
Sample Mathematica code for the paper "Modeling a 
Diving Board"

Michael A. Karls and Brenda M. Skoczelas, Department of Mathematical  Sciences, 
Ball State University, Muncie, IN  47306

� Beam Data

� Original Data

Remove headings from original data collected with World in Motion software.  

NOTE:  At t = 1 second, World in Motion recorded values of (-2000, -2000) for the (x, y) data point at the 13th tape mark, at
approximately x = 1.46 m.  Looking at the nearby data, these clearly cannot be correct, so we interpolated the values from the
corresponding points for x = 1.46 m at t = 0.967 sec, which was recorded as (1.472478, 0), and at t = 1.033 sec, which was
recorded as (1.481429, 0.0582).  These corrections are noted below in red.

In[1]:= Beam = DropB:8"tHsL", "x1HmL", "y1HmL", "x2HmL", "y2HmL", "x3HmL", "y3HmL",
"x4HmL", "y4HmL", "x5HmL", "y5HmL", "x6HmL", "y6HmL", "x7HmL", "y7HmL",
"x8HmL", "y8HmL", "x9HmL", "y9HmL", "x10HmL", "y10HmL", "x11HmL", "y11HmL",
"x12HmL", "y12HmL", "x13HmL", "y13HmL", "x14HmL", "y14HmL", "x15HmL", "y15HmL"<,

80, 0, 0, 0.1074148`, 0, 0.2193052`, -0.00448`, 0.3401469`, -0.0134`, 0.4475617`,

-0.0269`, 0.5549766`, -0.0403`, 0.6713426`, -0.0582`, 0.783233`, -0.0805611`,

0.8995991`, -0.0985`, 1.015965`, -0.1208416`, 1.12338`, -0.1432197`, 1.230795`,

-0.174549`, 1.347161`, -0.1924515`, 1.459051`, -0.2193052`, 1.570942`, -0.246159`<,
80.033`, 0.00448`, 0, 0.1074148`, 0, 0.2148296`, -0.00895`, 0.3401469`,

-0.0179`, 0.4475617`, -0.0269`, 0.5549766`, -0.0448`, 0.6758182`, -0.0582`,

0.783233`, -0.0805611`, 0.8995991`, -0.0985`, 1.015965`, -0.1208416`,

1.12338`, -0.1432197`, 1.23527`, -0.174549`, 1.347161`, -0.1924515`, 1.459051`,

-0.2193052`, 1.566466`, -0.246159`<, 80.067`, 0.00448`, 0, 0.1074148`, 0,

0.2193052`, -0.00895`, 0.3446226`, -0.0179`, 0.4520373`, -0.0269`, 0.5549766`,

-0.0403`, 0.6758182`, -0.0582`, 0.783233`, -0.0805611`, 0.8951235`, -0.0985`,

1.015965`, -0.1208416`, 1.12338`, -0.1432197`, 1.23527`, -0.174549`,

1.347161`, -0.1924515`, 1.459051`, -0.2193052`, 1.566466`, -0.246159`<,
80.1`, 0.00448`, 0, 0.1074148`, 0, 0.2193052`, -0.00895`, 0.3446226`, -0.0179`,

0.4430861`, -0.0269`, 0.5549766`, -0.0403`, 0.6758182`, -0.0582`, 0.7877086`,

-0.0805611`, 0.8995991`, -0.1029392`, 1.015965`, -0.1208416`, 1.12338`,

-0.1432197`, 1.23527`, -0.1700734`, 1.347161`, -0.1924515`, 1.459051`,

-0.2193052`, 1.570942`, -0.246159`<, 80.133`, 0.00448`, 0, 0.1074148`, 0,

0.2193052`, -0.00895`, 0.3446226`, -0.0179`, 0.4430861`, -0.0269`, 0.5549766`,

-0.0403`, 0.6713426`, -0.0582`, 0.7877086`, -0.0805611`, 0.8995991`, -0.094`,

1.020441`, -0.1208416`, 1.12338`, -0.1432197`, 1.23527`, -0.1700734`,

1.347161`, -0.1924515`, 1.459051`, -0.2148296`, 1.570942`, -0.2372077`<,
80.167`, 0.00448`, 0, 0.1074148`, 0, 0.2193052`, -0.00895`, 0.3446226`, -0.0134`,

0.4430861`, -0.0269`, 0.5594522`, -0.0358`, 0.6713426`, -0.0492`, 0.7877086`, -0.0761`,

0.8995991`, -0.0895`, 1.015965`, -0.0985`, 1.127856`, -0.1253173`, 1.239746`,

-0.1476954`, 1.351636`, -0.1655978`, 1.463527`, -0.1879759`, 1.579893`, -0.1969271`<,
80.2`, 0.00448`, 0, 0.1074148`, 0, 0.2193052`, 0, 0.3446226`, -0.00895`, 0.4475617`,

