,
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It is not dificult to see thia
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for all n. This doulte inequality can beewritten as

S’n<§<8’r’,

for all n. Olviously,
S, < S<§
for all n. To prove tha S = (K/3) Archimedes shes tha S;, — S/, = (47%a2/3n?)

and is thus smalbof large n. He can nav shaw tha the assumptios # K/3 leads to
a contadiction and can cohae tha S = (K/3).

While Archimedes maés no &plicit use of limits,he relies on thémethod of
exhaustiori, and in moden tems,the inal pat of the agument in a pof involving
the method of haustion(in the dove example it is dispoving S # (K/3)) amounts to
proving the uniqueness of the limit of a Caysequence

CONTINUATION IN THE 17TH CENTURY. Using nonigorous infnitesimal
techniques (ather than igorous algbraic methods of the kind useg Archimedes)
Cavaliern (1598-1647) marged to compute (het we nav write as)féx" dx fork = 1,
2,...,9. Hischief difficulty was the ealuaion of 1 + - - - + n* In aout 1650
Fermat evaluaed [5xP/9 dx by means of a liliant yet simple computén. Futher
progress vas due taorricelli, Wallace and Rascal. In pédrcular, Pascal intepreted

Cavalien’s “sum of lines”(the equralent of aea) as a sum of imfitesimal ectangles.



If we combine Erma’s result with Caalien’s undestanding of the linedy of the
definite intggral (our terminology!) then we see thiaby the midile of the 17th centyr
one could ealuae f:P(X) dx, P(x) a“polynomial” with rational exponents.

In 1647 Gegory St.Vincent made a disgetry tha linked Napier’s logarithm function
and the ara under theyperbolaxy = 1. This connection is v expressed as

loga(x) = [1(dt/t).

Newton and Leibniz imented the calculus and made it into a tool with countless
applicdions hut neither gve wha we would call a igorous deihition of a deinite
integral (or sav the needdr sud a deinition). Sud concens became dominant in the
19th centuy.

FROM CAUCHY TO LEBESGUE. The frst rigorous deihition of a deinite
integral was gven by Caudy in the 1820s. Caly dealt with contimous functions.
In view of the impotance of Burier sefes whose codfcients ae gven Lty integrals it
was necesswrto defne the intgral for more geneal functions.This was frst done i
Riemann.The limitaions of the Riemann ingeal were remedied athe bginning of
the 20th centyrby LebesgueAn explandion follows.

With eadt theoy of integration thee is associad a thegr of measue. Speciically,
if fis a function on a sé andf = f* — f~ (recall tha f*(x) = max{f(x),0} and
f~(x) = max{—1f(x),0}) thenJf is defned as the ditrenceff* — [z~ of the
measues [ f* and [ f~ of the odinae sets of the nongetive functionsf* and
f~ respectiely.

The measw undelying the Riemann inggal is brdan measw and the measeir
undetying the Ldesgue intgral is Lebesgue measerHow do the differ? In vha
way is one“better” than the other?

Consider the simple case of theliogte setM of a boundegdnonneative functionf on
an intewal, 0 < f(x) < cforxin[a, b]. The brdan measw of M is the common alug
if any, of the outer and inneodan measws ofM. The outer drdan measw of M is
the glb of the aras of the oeerings ofM consisting offinite unions of ectanglesThe
inner measw of M is the diference betwen the aaC(b — a) of the ectangleSwith
basd a, b] and heightC and the outer measupf the complement dfl in S. Lebesgue
replaced the wrd “finite” in the drdan deihition of the measur of a subset db by
“counteble.” This increased eély the umber of measable subsets o6and led to
a theoy of integration far moe compehensie and mthemdically flexible than
Riemanns.

THE HK-INTEGRAL.  Suprisingly, Hensto& (in 1955) and Kirzweil (in 1957)
came up with a e version of the Riemann ingeal—call it the HK-intgral (see T])—
tha is “as good as’the Lebesgue intgral! Its defnition and main barmacterstics follow

(see 1)):

Definition: A tagged dvisionof [a, b] given by a finite odered seta = X, < X; <

- < X, = b of points,together with a collection dbgsz sud tha x,_, < z < X;
fori = 1,...,n. We denote a gged diision by D(x;, z) and the caesponding
Riemann sumy



S0, 2) = 31(@)0 %)

A gauge on|a, b] is a functions defined on[a, b] sud tha §(x) > 0 for all x € [a, b].
An important ekample of a guce is a constant function. &is ary gauge on[a, b], we
say tha a tayged diision D(x;, z) is 8-finein case tha [x,_,, x] C [z — 8(z),

z + 8(z);thatis,incasez, — 8(z) < x,_, <z <x <z + 8z)foralli=1,2,...,
n. Anally, we sg tha the umberA is anHK-integral of f if, for every € > 0, there
exists a @uge §,, such tha if D(x;, z) is ary tagged diision of[a, b] tha is §_-fine,
then we have

|S(D(x, Z)) — Al < e.
It turns out tha“the HK-integral of a function is uniqugldeined when it exists and
that a function is Riemann ingeable if and ony if the cauge 6, can be bosen to be
constant. More impotantly, “every Lebesgue intgrable function isHK-integrable with
the same alue”

THERE IS NO PERFECT INTEGRAL. While in the ges of some nthemdicians
the Leébesgue intgral was the ihal ansver to the dificulties associad with intgration,
there were othes who were not willing to gve up the seah for theperfectintegral, one
which would male all functions intgrable. Because Lgesgues constuction had shan
tha the ley to a compehensre theoy of integration was the constiction of an
appropriate measig, the seazth nov focused onifding a total measaronR, tha is,
one which assigns a measuto eah subset of thesal rumbes.

