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Proofs Without Words Under the Magic Curve
Fiisun Akman (fusun@coastal.edu), Coastal Carolina University, Conway, SC 29528

There is no limit to the limits you can demonstrate under the magic curve y = 1/x.
So you have dutifully defined the natural logarithm as an “area”,
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for t > 0, and introduced e as the positive number at which Ine = 1. Before proving
that Inab = Ina + Inb by change of variables, please count to In485165195.4 and
read the following.

Would your students buy the fact that any two upper (or lower) “Riemann boxes”
under the magic curve with equal endpoint ratios have the same area?
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Figure 1. Figure 2.

Once they are hooked, show that this is true for actual areas under the curve.
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Figure 3.

The length of the longest subinterval in Figure 3, namely Ax, = ar'® (r'/» — 1), goes
to zero as n goes to infinity! The limiting area is independent of a. This, of course,

leads to

Figure 4.

Inab = Ina + Inb because of Figure 4 (where b > a > 1, but the regions may over-
lap t0o). Then Ina = In(b - (a/b)) does the trick for the companion identity. As for
the “down with the power!” rule, use the equal-area property again, with endpoints
1,a,a%, ...,a",

Figure 5.
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to show that Ina? = pIna (p a positive integer) and use the fact that g In(a'/?) = Ina
(g a positive integer) to conclude that In(a?/?) = (p/q)Ina for a positive rational
number p/q. In case of a negative power, change a to 1/a and make the power positive.
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Figure 6.

Now comes the dreaded part where you prove that

1 n
lim (1 + —~) =e,
n—o0 n

probably by using “logarithmic limits. That is your prerogative, of course, but why not
continue with the theme of equal areas?
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Figure 7. Figure 8. Figure 9.

It should not be too hard to convince our students that

<A, <1 = A,—-1.
n+1

If the sandwiched-in area under y = 1/x approaches 1, what do you think happens to
x=(1+1Hm

Why does the graph of the natural logarithm look the way it does? We can account
for the x-intercept, the increase, and the negative concavity easily enough, but why do
the ends go off to plus or minus infinity? Each of us has a little classroom strategy to
deal with this problem, possible involving some inequalities, but please step under the
magic curve once again and consider the following pictures:
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Figure 11.

Figure 10.

Figure 10 shows that lim,_, o+ Inx = —00, and Figure 11 that lim,_, Inx = 0.
Note that you can recycle these two pictures in Calculus II to “prove”

| 1
f —dx =00 and / —dx =
0o X 1 X

Speaking of Calculus II, the telescoping series

o0 n 1 1
1, with =1-—),
Zk(k+1) h ;k’(k—i—l) ntl

k=1

also makes an appearance under the curve, though not through equal areas (see Fig-
ure 12).

Figure 13 (with a > 1) shows my all-time favorite bonus question on the subject of
area.

SR SR S ?
n+l n n(n+l)

1 1

~<
1
Q=

1
eﬁe; e3 e? e

Fi 13.
Figure 12. 1gure

The answer is In a, generalized from Figure 14 (witha > b > 0).

I think somebody (with tenure) ought to define the logarithm using Figure 13 and
prove all properties of logarithms based on that, promising to ask for the proofs on the
next test.
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Figure 14.
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On A Mean Value Theorem
Peter R. Mercer (mercerpr@buffalostate.edu), SUNY College at Buffalo, NY 14222

Let f be a function that is continuous on [a, ] and differentiable on (a, b). De-
note by M = (5";—”, f(“—)“;f(—b—)) the midpoint of the chord from A = (a, f(a)) to B =
(b, (b)), and let P = (x, f(x)) be any point on the graph. See Figure 1.
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Figure 1.
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