-0.0179`, 0.5594522`, -0.0179`, 0.6758182`, -0.0313`, 0.7877086`, -0.0448`,

0.8995991`, , 1.020441`, , 1.136807`, , 1.248697`,

,



In[1]:=

-0.0179`, 0.5594522`, -0.0179`, 0.6758182`, -0.0313`, 0.7877086`, -0.0448`,

0.8995991`, -0.0492`, 1.020441`, -0.0627`, 1.136807`, -0.0716`, 1.248697`,

-0.0895`, 1.360588`, -0.0985`, 1.459051`, -0.116366`, 1.584369`, -0.1253173`<,
80.233`, 0.00448`, 0, 0.1074148`, 0, 0.2193052`, 0, 0.3401469`, 0, 0.4475617`,

-0.00448`, 0.5594522`, -0.00448`, 0.6758182`, -0.00895`, 0.7877086`, -0.00895`,

0.9040747`, -0.0134`, 1.024916`, -0.00895`, 1.136807`, -0.0134`, 1.253173`,

-0.0224`, 1.369539`, -0.0269`, 1.463527`, -0.0224`, 1.597795`, -0.0313`<,
80.267`, 0.00448`, 0, 0.1074148`, 0, 0.2237809`, 0.00448`, 0.3446226`, 0.00448`,

0.4430861`, 0.00448`, 0.5594522`, 0.00895`, 0.6713426`, 0.00895`, 0.7921843`,

0.0179`, 0.9040747`, 0.0224`, 1.024916`, 0.0269`, 1.136807`, 0.0313`,

1.253173`, 0.0403`, 1.369539`, 0.0448`, 1.463527`, 0.0492`, 1.597795`, 0.0627`<,
80.3`, 0.00448`, 0, 0.1074148`, 0.00448`, 0.2282565`, 0.00895`, 0.3446226`,

0.00895`, 0.4475617`, 0.0179`, 0.5594522`, 0.0224`, 0.6758182`, 0.0313`,

0.7877086`, 0.0358`, 0.9040747`, 0.0403`, 1.020441`, 0.0537`, 1.141282`, 0.0627`,

1.248697`, 0.0716`, 1.369539`, 0.0806`, 1.468003`, 0.085`, 1.59332`, 0.0985`<,
80.333`, 0.00448`, 0, 0.1074148`, 0, 0.2282565`, 0.00448`, 0.3490981`, 0.00448`,

0.4520373`, 0.00895`, 0.5594522`, 0.0134269`, 0.6758182`, 0.0134269`,

0.7921843`, 0.0269`, 0.9040747`, 0.0313`, 1.020441`, 0.0448`, 1.136807`, 0.0492`,

1.253173`, 0.0537`, 1.369539`, 0.0627`, 1.472478`, 0.0761`, 1.59332`, 0.0806`<,
80.367`, 0, 0, 0.1074148`, 0, 0.2282565`, 0, 0.3490981`, 0.00448`, 0.4520373`,

0, 0.5639278`, 0.00448`, 0.6758182`, 0.00895`, 0.7921843`, 0.00895`,

0.9040747`, 0.00895`, 1.020441`, 0.0134269`, 1.136807`, 0.00895`, 1.253173`,

0.00895`, 1.369539`, 0.0179`, 1.476954`, 0.0134269`, 1.59332`, 0.0179`<,
80.4`, 0, 0, 0.1074148`, 0, 0.2327321`, -0.00448`, 0.3490981`, -0.00448`, 0.4520373`,

-0.0134`, 0.5594522`, -0.00895`, 0.6713426`, -0.0134`, 0.7921843`, -0.0269`,

0.9040747`, -0.0358`, 1.024916`, -0.0358`, 1.132331`, -0.0403`, 1.248697`,

-0.0492`, 1.369539`, -0.0537`, 1.472478`, -0.0627`, 1.588844`, -0.0671`<,
80.433`, 0, 0, 0.1074148`, 0, 0.2327321`, -0.00895`, 0.3490981`, -0.0134`,

0.4520373`, -0.0224`, 0.5594522`, -0.0269`, 0.6758182`, -0.0403`, 0.7877086`,

-0.0537`, 0.8995991`, -0.0716`, 1.020441`, -0.0761`, 1.132331`, -0.094`, 1.248697`,

-0.1029392`, 1.360588`, -0.1253173`, 1.468003`, -0.1297929`, 1.584369`, -0.1476954`<,
80.467`, 0, 0, 0.1074148`, 0, 0.2282565`, -0.0134`, 0.3490981`, -0.0179`, 0.4520373`,

