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* High quality in both materials and processes depends on combining
research awareness, imaginative design, and careful development of
products and processes— an engineering research approach.

* Teacher education for this less familiar mathematical competency
should be through constructive learning, involving teachers and teacher
educators in the mathematical activities, linked to reflection on their
implications for both the subject and its teaching.

* QL will help students learn more pure mathematics more effectively,
building deeper understanding, richer connections and greater accuracy.
This is particularly true for weaker students, narrowing “the gap.”!
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Appendix A: Functional Mathematics for Educated Adults

A few thought-provoking tasks that any well-educated adult could, and should,
be able to do without having been taught the specific problem, selected from
the Mathematics Assessment Resource Service (MARS), Shell Centre for
Mathematical Education, University of Nottingham. Commentary on the tasks
and responses to them appears at the end of the appendix.

Sudden Infant Deaths = Murder?

In the general population, about 1 baby in 8,000 dies in an unexplained “crib
death”. The cause or causes are at present unknown. Three babies in one family
have died. The mother is on trial. An expert witness says:
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One crib death is a family tragedy; two is deeply suspicious; three is
murder. The odds of even two deaths in one family are 64 million to
1.

Discuss the reasoning behind the expert witness’ statement, noting any
errors, and write an improved version to present to the jury.

Conference Budget
Your job is to plan a conference budget, using a computer spreadsheet. You
have already made a start:

(1) Complete the entries for Wednesday in column D.

(i1) Calculate appropriate totals in column E.

(The spreadsheet was on a computer.)

A B [ D E

College charges Number | @ £ each £

Monday |Buffet Supper 30 17.00 0

Single En-suite Accommodation 30 40.00 0

Tuesday |Breakfast 30 8.00 0

Morning Coffee 30 1.90 0

Luncheon 30 15.00 0

Afternoon tea 30 1.90 0

Dinner served 30 50.00 0

Single En-suite Accommodation 30 40.00 0

Plenary Room 30 15.77 0

Breakout rooms 2 85.10 0

Wednesday |Breakfast 30 0

Morning Coffee 30 0

Luncheon 30 0

Afternoon tea 30 0

No Dinner 30 0

Single En-suite Accommodation 30 0

Plenary Room 30 0

Breakout rooms 2 0

Thursday |Breakfast 30 8.00 0

Morning Coffee 30 1.90 0

Luncheon 30 15.00 0

Afternoon tea 30 1.90 0

Dinner 30 17.00 0

Single En-suite Accommodation 30 40.00 0

Plenary Room 30 15.77 0

Breakout rooms 2 85.10 0

Friday  |Breakfast 30 8.00 0
Total

charges 0

VAT 0

Total 0

Elementary School Teachers

In a country with 300 million people, about how many elementary school
teachers will be needed? Try to estimate a sensible answer using your own
everyday knowledge about the world. Write an explanation of your answer,
stating any assumptions you make.
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Bike or Bus
Terry is soon to go to secondary school. There is no school bus. The bus trip
costs $1 and Terry’s parents are considering the alternative of buying him a
bicycle.

Help Terry’s parents decide what to do by carefully working out the rela-
tive merits of the two alternatives.

Right Turns
The truck is stopped at traffic lights,
planning to turn right. The cycle is
alongside.

If the cyclist waits for the truck
to turn before moving, what will
happen? Explain why this will hap-
pen with a diagram.

What would be your advice: to the truck driver? to the cyclist? Give rea-
sons in each case.

Scheduling Traffic Lights
A new set of traffic lights has been installed at an intersection formed by the
crossing of two roads. Right turns are not permitted at this intersection.

For how long should each road be shown the green light? Explain your
reasoning clearly.

Being Realistic About Risk

“My sixty-year-old mother, who lives in New York, gets frightened by newspa-
pers. One day she is afraid of being a victim of crime, the next she is frightened
of being killed in a road accident, then it’s terrorists, and so on.”

(i) Use a website with national statistics to estimate the chances of my
mother being a victim of the above events, and others you think she
might worry about.

(i) Write down some reassurance you would give her—and compare the
likelihood of these events with the probability that women of her age
will die during the coming year.

Commentary on the tasks, and responses to them:

Sudden Infant Deaths = Murder? What we expect here is not a full statistical
analysis, which would need more information, but a recognition that the
reasoning presented is deeply flawed. There are two elementary mistakes in
the statement, and one that is a bit more subtle. It would be correct to say:
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1. The chance of these deaths being entirely unconnected chance events is
very small indeed—if there has been one death, the chance of two more
unconnected deaths is about 64 million to one.

