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At first glance, the subject of dynamical systems seems unrelated to number theory. 
Number theory deals with integers: more specifically, integer solutions to equations, 
primes, reducing modulo n, and so on. In dynamical systems, we study how quantities 
change in time when governed by such things as differential equations or recurrence 
relations. 

But in this note we will prove an important and foundational result in number theory 
using techniques from dynamical systems. Most of the proof is geometric, as is com- 
mon in dynamical systems, rather than algebraic, which is common in number theory. 
The result, known as Fermat's little theorem, says this: 

THEOREM.(FERMAT) Let p be a prime number, and a any integer. Then 

aP= a (mod p).  

This theorem, not to be confused with its more famous brother, Fermat's Last The- 
orem, is useful not only when you want to compute what 69397 is modulo 13 (though it 
is useful for that kind of problem); it is also foundational to the RSA code in modern 
cryptology (Churchhouse's book on codes [2] gives a readable account of this). Fer- 
mat's little theorem and its generalizations make frequent appearances in any course 
in number theory and abstract algebra. 

There are many elementary proofs of this result: Almost every number theory text- 
book (like Niven and Zuckerman's book An Introduction to the Theory of Numbers [5]) 
and abstract algebra textbook (like Artin's Algebra [I] and Herstein's Topics in Alge- 
bra [4]) states, proves, and applies this result. 

Usually, the theorem is proved using algebraic ideas-some of them very abstract. 
In this note we will prove it with a simple argument from dynamical systems on the unit 
interval [0, 11. The basic idea is to count points of minimum period p of a particular 
dynamical system, and note that this number must be divisible by p .  

A referee pointed out another dynamical-systems proof of this result, by Haus- 
ner [3]. Although that proof yields other impressive results beyond Fermat's little the- 
orem, it is much less visual. 

Proo$ For every integer n, we define the function Tn : [O, 11 + [O, 11 as follows: 

Here the braces denote the fractional part, so that T, (x) is in the interval [0, 11 .We 
can picture Tn in two different but important ways. First, we can draw a graph, as in 
FIGURE 1, which shows a graph of T3(x). Second, we can think of T, as something that 
happens to points on the interval [0, 11. That is, we imagine that the point x E [O, 11 
gets moved to the point T,(x). You may wish to draw your own sketch of T3(x) as a 
transformation of our interval, but one will be provided soon. 
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Figure 1 The graph of T3 

The important thing is that some points get left where they were (these are called 
B e d  points, and occur when Tn(x) =x), and some points get moved somewhere else. 
We now imagine that this operation of applying T, happens again and again, so that if 
we imagine a frog on the interval at point x at time 0, then at time 1, the frog jumps to 
Tn(x); at time 2, it is at T,(T,(x)), and so on. Some points in [0, 11 will be periodic, 
in the sense that a frog starting at that point will repeat its path over and over again, 
so that Tn(Tn(. . . (Tn(x)))) = x for some number of iterations of T,. We call a point 
k-periodic if it comes back after k times, and call k its minimal period if it doesn't 
come back for any earlier time. So the 1-periodic points are fixed points. Note that 
there might be points that never return to their starting position and so are not periodic 
at all (it turns out there are many of these for the function T,, but that is not important 
in this proof). 

We now determine two crucial properties of the family of functions T,: 

L E M M A1. Let n be an integer greater than I .  Thefinction Tn (x) has nfixedpoints 
in [0, 11. 

Pro05 Recall that a fixed point of Tn is a point where T,(x) =x. On a graph of T,, 
then, this happens when the graph crosses the line y = x, because those are the points 
where the x-value and the y-value are equal. 