-0.0269`, 0.5594522`, -0.0403`, 0.6713426`, -0.0492`, 0.7877086`, -0.0716`,

0.8995991`, -0.094`, 1.015965`, -0.1029392`, 1.118904`, -0.1253173`, 1.244222`,

-0.1432197`, 1.356112`, -0.1700734`, 1.463527`, -0.1879759`, 1.575417`, -0.2058784`<,
80.5`, 0, 0, 0.1074148`, 0, 0.2327321`, -0.00895`, 0.3490981`, -0.0224`, 0.4520373`,

-0.0358`, 0.5594522`, -0.0403`, 0.6713426`, -0.0582`, 0.7877086`, -0.0761`,

0.8995991`, -0.094`, 1.015965`, -0.1118904`, 1.127856`, -0.1387441`, 1.244222`,

-0.1566466`, 1.356112`, -0.174549`, 1.463527`, -0.1969271`, 1.570942`, -0.2058784`<,
80.533`, 0, 0, 0.1074148`, 0, 0.2327321`, -0.00895`, 0.3490981`, -0.0134`, 0.4520373`,

-0.0224`, 0.5594522`, -0.0269`, 0.6713426`, -0.0403`, 0.7877086`, -0.0582`,

0.9040747`, -0.0716`, 1.020441`, -0.0895`, 1.127856`, -0.1029392`, 1.248697`,

-0.1253173`, 1.360588`, -0.1387441`, 1.463527`, -0.1611222`, 1.570942`, -0.1700734`<,
80.567`, 0, 0, 0.1074148`, 0, 0.2372077`, -0.00448`, 0.3490981`, -0.00895`,

0.4520373`, -0.0179`, 0.5594522`, -0.0179`, 0.6758182`, -0.0224`, 0.7877086`,

-0.0358`, 0.8995991`, -0.0403`, 1.020441`, -0.0448`, 1.132331`, -0.0582`, 1.248697`,

-0.0671`, 1.369539`, -0.0761`, 1.472478`, -0.0895`, 1.575417`, -0.0985`<,
80.6`, 0, 0, 0.1074148`, 0.00448`, 0.2372077`, 0, 0.3490981`, 0, 0.4520373`,

0, 0.5549766`, 0, 0.6758182`, -0.00448`, 0.7877086`, -0.00895`, 0.8995991`,

-0.00448`, 1.020441`, -0.00448`, 1.136807`, -0.00895`, 1.248697`,

-0.0134`, 1.369539`, -0.00448`, 1.472478`, -0.0224`, 1.584369`, -0.0134`<,
80.633`, 0, 0, 0.1074148`, 0.00448`, 0.2372077`, 0.00895`, 0.3490981`, 0.00448`,

0.456513`, 0.00895`, 0.5594522`, 0.00895`, 0.6758182`, 0.0134269`, 0.7921843`,

0.0179`, 0.8995991`, 0.0269`, 1.024916`, 0.0313`, 1.136807`, 0.0313`,

1.248697`, 0.0403`, 1.374014`, 0.0403`, 1.472478`, 0.0448`, 1.588844`, 0.0582`<,
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In[1]:=

1.248697`, 0.0403`, 1.374014`, 0.0403`, 1.472478`, 0.0448`, 1.588844`, 0.0582`<,
80.667`, 0, 0, 0.1074148`, 0, 0.2372077`, 0.00895`, 0.3490981`, 0.00895`,

0.456513`, 0.00895`, 0.5594522`, 0.0179`, 0.6758182`, 0.0224`, 0.7877086`,

0.0269`, 0.9040747`, 0.0313`, 1.024916`, 0.0448`, 1.136807`, 0.0492`,

1.248697`, 0.0582`, 1.374014`, 0.0671`, 1.481429`, 0.0716`, 1.588844`, 0.0806`<,
80.7`, 0, 0, 0.1074148`, 0, 0.2416833`, 0, 0.3535738`, 0.00448`, 0.456513`,

0.00895`, 0.5594522`, 0.0134269`, 0.6758182`, 0.0179`, 0.7877086`, 0.0179`,

0.8995991`, 0.0224`, 1.020441`, 0.0269`, 1.136807`, 0.0358`, 1.253173`,

0.0403`, 1.365063`, 0.0448`, 1.485905`, 0.0492`, 1.59332`, 0.0582`<,
80.733`, 0, 0, 0.1074148`, 0, 0.2416833`, 0, 0.3535738`, 0, 0.456513`,

-0.00448`, 0.5594522`, 0, 0.6758182`, -0.00895`, 0.7877086`, -0.00448`,

0.8995991`, -0.00448`, 1.020441`, 0, 1.132331`, 0, 1.248697`,

-0.00448`, 1.360588`, 0, 1.481429`, -0.00448`, 1.588844`, -0.00895`<,
80.767`, 0, 0, 0.1029392`, 0, 0.2416833`, -0.00448`, 0.3535738`, -0.00895`,