Vitali [6] shoved tha a total measwron the eals cannot be courily additive and
transldion invariant. This being soit is naural to ask vich of these mpeties should
be retained This decision ispf course somavha arbitrary. While retaining tansldion
invanance leads to somadcinaing group theoy and the BandeHausdorfF Tarski
Paradok, we will consider va hgppens if countiale adlitivity is retained instead

In 1930 S Ulam [1] shaved tha there is no sulc measwe onw,, w, or on ay cadinak
which is the successor of some othedgazal. Ulams proof was a spectacular @@hce
in tha it did not ely on ary of the ggometic assumptionssud as tansldion
invariance on which ealier proofs of the ristence of non-measabie sets hadelied

By Ulam’s theoem, the «istence of a countdy adlitive measwg onR tha measues
all of its subsets implies tha®° is not the successor ofyanther cadinal, tha is, it is a
limit cardinal. By aguing a bit moe caefully one can she tha thele nust eist some
limit cardinal A < 2% which is not the union ofeiver thanA sets of sie less than.
The «istence of sut a cadinal has a mfound infuence on set thepr

In order to undestand this inience it is necessarto recall (a consequence of)
Godels second incompleteness thearwhich sg's tha set theoy cannot pove its
own consisteng One vay to prove the consisteycof a theoy is to ind a model of
tha theoy, tha is, a mahemadical stucture saisfying all of the axioms of thaheoy.
We askWha are the implicéions for set theoy of the &istence of a model of set
theoly? Recall the mcedue for the constiction of the hiearchy of sets. One lgins

1 Cantor intoduced the notin w to represent the ne ordinal after the intgers and it
is still favored by set theasts todg. The net cadinal afterw is denotedv; and so on.



with the empty set—call W;—and then defiesV, to be the paer set ofV, _, for eat
integerk = 1. This is not the endhough,because one can thenidefV  to be the
union of the set¥, and then defieV _, ; to be the pwer set ofV,. If one contimes
this as &r as possik and taks the union oneegs a model of set thee+or, at least,
wha would be a model of set thgoif it were a set and not aqer dass.

How soon,if ever, does this conatiction pocess lead to a model of set thébtt tums
out tha mary of the axioms of set thepare sdisfied & ealy stages of the congtiction.
For example the axiom of imnfity is sdisfied as soon as a singleiiife set is intuded
and this is akad true ofV_ ;. The paver set axiom is sisfied & ary limit stage
because gnset vhich occus, occus & a stge bebre the limit and so all of its subsets
are adled & the \ery next stage. The paver set itself is theffore adled in no mae than
two stayes andin ary casebefore the limit. For similar easonsthe paimg axiom is
also séisfied & all limit stages.Well-foundedness and congrension a also easy to
deal with.

The poblemaic axiom is the axiom ofeplacementwhich sgs tha the ange of ary
function deined ly a formula is a set. It has &ad/ been mentioned th¥/,, . will
sdisfy all of the axioms of set thepexcept for replacement. Relacementdils because
the maping which takes 21to w + nand2n + 1to nis defnable by a formula and its
domain isw which belongs to/, ., C V, . . However, the ange of this function is

w + o which does not belong 4, , ,. The same gument can be used to shtha V,,

is a model of set thepiif and ony if the following holds:
e if A < athen2* < «

. if A < athen ay function FA - o (defined using ont pamametes fromV,) has
range bounded inv.

Any caidinal saisfying these equirments is kn@n as darge or inaccessile cardinal.
Since the ®istence of a laye cadinal implies thaia model of set theprexists, it
follows from Gddels Theoem tha it is impossilte to pove the &istence of
inaccessile cadinals.

Ulam’s agument shas thd if there is a countaly adlitive measwe which measugs
every set of eals then theris a catinal « which sdisfies the seconceguirement of
being an inaccesdibcadinal. Sut cadinals ae knavn as veakl inaccessile.
Another of Godeb major conibutions is the notion of the Congttible Universe one
of whose consequences istthay model of set thegrcontains a submodelhich
sdisfies the gnealized contimum typothesisThis allovs us to conade tha if there is
a weakly inaccessile cadinal then,in the Constuctible Universe the weakly
inaccessite cadinal is in fict an inaccesdi cadinal; this is so because the diaal
anthmetic of this smaller model of set thgaasiy implies the i st requirement ér
being a lage cadinal.

In other words, if there is a countaly additive measws which measugs eery set of
reals then set thepis consistentThis and Gode$ theoem shav tha the &istence of a
perfectintegral is not povable. On the other hand is concevable tha some dg thee
may be a poof thd it is not possilbe to hare a peréct intgyral. The impact of this on set
theory would be deastding. It would follow tha mary of the lage cadinals which



experts naw consider quite innocuouand which have played an impa&nt ole in may
important indgpendenceasults,do not &ist. While this would not shw tha set theoy
itself is inconsistent it wuld seerely shale our ith in the assumption thd is.

* % %

We've told our stoy but would nevertheless lile to ta& on the bllowing relevant
“postscipt™:

In wha sense does the igi@al sole the Geek quaditure poblem and vt is its
concetual signifcance A telegraphic ansver to these ter questionsdllows.

The intgral provides a diect“analytic” solution of the Geek quadature pioblem for

regions of the érm.
/—\j:://—

Figure 6

Indeed the aea of the egion in the fgure is

A= fabf (x)dx

If we rawrite this as

A= f xX)dx = (b — a)(b i afabf(x)dx),

then it is ¢ear tha our “integral region” has beengplaced ly a rectangle of equal aa
with baseb — a and heigh{1/(b — a))f f(x) dx. The quantity(1/(b — a))f f(x) dx is
the average of the functional alues off on[a, b]. This averaging ability of the intgral
is the ley to its impotance in countlesspgplications.
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