FIGURE1 shows a graph of T3.Notice that the line y = x crosses this graph in 
exactly 3 places, once for each linear segment in the graph. More generally, if n is a 
positive integer greater than 1, then there will be n linear segments, each of slope n,  
and which proceed in y-value from 0 to 1. In particular, each crosses the line y = x 
exactly once. So there are n fixed points of Tn in [0, 11. rn 

Now for those of you who prefer a more formal, nonvisual argument for the same 
result: 

Pro05 We will show that the fixed points have the form x = k/(n - 1) where k is 
any integer in the range {0, 1, . . . ,n - 1 ) .  When 0 5 k < n - 1 ,  
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In this case, 0 5 k < n - 1 ,  so 0 5 k / ( n  - 1) < 1, and so { k / ( n- 1))= k / ( n  - 1).  
Therefore, when 0 5 k < n - 1, 

and k / ( n  - 1 )  is a fixed point of Tn in [0, 11. When k = n - 1, then k / ( n  - 1 )  = 1, 
and Tn( l )= 1 ,  so k / ( n  - 1 )  is a fixed point of Tn in [0, 11 in this case also. 

Conversely, suppose x is a fixed point of Tn in [0, 11. Then Tn(x)= x. Using the 
formula for T,, we see that nx = k +x for some integer k ,  so that (n  - l ) x  = k ,  
and therefore x = 5.We have listed the set of fixed points as 15,A,. . . ,5).
showing that there are n fixed points of T,, in [0, 11. 

L E M M A2. Let a and b be positive integers. Thenfor all x E [O, 11, 

Proox Again, this proof can be done geometrically, noticing that each of the line 
segments that constitute the graph of Tb has as its image the interval [O, 11, so the 
graph of Ta will be replicated inside each of these corresponding intervals, as shown 
in FIGURE2. rn 

Tx(x) = Tz(Tq(x)) 

Figure 2 Composing T2 ( T ~ ( x ) )  
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The algebraic, nonvisual proof of the same result goes as follows: 

Proos The lemma is straightforward to prove for x = 1. Now consider x < 1. Then 
Tb(x) = {bx},SO that for some integer m, we have Tb(x) = bx +m. So 

T,(Tb(x)) = {a(bx +m)} = {abx +am} = {abx}= Tab(x). rn 

Now recall the statement of the theorem. We have p a prime, and a any integer, and 
we want to prove that 

a P  = a  (modp). 

Using these values of a and p ,  we consider the p-periodic points of T,. These 
p-periodic points are the fixed points of T, iterated p times, which is Tap. This 
has aP fixed points. Of these, exactly a are fixed points of T,. Since p is prime, the 
rest of them have minimal period p under T,. This means that there are aP - a points 
that have minimal period p .  

Since each point with minimal period p lies in an orbit of size p ,  there are 
(UP- a ) / p  orbits of size p .  Since this is an integer, we see that p divides aP - a ,  and 
aP = a(mod p). rn 

Three benefits of this approach come to mind: First, the approach may motivate 
students who are interested in number theory to think about dynamical systems, and 
vice versa. Second, this is amenable to a very geometric explanation that may help 
students who are visual learners. Third, this generalizes differently when p is replaced 
by a composite number. For example, the 15-periodic points have minimal period 1, 
3, 5, and 15. Now from the discussion above T, has a15 15-periodic points, of which 
a 3  - a have minimal period 3, a5  - a have minimal period 5, and a have minimal 
period 1 (are fixed points). Therefore, the number of points with minimal period 15 
is a15 - (a3 - a )  - (a5 - a )  - a ,  that is, a15 - a5 - a3  +a .  So as before, 15 divides 
a15 - a5  - a3  +a ,  or if you prefer, a15 = a5  +a 3  - a(mod 15). More generally, the 
inclusion-exclusion principle (stated in many books on combinatorics, for instance 
Van Lint and Wilson's book on combinatorics [6]) can be applied to get similar inter- 
esting congruences when 15 is replaced by other numbers. 

This is not the usual generalization of Fermat's little theorem, which can be found 
in the abstract algebra, number theory, and cryptology books mentioned in the intro- 
duction [I, 2,4,5]. The usual generalization of Fermat's little theorem for modulo 15 
would give a8 = a (mod 15). 
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