0.456513`, -0.0179`, 0.5594522`, -0.0134`, 0.6758182`, -0.0224`, 0.7877086`,

-0.0313`, 0.8951235`, -0.0358`, 1.020441`, -0.0403`, 1.132331`, -0.0537`, 1.244222`,

-0.0582`, 1.369539`, -0.0627`, 1.476954`, -0.0716`, 1.584369`, -0.0761`<,
80.8`, 0, 0, 0.1074148`, 0, 0.2416833`, -0.00895`, 0.3535738`, -0.0134`, 0.456513`,

-0.0224`, 0.5594522`, -0.0269`, 0.6758182`, -0.0403`, 0.7921843`, -0.0537`,

0.8995991`, -0.0671`, 1.020441`, -0.0761`, 1.132331`, -0.0985`, 1.248697`,

-0.1118904`, 1.360588`, -0.1253173`, 1.472478`, -0.1387441`, 1.579893`, -0.152171`<,
80.833`, 0, 0, 0.1074148`, 0, 0.246159`, -0.0134`, 0.3535738`, -0.0179`, 0.4609886`,

-0.0269`, 0.5594522`, -0.0358`, 0.6758182`, -0.0537`, 0.7877086`, -0.0671`,

0.8951235`, -0.0850367`, 1.020441`, -0.1029392`, 1.136807`, -0.1253173`, 1.244222`,

-0.1387441`, 1.360588`, -0.1566466`, 1.468003`, -0.1835003`, 1.579893`, -0.1969271`<,
80.867`, 0, 0, 0.1074148`, 0, 0.2416833`, -0.0134`, 0.3535738`, -0.0179`, 0.4609886`,

-0.0224`, 0.5594522`, -0.0358`, 0.6802939`, -0.0492`, 0.7877086`, -0.0627`,

0.8951235`, -0.0761`, 1.020441`, -0.0985`, 1.132331`, -0.1208416`, 1.244222`,

-0.1342685`, 1.356112`, -0.1566466`, 1.468003`, -0.174549`, 1.579893`, -0.1879759`<,
80.9`, 0, 0, 0.0985`, 0, 0.246159`, -0.00448`, 0.3580494`, -0.00895`, 0.456513`,

-0.0224`, 0.5594522`, -0.0269`, 0.6758182`, -0.0403`, 0.783233`, -0.0492`,

0.8951235`, -0.0582`, 1.020441`, -0.0761`, 1.136807`, -0.094`, 1.244222`,

-0.1074148`, 1.360588`, -0.116366`, 1.472478`, -0.1342685`, 1.579893`, -0.1432197`<,
80.933`, 0, 0, 0.0985`, 0, 0.246159`, -0.00448`, 0.3535738`, -0.00895`, 0.4654642`,

-0.0134`, 0.5639278`, -0.0134`, 0.6758182`, -0.0179`, 0.7877086`, -0.0269`,

0.8951235`, -0.0358`, 1.020441`, -0.0448`, 1.136807`, -0.0492`, 1.248697`,

-0.0537`, 1.365063`, -0.0582`, 1.472478`, -0.0761`, 1.584369`, -0.0761`<,
80.967`, 0, 0, 0.1029392`, 0, 0.2506346`, 0, 0.3580494`, 0, 0.4609886`,

-0.00448`, 0.5639278`, -0.00448`, 0.6758182`, 0, 0.7877086`, -0.00448`,

0.8951235`, 0, 1.020441`, 0, 1.136807`, -0.00448`, 1.248697`,

-0.00448`, 1.365063`, -0.00448`, 1.472478`, 0, 1.584369`, -0.00448`<,
:1, 0, 0, 0.1029392`, 0, 0.2506346`, 0.00448`, 0.3580494`, 0.00895`, 0.4609886`,

0.00895`, 0.5594522`, 0.00895`, 0.6758182`, 0.0134269`, 0.7877086`, 0.0134269`,

0.8951235`, 0.0224`, 1.024916`, 0.0269`, 1.141282`, 0.0269`, 1.244222`, 0.0358`,

1.365063`, 0.0403`,
1.472478 + 1.481429

2
,
0 + 0.0582

2
, 1.588844`, 0.0537`>,

81.033`, 0, 0, 0.1029392`, 0, 0.246159`, 0.00895`, 0.3580494`, 0.00895`,

0.4609886`, 0.0134269`, 0.5594522`, 0.0134269`, 0.6758182`, 0.0179`, 0.7921843`,

0.0224`, 0.8995991`, 0.0313`, 1.024916`, 0.0313`, 1.145758`, 0.0403`,

1.244222`, 0.0492`, 1.369539`, 0.0537`, 1.481429`, 0.0582`, 1.584369`, 0.0671`<,
81.067`, 0, 0, 0.1029392`, 0, 0.246159`, 0, 0.3580494`, 0.00448`, 0.4609886`,

