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means from functions f and their tangent lines, which is a special 
case of the means in Horwitz [6]. Under the assumption that f"(x) is nonzero and 
continuous, a mean is given by the x-coordinate of the intersection of the tangent 
lines to y = f(x) at x = a and x = b. In this case, taking f(x) to be x2, .,1 and 
1/x generates A, G, and H, respectively. The slope mean also belongs to this family, 
generated by f (x) = N/x2 

Some families of means do not contain the slope mean because the means are ho- 
mogeneous, and yet there are still other families [10] where it is not clear whether or 
not the slope mean is a member. 

In their study of the three classic means, Bullen, Mitrinovi6, and Vasi` im- 
plicitly characterized these means through a family of functions as follows. Let 

{fx(x) o 
E I1R} be a family of functions indexed by 

X. 
such 'that f21l(x) = f;(x) 

and suppose that for every pair (a, b) E (0, oc) x (0, oc), there exists a unique index 
) =_ .(a, b) such that fx (a) = b. Then m = M(a, b) can be defined by fX (m) = m. It 
can be seen that our characterization of means by two sets of functions leads to such a 
characterization using a single family of functions. 
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In an episode of the PBS television series "The New Yankee Workshop," host and 
master carpenter Norm Abram needed to construct a rectangular wooden frame as part 
of a piece of furniture he was building. After gluing and clamping four pieces of wood 
together to form a rectangle, he checked the rectangle for squareness by measuring the 
two diagonals to determine whether or not they were of equal length. Upon finding 
a small difference in the two measurements, he announced that he would "split the 
difference." He proceeded to carefully nudge the top corner of the frame at the end of 
the longer diagonal until his measuring tape indicated that its length was the average of 
his two original diagonal measurements. He then said he was satisfied that the frame 
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was square. After hearing this, I wondered if the frame was indeed square, that is, 
whether there was a right angle at each of the four comers of the frame. 

To answer the above question, we need to solve the following problem: Suppose we 
have a parallelogram with sides of lengths a and b. Let x and y be the lengths of the two 
diagonals. If we square up this parallelogram by transforming it into a rectangle with 
side lengths a and b, what is the common length d for the two diagonals? FIGURE 1 
shows our parallelogram and its squared up version. 
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Figure I A wooden frame before and after straightening 

From the Law of Cosines, we see that 

x2=a2+b2-2abcosO and 
y2=a2+b2-2abcos(r_-0). 

Therefore 

x2+y2=2a2-+-2b2 and so d2=a2+b2=(x2+y2)/2. 

Thus 

d= 

This is evidently not the same as the average of the two original diagonal measure- 
ments, (x +- y)/2, the length that Abram recommended for the new diagonal. His al- 
gorithm does not exactly produce the length needed to turn the parallelogram into a 
rectangle, but we will see that it is a good approximation. 

What is the mathematical basis for this approximation? Consider the function 
d(x, where x > 0 and y > 0. Suppose L(x, y) is the lineariza- 
tion of d at the point (x0, xO), where xO > 0 is the correct measurement of the diagonal. 
(Note that d(xo, x0) = x0.) Then 

L(x, 

Since dx we have dx(xo,xo) - 
dy (xo, x0) = 1/2. Also, d (xo, xO) = xO. Therefore 

L(x, 

In the "The New Yankee Workshop" episode, Abram took the diagonal measure- 
ments x and y of the wooden frame. Instead of the exact diagonal length d(x, y) that 
would square up the frame, which is difficult to compute mentally, he used the lin- 
ear approximation L (x, y), which is easy to calculate. In practice, the frame would be 
squared up by eye before its diagonals were measured so that x and y would be nearly 
equal and nearly equal to the exact diagonal xO. In this case, the linearization L(x, y) 
is a quite good approximation for d(x, y), as the following example shows. 
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Example Suppose our diagonal measurements are x = 36 inches and y = 37 inches. 
Then d(36, 37) = tt = 36.503424 and L(36, 37) = 36.5. 

The reader may wish to estimate the error in this linear approximation using Tay- 
lor's theorem in two variables [1]. If y is the longer diagonal and x the shorter, and if 
both Ix - x0I and Iy - x0I are known to be less than h, the error can be seen to be less 
than y2h2/(2x3). 
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The game of chess has always proved a rich source of interesting combinatorial prob- 
lems to challenge mathematicians, logicians, and computer scientists. Apart from play- 
ing strategies and end-games, many chess-based problems have been posed over the 
centuries that tax the limits of symbolic reasoning, such as the n-queens and re-entrant 
knight's tour problems. However, the modem computer has enabled new approaches 
to these types of problems, and some of these questions have been explored (and even 
decided) in ways not previously possible. 

One such problem has been attributed to Joseph Kling [8], a music producer who 
operated a chess-oriented coffee house in London from 1852. Kling, who migrated to 
England from Germany, is described as "a pioneer of the modem style of chess" [5]; 
he published several studies on the game including the popular but short-lived journal 
Chess Player, co-edited with the chess professional Bernhard Horwitz. Kling posed 
the following question: using a player's eight major chess pieces and no pawns, can 
all squares on the chessboard be covered (attacked)? At first glance the problem looks 
easy-the eight pieces collectively have more than enough attack power. Determining 
whether there is a solution, however, is nontrivial. No simple logical argument has yet 
been discovered. 

Because a chessboard is small, the combinatorial size of chess problems is theoreti- 
cally tractable. However, only the recent advances in computing power have made this 
true in practice. In 1989, Robison, Hafner, and Skiena [8] applied an exhaustive search 
to prove that no solutions exist to the Kling cover problem. To accomplish this using 

the computing power available at the time, they developed a novel technique for reduc- 
ing, or "pinning," the number of solutions that need to be searched. Their approach, 
although not immediately intuitive, reduced the search space by more than 99.9%. 

With the computing power available today, problems such as this can now be ex- 
haustively searched in a reasonable time with no need for creative pinning of the search 
space. However, there will always be larger problems pushing the limits of computing 
power, and methods for reducing the search space help put more of these within reach. 
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