2. What can the connection be? It may be that the mother killed the children;
on the other hand, particularly since we do not understand the cause(s)
of crib death, there may be other explanations. For many conditions
(cancer and heart disease, for example) genetic and environmental
factors are known to affect the probability substantially.

Any lawyer or judge with functional mathematics should have seen prob-
lems with the witness statement. It is not lack of basic skills that was their fail-
ing (They could surely have worked out the chance of a double six on rolling
two dice as 1/36) but an understanding of the necessary assumptions.

Conference Budget. This is a task we give (on a working spreadsheet)
to candidates for the post of Secretary/Administrator in the team. Most
are graduates. All “know Excel”. None complete the task. Most see that
Wednesday’s values in Column D are probably the same as Tuesday’s and
Thursday’s. Few enter the appropriate, or indeed any, formulas in Column
E. (Formulating relationships is a basic piece of algebra that is neglected in
schools—and mathematics tests.) Some even work out the row totals on a
calculator, entering the values!

Elementary School Teachers. This kind of back-of-the-envelope calculation
is an important life skill. Here it requires choosing appropriate facts (6 years
in elementary school out of a life of 60-80 years, one teacher for 20-30 kids),
and formulating appropriate proportional relationships giving (300*6)/(70*25)
~ 1 million primary teachers (to an accuracy appropriate to that of the data).
This kind of linkage with the real world, common in the English language arts
curriculum, is rare in school mathematics (and absent in tests).

Bike or Bus and Scheduling Traffic Lights. See Ice Cream Van in Appendix
B.

Right Turns. Functional mathematics often involves space and shape, too.

Being Realistic About Risk. Education, and functional mathematics in
particular, can help narrow the gap between perceived and real risk. Given the
power of anecdote over evidence, exploited daily by the media, this is a major
challenge; meeting it could make a huge contribution to people’s quality of
life, and that of their children. Few people have any sense of the magnitude of
specific risks, or any idea of the unavoidable ‘base risk’ for someone of their
age. (Note that only order-of-magnitude estimates, not accurate numbers, are
relevant here.)
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Explicitly teaching students to use their mathematics on real problems is
now proven, with typical teachers; it is essential to functionality. These ex-
emplars also show how deterministic and statistical reasoning intermesh in
functional mathematics.

Appendix B
Functional Mathematics for Grade 8 or 9

A few thought-provoking tasks that any well-educated student should be able
to do by age 15 without having been taught the specific problem, selected
from the Mathematics Assessment Resource Service (MARS), Shell Centre for
Mathematical Education, University of Nottingham. Commentary on the tasks
and responses to them appears at the end of the appendix.

Freeway Journey
Referring to the figure below:
* Do they have to stop for gas? Explain your reasoning.

* Suppose they decide to stop for 10 minutes. At what time will they
reach Los Angeles?

Los Angeles
270 miles

FUEL
20 40 60 80 100\ (£ FUEL U
'—‘—'—‘—'—T‘—‘—'—‘—'mph I_I_I_’\I_I_I_I_l

I think we need to stop for gas before we reach L./D>
<GIO, we’ll be OK. The tank holds about 15 gallons, >
and [ filled it up yesterday. We haven’t got time to stop.
Q—Iow many miles does this car get to a ga11019>
<@n the freeway, at this speed, about 35 miles per galloD
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Den’s Currency Exchange

$ US Dollar | £0.533 £0.590
€ Euro £0.660 £0.730

No commission!

At the Airport

How many Euros (€) would you get for £500?
How many Pounds (£) can you get for $700?
How much would you have to pay, in Pounds and Pence, to get exactly

€550?
Paper Clips

This paper clip is just over 4 cm long. How many paper clips like this may be
made from a straight piece of wire 10 meters long?
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Ice Cream Van
You are considering driving an ice cream van during the Summer break. Your
friend, who “knows everything”, says that “It’s easy money”. You make a few
enquiries and find that the van costs $600 per week to hire. Typical selling data
is that one can sell an average of 30 ice creams per hour, each costing 50c to
make and each selling for $1.50.

How hard will you have to work in order to make this “easy money”?
Explain your reasoning clearly.

Cold Calling
The following is part of a genuine letter of complaint to a bank.

I would like to complain about the behavior of XYZ Bank and the
advice given during a recent unsolicited telephone call. Having been
told T was “pre-approved” for a $5,000 loan, the operator asked me
for my financial details. I told her that I currently had two credit cards,
one with a balance of $3000 and one with $1000. She said that they
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could consolidate these debts into a single payment which would be
cheaper. I pressed her on the APR which she explained was 16.4%,
which caused me to decline the loan because my two credit cards
are currently at 7% and 9.9% APR respectively. The operator then
informed me that their loan would work out cheaper, because 7% and
9.9% works out at 16.9%, nearly 0.5% higher than the bank loan.