0, 0.5594522`, 0.00448`, 0.6802939`, 0.0134269`, 0.7921843`, 0.00448`,

0.8995991`, 0.0134269`, 1.024916`, 0.0134269`, 1.145758`, 0.0224`, 1.248697`,

0.0179`, 1.369539`, 0.0269`, 1.481429`, 0.0313`, 1.59332`, 0.0358`<,
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In[1]:=

0.0179`, 1.369539`, 0.0269`, 1.481429`, 0.0313`, 1.59332`, 0.0358`<,
81.1`, 0, 0, 0.1029392`, 0, 0.2506346`, 0, 0.362525`, 0, 0.4609886`, -0.00448`,

0.5594522`, -0.00448`, 0.6758182`, -0.00895`, 0.7921843`, -0.00895`,

0.8995991`, -0.00895`, 1.020441`, -0.00895`, 1.145758`, -0.0134`, 1.248697`,

-0.0134`, 1.365063`, -0.0224`, 1.476954`, -0.0269`, 1.59332`, -0.0269`<,
81.133`, 0, 0, 0.1029392`, 0, 0.2416833`, -0.00448`, 0.362525`, -0.00895`,

0.456513`, -0.0179`, 0.5594522`, -0.0224`, 0.6802939`, -0.0269`, 0.7921843`,

-0.0403`, 0.8995991`, -0.0358`, 1.020441`, -0.0448`, 1.141282`, -0.0671`, 1.244222`,

-0.0716`, 1.360588`, -0.0761`, 1.476954`, -0.0895`, 1.588844`, -0.1074148`<,
81.167`, 0, -0.00448`, 0.1029392`, 0, 0.2416833`, -0.00895`, 0.3670006`, -0.0134`,

0.4609886`, -0.0224`, 0.5594522`, -0.0313`, 0.6758182`, -0.0403`, 0.7921843`, -0.0582`,

0.8995991`, -0.0671`, 1.020441`, -0.0850367`, 1.141282`, -0.0985`, 1.253173`,

-0.1118904`, 1.360588`, -0.1253173`, 1.476954`, -0.1476954`, 1.584369`, -0.1566466`<,
81.2`, 0, -0.00448`, 0.0985`, 0, 0.2416833`, -0.00448`, 0.362525`, -0.0179`,

0.4520373`, -0.0269`, 0.5594522`, -0.0358`, 0.6802939`, -0.0492`, 0.7877086`,

-0.0671`, 0.8995991`, -0.0761`, 1.020441`, -0.094`, 1.136807`, -0.116366`, 1.244222`,

-0.1297929`, 1.356112`, -0.152171`, 1.476954`, -0.174549`, 1.579893`, -0.1879759`<>, 1F;

Remove the first entry of each row, which corresponds to the time t at which the data was collected, for t ³ 0 seconds.

In[2]:= Beam = Drop@Beam, 8<, 81<D;

Define the positions for the tape pieces along the beam.  Check the length of this list - there should be fifteen points.

In[3]:= xtape = Table@Beam@@1DD@@iDD, 8i, 1, Length@Beam@@1DDD, 2<D

Out[3]= 80, 0.107415, 0.219305, 0.340147, 0.447562, 0.554977, 0.671343,

0.783233, 0.899599, 1.01597, 1.12338, 1.2308, 1.34716, 1.45905, 1.57094<

In[4]:= Length@xtapeD

Out[4]= 15

� Steady-State Solution

Solve the steady-state problem.

In[5]:= Clear@L, v, c, gD

In[6]:= DSolveA9-c2 V''''@xD � g, V@0D � 0, V'@0D � 0, V''@LD � 0, V'''@LD � 0=, V@xD, xE

Out[6]= ::V@xD ®
-6 g L2 x2 + 4 g L x3 - g x4

24 c2
>>

In[7]:= v@x_D :=
-6 g L2 x2 + 4 g L x3 - g x4

24 c2

In[8]:= v@xD

Out[8]=
-6 g L2 x2 + 4 g L x3 - g x4

24 c2
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� Initial Conditions

Define initial conditions and model parameters.  Length of beam is L meters.  Parameters c, k, and g will be chosen dynamically
below.  The function f(x) is initial displacement of beam.  Initial velocity g(x) is assumed to be zero.   Define hHxL = f HxL - vHxL
to be the extra amount by which the beam is bent initially.  

