help explain why the product of two negative real numbers must be positive (recall
that multiplication of complex numbers involves a rotation). Indeed, the shortest
path between two truths in the real domain does pass through the complex domain.
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Polishing the Star
Cheng-Shyong Lee (eelee@sdccl0.ucsd.edu), University of California—San Diego, La

Jolla, CA 92093

Recently, Hoehn proved the following interesting theorem about a pentagram [A
Menelaus-type theorem for the pentagram, Mathematics Magazine 66:2 121-123]
Hoehn used Menelaus’ theorem 20 times, but it is possible to give a much simpler
proof. Geometry students may enjoy seeing results concerning the pentagram as an
application of the Law of Sines.

Theorem. If A;B;AyByA3BsAyByAsBs is a pentagram (see Figure 1), then

AlBl AQBQ A3B3 A4B4 A5B5_

BiAy ByAs BsAy ByAs BsA S
and
B Az . B4A; ' By Ay . BsAq . B3 As _1 @)
As3By, A1By AyBs AsBs AsB;
Figure 1

144 THE COLLEGE MATHEMATICS JOURNAL



Proof. To obtain (1) we use the Law of Sines in the five triangles Ay By Aa, A1 B2 As,
A333A4, A4B4A5, and A5B5A1, ﬁnding

Al Bl sin a2 AQBQ sin as Ang sin a4
Bi1As;  sina}’ ByAs  sina,’ BsAs  sina}’

AyBy  sinas
=
BsAs  sina)

A5 B5 sin ai

and =
. 7
BsA;  sinag

respectively. Since ax = aj, for each k = 1,...,5, we can multiply these five equa-
tions; (1) is the result. Equation (2) is obtained in a similar way by using the Law of
Sines in the five triangles B1A334, B4A1.BQ, B2A4B5, B5A233, and B3A5Bl. O

Here is another simple fact about the pentagram that may be surprising and ap-
pealing to the beginning student: The sum of the angles at the points of the star is
180°. One way to see this is to observe that ) = ZBo + £By, ag = £B3 + £Bs,
and ZB; + a} + a2 = 180° and then compute /By + /Bo + £Bs + /By + £Bs.
This same result can be derived from the fact that the sum of the exterior angles of
any convex n-gon is 360°. Thus, the five triangles containing the points of the star
have a1 + ag + az + a4 + a5 = 360° and a] + ab + af + aj + af = 360°. This leaves
5(180°) — 360° — 360° = 180° for /By + /By + /B3 + /By + /Bs.

When Is “Rank” Additive?
David Callan (callan@stat.wisc.edu), University of Wisconsin, Madison, WI 53706

Most matrix theory books mention that rank is subadditive—that is, rank (A + B) <
rank (A4)+ rank (B)—but they rarely address the question of equality. Recall that the
rank of a matrix A is defined as the dimension of its column space C(A). Also, the
rank is invariant under transpose: rank (A) = rank (AT); or, what is the same, the
rank of A is the dimension of the row space R(A). (See [2] and [3] for one-paragraph
proofs of this fundamental fact.) This leads to a useful alternative description of the
rank: Rank (A) is the size of the largest invertible submatrix of A.

The subadditivity of rank is easily established: C(A 4+ B) C C(A) + C(B), hence
rank (A+ B) = dim C(A+ B) < dim[C(A)+ C(B)] < dim C(A)+dim C(B) = rank
(A)+ rank (B). Since dim(U + V) = dim(U) + dim(V) — dim(U N V) for any two
subspaces U and V, equality in the second inequality above implies C(A)NC(B) =
{0}. Thus disjointness of the column spaces of A and B is a necessary condition
for additivity of rank. Curiously, a recent monograph [4] asserts incorrectly that this
condition is sufficient.

Counterexample. A = é), B= (1) Then C(A)NC(B) = {0}, but rank (4) =
rank (B) = rank (A+ B) =1).

However another necessary condition is disjointness of the row spaces (since rank

is invariant under transpose). It turns out that these two conditions together are
sufficient.
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