(1) Explain what is wrong with the operator’s reasoning.

(ii)) How much more expensive is the bank’s consolidated loan?

Commentary on the tasks, and responses to them

Motorway Journey. From an actual test. Most examples of functional
mathematics have been eliminated in the fragmentation of tasks to assess

separate micro-skills.

At the Airport. It is interesting
to compare this with a question
from a current UK school
test (on the right). Note how
the simplification of the
presentation leaves a major
gap from real functionality.
This unreality, characteristic of
secondary school mathematics,
confirms many students’ view
that the subject has no relevance

to their lives.

The table shows the exchange rates between
different currencies:

£1 (Pound)

is worth

€ 1.45 (Euros)

$1 (Dollar)

is worth

€ 0.81 (Euros)

(a) Jane changes £400 into euros. How many

euros does she receive?

(b) Sonia changes £672 euros into dollars.
How many dollars does she receive?

Ice Cream Van. This task was used in a research study of the performance of
120 very able 17-year-old students. Many solved the tasks, using arithmetic and,
sometimes graphs. None used algebra, the natural language for formulating
such problems. Their algebra was non-functional, despite 5+ years of high

success in the standard imitative inward-looking

algebra curriculum.

Paper Clips. This task exemplifies a step towards
functionality; a school mathematics version is

shown on the right.

Cold Calling. A common misconception, and
con, to unravel. Explicitly teaching students to use

A semi-circle has a diam-
eter of 12 cm. Calculate
the perimeter.

12 cm
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their mathematics on real problems is now proven, with typical teachers; it is
essential to functionality. These exemplars also show how deterministic and
statistical reasoning intermesh in functional mathematics.

Endnotes

! Pure mathematical problem solving has a similar structure, though there are important
differences.

2 Transfer distance is a measure of how different two problems are, and so of how
non-routine a task is, how far it differs from tasks with which the student is familiar. An
important concept, no-one has seriously tackled the interesting challenge of inventing
a practical way to quantify it, perhaps partly because it depends on the student’s whole
prior experience.

3 1 see the history of “problem solving” in US schools in the 1980s as an instance of
this. After adoption by NCTM as a theme, much general advice was made available but
little or no fully developed teaching material. Not much happened. At the Shell Centre
we adopted a different approach, working with an examination board to develop coor-
dinated pressure (new high-stakes exam tasks) and support (new teaching materials).
These are published in (Shell Centre, 1984).

“41Ina few schools, the teachers decided to make this a joint project with the Art or Design
departments, with excellent results. We encouraged this, but making this a requirement
would have killed the project—and its effect on student attitudes to mathematics.

5 The exceptions were a small proportion of normally high-achieving students who
found being faced with a new ‘game’ of a different kind somewhat threatening.

% When we began to develop support for problem solving in pure mathematics (Shell
Centre 1984), the first exploratory set of examples we gave to students was headed
“THIS IS NOT A MATHS EXAM.” It was, of course, but not what they expected of
one.

7 The evaluation of the USMES project (1969) found that mathematics teachers were
the worst USMES teachers; the best were “drop-out Art teachers!” A case can be made
for “style specialization” —teaching investigation is as far from traditional EEE math-
ematics teaching as teaching some other subjects. Let those math teachers who can do
it, concentrate on it.

8 «_...the sophisticated use of elementary mathematics,” in Lynn Steen’s immortal

phrase, is not something to expect from those with weak mathematics.

9 Statistics educators have always seen QL as central and, mainly for this reason, sought
to separate themselves from mathematics education; however, this separation is unhelp-
ful. Many problems should be tackled deterministically, at least initially; sometimes
the analysis must take random variation into account. (Statistics has no monopoly on
data.)

10 The “test for well-educated adults” in Appendix A is a useful self-evaluation tool.
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' Indeed there are those who would regard classroom observation as unpardonably
intrusive, regarding professional development as a civilized exchange between fellow
professionals in which the sole criterion of success is whether the teacher found the
experience valuable.

12 This is primarily because they are designed, not for teachers, but for the state adop-
tion processes of Texas and California. To be considered, let alone adopted, text pack-
ages have to check every box on a list that seems to be the union of the wishes of the
members of the adoption committee. From this wish-list, teachers select what they want
to use—often just what they know well.

13 . but not guaranteeing the early fluency in abstract algebra that seems to be a prime
current goal in the U.S.



