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culate the factorization we set h = 1 in (7) and (1) to get f (x) = (x2 + x − 1)(x2 −
x − 1).

EXAMPLE 6. If f (x) = x4 − 16x2 + 4, then c = −16 and e = 4. We have c2 −
4e = 240 �∈ Q2, −c + 2

√
e = 20 �∈ Q2 and −c − 2

√
e = 12 �∈ Q2, and so f is irre-

ducible.
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In the October 2005 issue of Mathematics Magazine, Sidney Kung published a note on
a theorem on butterflies inscribed in a quadrilateral which bears remarkable similarity
to the usual Butterfly Theorem (see [5]). In this note, we will show that this similarity
is not a coincidence. In fact, Kung’s Theorem really is the usual Butterfly Theorem
in disguise. To see this, it is easiest to try to prove Kung’s Theorem using projective
geometry. Indeed, if we insist on using the standard toolbox of projective geometry, it
might not even be possible to prove the theorem without reducing it to some version
of the usual Butterfly Theorem no matter what the kind of tools we allow—at least we
have not been able to find such a proof. For the purposes of this note we will only use
a few basic tools of the field, specifically the notion of an involution on a (projective)
straight line and Desargues’ Involution Theorem.1

We start with a reformulation of the Butterfly Theorem in terms of projective geom-
etry. Consider a self-intersecting quadrilateral AB ′ A′ B (the “butterfly” in FIGURE 1)
inscribed in a conic section C. Let I be the point of intersection of the sides A′ B and
AB ′. Now draw an arbitrary line through I and let C , C ′ be the points of intersection
of the line with the conic section. By Desargues’ Involution Theorem, the family of
conic sections circumscribing AB ′ A′ B defines an involution on the line CC ′, with I
a fixed point of this involution and C , C ′ a conjugate pair (i.e. they are each other’s
images under the involution).2 This completely determines the involution: Since the
fixed points of an involution are in harmonic position with respect to any conjugate

1Most of the theory needed can be found in any textbook on projective geometry. A classic is [2]. For a
discussion of Desargues’ Theorem, see also Problem 63 of [3, pp. 265–273] . Within the canon of projective
geometry, Desargues’ Theorem is usually derived from Steiner’s Theorems and some other fundamental tools.
With a little bit of analytic geometry, however, the theorem is almost immediately proved. See also the next
footnote.

2Intuitively, this follows from the fact that five points determine a conic section. Therefore, for any point on
CC ′, there is a unique conic passing through the point and circumscribing AB ′ A′ B. This conic intersects CC ′ in
only one other point (possibly the same point). Thus all the points on CC ′ come in pairs.
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Figure 1 A Butterfly in An Ellipse

pair of points, we can determine the second fixed point I ′. In fact, I ′ is the point of
intersection of CC ′ with the polar line of I with respect to the conic section C. The
involution on CC ′ is the circular inversion with respect to the circle that has I I ′ for a
diameter. It is easily verified that for this inversion one has for all conjugate points P ,
P ′ the equality

1

I P
+ 1

I P ′ = 2

I I ′ ,

where I P etc. are to be taken as “directed” distances (i.e. I P = −P I ). Since C and
C ′ form a conjugate pair while D = AB ∩ CC ′, D′ = A′ B ′ ∩ CC ′ form another one,
it follows that

1

I C
+ 1

I C ′ = 1

I D
+ 1

I D′

or, in the case of our drawing,

1

|I C | − 1

|I C ′| = 1

|I D| − 1

|I D′| ,

where |I C | denotes the absolute distance between I and C and so on. This is a slight
generalization of the version of the Butterfly Theorem that Kung refers to in his note
(see [5, p. 314]). The usual Butterfly Theorem follows by assuming that I is the mid-
point of CC ′. A similar line of argument can be used to prove Murray Klamkin’s
generalization of the Butterfly Theorem along with most of the other variations on the
usual Butterfly Theorem that are discussed on Alexander Bogomolny’s Cut-The-Knot
website (see [1], [4]).

The connection with Kung’s Theorem is illustrated in FIGURE 2. For a (convex)
quadrilateral ABCD, let I be the point of intersection of the diagonals AC and B D.
For any line passing through I , let G and G ′ the points of intersection with D A and
C B, respectively. Now consider the family of conic sections passing through D, B,
G and G ′. Since five points determine a conic section, there is a unique conic section
CH in this family that passes through a given point H on AB. Next draw the line H I .
Let H ′ be the point of intersection of H I with DC and let H̄ be the second point of
intersection of H I with CH . The point H̄ will be the image of the point H under the
involution on H I defined by the family of conic sections through D, B, G and G ′.
But this involution has I for a fixed point and the points H ′′ = H I ∩ C B and H ′′′ =
H I ∩ AD for a conjugate pair. This uniquely determines the involution. However,
under the involution induced on H I by the family of conic sections circumscribing
ABC D the same points H ′′ and H ′′′ form a conjugate pair as well, while I again is
a fixed point. In other words, the two families of conic sections give rise to the same
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Figure 2 A Butterfly in A Quadrilateral

involution on H I . According to this second definition of the involution, the image of
H is H ′. It follows that H ′ and H̄ coincide. Consequently D, B, G, G ′, H and H ′ all lie
on the same conic. Alternatively, if we wanted to use a slightly more heavy-duty tool
of projective geometry, we could have noted that G D ∩ H B = A, DH ′ ∩ BG ′ = C ,
and H ′ H ∩ G ′G = I are collinear. Therefore, by the converse of Pascal’s Theorem,
it follows that there is a conic that circumscribes the hexagon G DH ′ H BG ′.3 Either
way, this means that we have the set-up of the Butterfly Theorem as outlined at the
beginning of this note. Kung’s Theorem immediately follows.
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3The author would like to thank one of the referees for pointing this out. This observation actually suggests
an elementary way to prove the converse of Pascal’s Theorem. On Pascal’s Theorem, see Problem 61 of [3, pp.
257–261].
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