In[9]:= L = 1.6;

In[10]:= FitAPartition@Beam@@1DD, 2D, 9x, x2=, xE

Out[10]= -0.0341084 x - 0.080823 x2

In[11]:= f@x_D := a x - b x2

In[12]:= a = -0.0341084;

b = 0.0808230;

In[14]:= f@xD

Out[14]= -0.0341084 x - 0.080823 x2

In[15]:= h@x_D := f@xD - v@xD

In[16]:= h@xD

Out[16]= -0.0341084 x - 0.080823 x2 -
-15.36 g x2 + 6.4 g x3 - g x4

24 c2

� Construct Model

� Solve for the alpha values

In[17]:= Clear@alpha, ΑD

alpha = TableBΑ �. FindRootBCos@Α *LD +
1

Cosh@Α *LD
, :Α,

H2 n + 1L Π

2 L
>F, 8n, 0, 7<F;

Α = alpha;

� Define position functions XnHx, tL
In[20]:= X@x_, n_D := Cos@Α@@nDD *xD - Cosh@Α@@nDD *xD -

HCosh@Α@@nDD *LD + Cos@Α@@nDD *LDL
HSinh@Α@@nDD *LD + Sin@Α@@nDD *LDL

 HSin@Α@@nDD *xD - Sinh@Α@@nDD *xDL

DivingBoardSummer2009.nb  5



� Define the An Coefficients - for the Manipulate command to work, the coefficients An have been 
found explicitly, which can be done with our choice of f(x)!

In[21]:= Clear@A, AND;
A@n_D := IHSin@L ΑPnTD + Sinh@L ΑPnTDL I-8 g Cos@L ΑPnTD + 8 c2 L Ha - b LL ΑPnT4 + g I8 + L4 ΑPnT4M +

Cosh@L ΑPnTD I-8 g + Cos@L ΑPnTD I8 c2 L Ha - b LL ΑPnT4 + g I8 + L4 ΑPnT4MMM -

8 c2 ΑPnT2 Ha ΑPnT Sin@L ΑPnTD + Ha ΑPnT - 2 b Sin@L ΑPnTDL Sinh@L ΑPnTDLMM �
I2 c2 ΑPnT4 I-L Cos@2 L ΑPnTD ΑPnT + L Cosh@2 L ΑPnTD ΑPnT - 6 Cosh@L ΑPnTD Sin@L ΑPnTD -

3 Cosh@L ΑPnTD2 Sin@2 L ΑPnTD + H6 Cos@L ΑPnTD + 4 L ΑPnT Sin@L ΑPnTDL Sinh@L ΑPnTD +

3 Cos@L ΑPnTD2 Sinh@2 L ΑPnTDMM
AN = Table@A@nD, 8n, 1, 7<D;

� Define the Bn Coefficients

In[24]:= Clear@Μ, B, BND;

Μ@n_D :=
1

2
 4 c2 Α@@nDD4 - k2 ;

B@n_D :=
k AN@@nDD
2 Μ@nD

;

BN = Table@B@nD, 8n, 1, 7<D;

� Define time functions TnHx, tL
In[28]:= T@t_, n_D := HAN@@nDD Cos@Μ@nD tD + BN@@nDD Sin@Μ@nD tDL ã

-
1

2
 k t;

� Define model yHx, tL = vHxL + ÚXnHx, tL TnHx, tL
In[29]:= y@x_, t_D := v@xD + Sum@X@x, nD T@t, nD, 8n, 1, 7<D

Check to make sure our model is a function of c, k, and g:

In[30]:= y@x, tD

Out[30]=
-15.36 g x2 + 6.4 g x3 - g x4

24 c2
+

ã
-
k t

2

1

c2
0.01708 I3.26694 c2 + 22.7594 g + 3.33742 I-8 g - 0.299633 I-3.94594 c2 + 20.3624 gMMM

CosB
1

2
7.54539 c2 - k2 tF +

1

c2 7.54539 c2 - k2

0.01708 I3.26694 c2 + 22.7594 g + 3.33742 I-8 g - 0.299633 I-3.94594 c2 + 20.3624 gMMM

k SinB
1

2
7.54539 c2 - k2 tF

HCos@1.17194 xD - Cosh@1.17194 xD - 0.734096 HSin@1.17194 xD - Sinh@1.17194 xDLL + ã
-
k t

2

1

c2
0.0000134008 I-393.464 c2 + 493.665 g + 54.6543 I-8 g - 0.0182968 I-154.973 c2 + 493.519 gMMM

+
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Out[30]=

CosB
1

2
296.337 c2 - k2 tF +

1

c2 296.337 c2 - k2

0.0000134008 I-393.464 c2 + 493.665 g + 54.6543 I-8 g - 0.0182968 I-154.973 c2 + 493.519 gMMM

k SinB
1

2
296.337 c2 - k2 tF

HCos@2.93381 xD - Cosh@2.93381 xD - 1.01847 HSin@2.93381 xD - Sinh@2.93381 xDLL + ã
-
k t

