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and then

(A‘3a Mu3, V3) = (_)"27 M2, —V2) = ()"5 M, V).

The final result will be the same. This shows that the ray emerging after three reflec-
tions is parallel to the original ray.

Finally, we consider the special occurrence of a ray entering the cube corner parallel
to one of its faces. This case can be viewed as if the reflections take place on a billiard
table, with a ball hitting successively two concurrent sides of the table; the answer is
the same.

Conclusion We have shown that (almost) every ray emerging from a cube corner
system after reflecting off its three plane walls has the same direction as the incoming
ray that produced it. Thanks to clever applications of this magic mirror property, our
travel is safer and we can measure the distance all the way to the Moon. If you ever
encounter Smart Dust, remember the reflective property behind its design.
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There is a beautiful theorem in spherical geometry that is not well known, and that
doesn’t appear in most texts on the subject.

The theorem says that for any spherical triangle of area 7 on the unit sphere, four
congruent copies of it tile the sphere; that is, the copies can be positioned so that
any two triangles meet at an edge, with vertices meeting vertices, and the union of
these four triangles is the sphere [1; 3, p. 44; 6, p. 94]. The configuration is shown in
FIGURE 1, which may aid readers in guessing the proof.

What appears to be less known (in fact, the authors can find no reference to it) is
that the four vertices on the sphere determined by this tiling form the vertices of an
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isosceles tetrahedron (opposite edges of the tetrahedron are equal) [2]. Hence, every
such tiling of the sphere is obtained as the projection from the center of an inscribed
isosceles tetrahedron.

Background We introduce some preliminary definitions and results that the reader
may already know, in which case it is possible to skip ahead. Given a point P on the
unit sphere, the intersection of the line joining the center of the sphere to P meets the
sphere at a diametrically opposite point P’. The pair P and P’ are called antipodal
points. We define a line on the sphere to be a great circle, that is, the intersection of
the sphere with a plane containing the center of the sphere. The complement of a line
is two disjoint open hemispheres.

Given two distinct nonantipodal points, P and Q, there is a unique line containing
them. This line is the intersection of the sphere with the plane containing P and Q
and the center of the sphere. We denote it by /PQ. We let PQ denote the smaller of the
arcs on the line that connects P to Q. It follows that length of PQ is less than 7. We
denote the fact that two arcs PQ and RS have equal length by PQ = RS, blurring the
distinction between a segment and its measurement.

Given three distinct noncollinear points A, B, C, no two of which are antipodal, we
define the spherical triangle AABC to be the union of the arcs AB, BC, and CA. We
call AB the edge of the triangle joining vertex A to vertex B, similarly for BC and CA.
Such a triangle necessarily lies in an open hemisphere. Clearly each edge of AABC
determines an open hemisphere containing the remaining vertex. The intersection of
these three open hemispheres is the interior of AABC. The area of AABC is defined to
be the area of its interior. It should be intuitive as to what is meant by the three angles
of AABC, and we denote by ZCAB, /ABC, and /BCA the measure in radians of these
three angles. The main result that we use to prove our theorem is a remarkable theorem
attributed to Girard. Girard’s theorem says that

LCAB + (ABC + [BCA — = Area(AABC)

Weeks [8] gives an elegant proof of this result.

Finally, we need to say what we mean by two triangles being congruent. We adopt
the Euclidean notion, which says that two triangles are congruent if there is an isometry
between the triangles. The isometries of the sphere are of three types, a reflection in a
line, a product of two reflections (this is equivalent to a rotation about an axis through
the antipodal points where the lines meet), and a reflection followed by a rotation
perpendicular to the line of reflection (a glide reflection) [S].

Reflections and glide reflections do not preserve orientation, which we wish to do in
this discussion. Hence, for us two triangles are congruent if one can be rotated onto the
other, see [7]. The usual theorems for congruence of spherical triangles—SSS, SAS,
ASA, and AAA—will determine uniqueness up to isometry, so we must show that the
copies of our triangle are all rotations of it.

Proving the theorem To demonstrate our result, let AABC be a spherical triangle of
area 7. Choose an edge (say AB), let M be the midpoint of that edge, as in FIGURE 1.

From our definition of a triangle it follows that MC\{M, C} lies in the interior of
AABC. Rotate AABC by 7 about the axis through M and its antipodal point M’. Under
this rotation A and B interchange and C maps to a fourth distinct point D. It is clear
that C and D are distinct, since the length of MC is less than 7. Also C, M, and D lie
on the line determined by M, M’, and C.

It is not difficult to see that MC has a length greater than 7 /2 otherwise AABC
would fit inside a quadrant (as the length of AB is less than ) and hence have area
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Figure 1

strictly less than 7. Hence, M’ is the midpoint of CD. The points C, M, and D lie on
the line determined by M, M’, and C and M'D = M'C. Also M, M’, and A lie on
line /AB, with A and B lying in distinct open hemispheres determined by line /CD.