2

1

c2
4.24787 ´10-8 I80 603.5 c2 + 3814.55 g + 1288.99 I-8 g - 0.000775804 I-1215.01 c2 + 3814.55 gMMM

CosB
1

2
2323.33 c2 - k2 tF +

1

c2 2323.33 c2 - k2

4.24787 ´10-8 I80 603.5 c2 + 3814.55 g + 1288.99 I-8 g - 0.000775804 I-1215.01 c2 + 3814.55 gMMM

k SinB
1

2
2323.33 c2 - k2 tF

HCos@4.90922 xD - Cosh@4.90922 xD - 0.999224 HSin@4.90922 xD - Sinh@4.90922 xDLL +

ã
-
k t

2

1

c2
3.42042 ´10-10

I814 491. c2 + 14 625.3 g + 29 803.9 I-8 g - 0.0000335527 I-4665.69 c2 + 14 625.3 gMMM

CosB
1

2
8921.68 c2 - k2 tF +

1

c2 8921.68 c2 - k2
3.42042 ´10-10 I814 491. c2 + 14 625.3 g +

29 803.9 I-8 g - 0.0000335527 I-4665.69 c2 + 14 625.3 gMMM k SinB
1

2
8921.68 c2 - k2 tF

HCos@6.87221 xD - Cosh@6.87221 xD - 1.00003 HSin@6.87221 xD - Sinh@6.87221 xDLL +

ã
-
k t

2

1

c2
4.20671 ´10-12

I1.99439 ´108 c2 + 39 951.8 g + 689 706. I-8 g - 1.44989 ´10-6 I-12 749.7 c2 + 39 951.8 gMMM

CosB
1

2
24 379.8 c2 - k2 tF +

1

c2 24 379.8 c2 - k2
4.20671 ´10-12 I1.99439 ´108 c2 + 39 951.8 g +

689 706. I-8 g - 1.44989 ´10-6 I-12 749.7 c2 + 39 951.8 gMMM k SinB
1

2
24 379.8 c2 - k2 tF

HCos@8.83573 xD - Cosh@8.83573 xD - 0.999999 HSin@8.83573 xD - Sinh@8.83573 xDLL +

ã
-
k t

2

1

c2
6.66526 ´10-14

I3.07785 ´109 c2 + 89 143.4 g + 1.59603 ´107 I-8 g - 6.26556 ´10-8 I-28 451.1 c2 + 89 143.4 gMMM

+
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Out[30]=

CosB
1

2
54 403.9 c2 - k2 tF +

1

c2 54 403.9 c2 - k2
6.66526 ´10-14 I3.07785 ´109 c2 + 89 143.4 g +

1.59603 ´107 I-8 g - 6.26556 ´10-8 I-28 451.1 c2 + 89 143.4 gMMM k SinB
1

2
54 403.9 c2 - k2 tF

HCos@10.7992 xD - Cosh@10.7992 xD - 1. HSin@10.7992 xD - Sinh@10.7992 xDLL +

ã
-
k t

2

1

c2
1.24936 ´10-15 I2.87302 ´1011 c2 + 173 889. g +

3.69331 ´108 I-8 g - 2.7076 ´10-9 I-55 501.1 c2 + 173 889. gMMM CosB
1

2
106 129. c2 - k2 tF +

1

c2 106 129. c2 - k2
1.24936 ´10-15 I2.87302 ´1011 c2 + 173 889. g +

3.69331 ´108 I-8 g - 2.7076 ´10-9 I-55 501.1 c2 + 173 889. gMMM k SinB
1

2
106 129. c2 - k2 tF

HCos@12.7627 xD - Cosh@12.7627 xD - 1. HSin@12.7627 xD - Sinh@12.7627 xDLL

� Finding c, k, and g via the Manipulate command - Figures 3, 4, 5, and 6 in the paper are 
found this way!

Since beam isn't moving until the fourth set of data points, drop the first four sets of data points.