Consider the four triangles AABC, ABAD, ACDA, and ADCB. Clearly any two
meet at a common edge with vertices meeting vertices. If we partition ACDA into
ACM’'A and AAM'D, and ADCB into ADM’B and ABM'C, we see that the three
triangles ACM'A, AABC, and ABM'C tile the closed hemisphere determined by line
AB and C. Similarly AAM'D, ABAD, and ADM'B tile the closed hemisphere deter-
mined by line /AB and D. It follows that AABC, ABAD, ACDA, and ADCRB tile the
sphere.

We have AABC congruent to ABAD, as they are rotations of each other by 7 about
the axis through M, M’. Also ACDA is congruent to ADCB for the same reason. By
Girard’s theorem, we have /CAB + /ABC + /BCA = 27 (since Area AABC = 7).
Also, LCAB + (DAC + /BAD = 2z (sum of angles around vertex A). But /BAD =
LABC (AABC is congruent to ABAD) hence /DAC = /BCA.

It now follows that if we rotate AABC by 7 about the midpoint N of AC, then A and
C change places and B maps to D (DA = CB as ACDA is congruent to ADCB). Thus
AABC is congruent to ACDA and so the four triangles are congruent. In particular
AB = CD, BC = AD and AC = BD, which means that the tetrahedron formed by the
vertices ABCD is isosceles.

Now the great circle through M, M’, and the midpoint N of AC has MN = M'N
(AABC is congruent to ACDA), and as MN + M'N = m, it follows that MN = /2.
We therefore deduce that the medial triangle of AABC is an octant [1, 4].

Constructions This proof gives a method for drawing such triangles on a sphere:
Mark two antipodal points on the sphere. Center congruent arcs of length less than
on these points in such a way that the arcs do not lie on the same great circle. Connect
the end points of the arcs in the appropriate way to obtain the tiling. Varying the length
of the arcs and the angle they make with each other gives all possible tilings.

To construct an isosceles tetrahedron, note that its faces must be four congruent
acute angled triangles. Take any acute angled triangle ABC and rotate it by 7 about an
axis through the midpoint of AB perpendicular to the plane of the triangle. Let D be
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the image of C. Then AB < CD. Now rotate AABD about AB so that the image of D
is D' and AB = CD’. 1t follows that tetrahedron ABCD’ is isosceles.
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One of the more appealing theorems in plane geometry is the butterfly theorem:

BUTTERFLY THEOREM. Through the midpoint 1 of a chord AC of a circle, two
other chords EF and HG are drawn. If EG and HF intersect AC at M and N, respec-
tively, then IM = IN.

Since 1815, when this theorem appeared as a proposed problem in the Gentleman’s
Diary (1815, pp. 3940; see also [1, p. 195]) it has attracted many lovers of mathe-
matics, some of whom have produced simple and elegant proofs, while others devised
various generalizations. In a delightful and well-documented article, Bankoff [1] dis-
cusses the butterfly theorem for circles and some variants. In particular, on p. 207 one
finds an “area method” applied to prove that if / is a point anywhere on the chord AC
(as in FIGURE 1), IA = a, IC = ¢, IM = m, IN = n, then:

1 1 1 1
— = (1)
m n a ¢

In this note, we give a similar proof of a butterfly theorem for quadrilaterals. Our

proof depends primarily upon the following properties for areas of triangles:

P1 If KX is the intersection of the lines XY and UV, V # K (FIGURE 2a), then

AUXY) UK
—AEVXY; = VK where A(UXY) denotes the area of triangle UXY.



	Article Contents
	p. 311
	p. 312
	p. 313
	p. 314

	Issue Table of Contents
	Mathematics Magazine, Vol. 78, No. 4 (Oct., 2005), pp. 255-333
	Front Matter
	Stopping Strategies and Gambler's Ruin [pp. 255-268]
	Arthur Cayley and the Abstract Group Concept [pp. 269-282]
	Dirichlet: His Life, His Principle, and His Problem [pp. 283-296]
	Notes
	Heads up: No Teamwork Required [pp. 297-300]
	The Humble Sum of Remainders Function [pp. 300-305]
	On Tiling the n-Dimensional Cube [pp. 305-308]
	The Magic Mirror Property of the Cube Corner [pp. 308-311]
	Spherical Triangles of Area π and Isosceles Tetrahedra [pp. 311-314]
	A Butterfly Theorem for Quadrilaterals [pp. 314-316]
	Row Rank Equals Column Rank [pp. 316-318]
	A Modern Approach to a Medieval Problem [pp. 318-322]

	Problems [pp. 323-329]
	Review: Reviews [pp. 330-331]
	News and Letters [pp. 332-333]
	Back Matter