In[31]:= Beam = Drop@Beam, 81, 4<D;

In[32]:= data = Table@Partition@Beam@@iDD, 2D, 8i, 1, Length@BeamD<D;

In[33]:= Clear@c, k, gD
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In[34]:= ManipulateBShowBListPlotBTableB:
j - 1

30
, data@@j, 15, 2DD>, 8j, 1, Length@BeamD<F, PlotStyle ®

8PointSize@0.02D, RGBColor@0, 0, 1D<, PlotRange ® 8-0.3, 0.3<, AxesLabel ® 8"t", "y"<F,

ListPlotBTableB:
j - 1

30
, EvaluateByBdata@@j, 15, 1DD,

j - 1

30
FF>, 8j, 1, Length@BeamD<F �. 8c ® Χ1,

k ® Χ2, g ® Χ3<, PlotStyle ® RGBColor@1, 0, 0D, PlotRange ® 8-0.3`, 0.3`<, Joined ® TrueFF,
88Χ1, 1, "c"<, 1, 15<, 88Χ2, 0, "k"<, 0, 4<, 88Χ3, 0, "g"<, 0, 10<,
TrackedSymbols ® 8Χ1, Χ2, Χ3<, SaveDefinitions ® TrueF

Out[34]=

c

12.87

k

0.94

g

9.8

0.2 0.4 0.6 0.8 1.0
t

-0.3

-0.2

-0.1

0.1

0.2

0.3

y
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� Here's how to plot Figure 6 without using the Manipulate command

In[35]:= ShowBListPlotBTableB:
j - 1

30
, data@@j, 15, 2DD>, 8j, 1, Length@BeamD<F,

PlotStyle ® 8PointSize@0.02D, RGBColor@0, 0, 1D<,
PlotRange ® 8-0.3, 0.3<, AxesLabel ® 8"t", "y"<F,

ListPlotBTableB:
j - 1

30
, EvaluateByBdata@@j, 15, 1DD,

j - 1

30
FF>, 8j, 1, Length@BeamD<F �.

8c ® 12.87, k ® 0.94, g ® 9.8<,
PlotStyle ® RGBColor@1, 0, 0D, PlotRange ® 8-0.3`, 0.3`<, Joined ® TrueFF

Out[35]=

0.2 0.4 0.6 0.8 1.0
t

-0.3

-0.2

-0.1

0.1

0.2

0.3

y

� Find error with a choice of c, k, and g via a Mean Sum of the Squares for Error Calculation

Find the error with the choices of c, k, and g (entered as c1, k1, and g1 so that the Manipulate command will work correctly) that

give a reasonable fit graphically.  The function H  Hc, k, gL  computes the mean of the sum of the squares for error (MSSE) over

all data points.

In[36]:= H@c_, k_, g_D :=

EvaluateBSumB data@@j, i, 2DD - yBdata@@j, i, 1DD,
j - 1

30
F

2

, 8i, 1, 15<, 8j, 1, Length@BeamD<F �

HLength@BeamD *15LF

In[37]:= H@12.87, 0.94, 9.8D

Out[37]= 0.0103875

� Find values of c, k, and g that minimize MSSE via the FindMinimum command, starting with 
c = c1, k = k1, and fixing g = 9.8 m � sec2.  Then compute error with the resulting c and k!

In[38]:= c1 = 12.87;

k1 = 0.94;

In[40]:= FindMinimum@H@c, k, 9.8D, 8c, c1<, 8k, k1<D

Out[40]= 80.000105073, 8c ® 12.842, k ® 1.00698<<
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In[41]:= H@12.84, 1.01, 9.8D

Out[41]= 0.0102511

� Plot model vs. measured data at all points with our new choices for c and k with g fixed at 
9.8 m � sec2  - this is Figure 7 in the paper:

In[42]:= g1a = ShowBTableBGraphics3DB:RGBColor@0, 0, 1D, PointSize@0.011D,

PointBTableB:xtapePjT,
i - 1

30
, BeamPAll, 2 jTPiT>, 8i, 1, Length@BeamPAll, 1TD<FF>F,

8j, 1, 15<F, Axes ® 8True, True, True<, AxesLabel ® 8"x", "t", "y"<,
BoxRatios ® 83, 2, 1<, ImageSize ® 600F;

In[43]:= g2a = ShowB

TableBParametricPlot3DB:xtapePiT,
j

30
, yBxtapePiT,

j

30
F �. 8c ® 12.84, k ® 1.01, g ® 9.8<>,

8j, 0, 32<, Axes ® 8True, True, True<, AxesLabel ® 8"x", "t", "y"<,
Ticks ® 8xtape, Automatic, Automatic<, BoxRatios ® 83, 2, 1<,
PlotRange ® 880, L<, 80, Length@BeamD �30<, 8-0.25, 0.25<<,
ImageSize ® 600, PlotStyle ® 8Thick, Red<F, 8i, 1, 15<FF;
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In[44]:= Show@g2a, g1a, Boxed ® False, ViewPoint ® 80.8, -1.5, 1.5<D

Out[44]=

0
0.107415

0.219305
0.340147

0.447562
0.554977

0.671343
0.783233

0.899599

1.01597

1.12338

1.2308

1.34716

1.45905

1.57094

x

0.0

0.5

1.0

t

-0.2

0.0

0.2

y
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