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Descartes Tangent Lines
William Barnier (bill.barnier@sonoma.edu), Sonoma State University, Rohnert Park,
CA 94928, and James Jantosciak (jamesj@brooklyn.cuny.edu), Brooklyn College
(CUNY), Brooklyn, NY 11210

Given a particular cubic polynomial function, can you find a tangent line that inter-
sects the curve exactly once; that is, only at the point of tangency? This was the main
question driving a project given to students in a Calculus I class. Using a computer
algebra system, Mathematica, the students experimented with different tangent lines
to the given cubic, plotted the curve along with the tangent line, and finally found a
tangent line that intersects the curve exactly once. They also noted that the point of
tangency for such a tangent line is the inflection point. Finally, they tried to justify
whether (or not) there is only one such tangent line using arguments based on slope
and concavity including relative growth rates at either end of the cubic and the tangent
line.

As an extra credit problem the students were asked to find a curve that had exactly
two tangent lines that intersected the curve exactly once. Several students found a
quintic polynomial with such tangent lines; again, each at an inflection point.

Question. For n a positive integer, can you find a curve that has exactly n tangent
lines that intersect the curve exactly once?

Needing terminology and recalling that Descartes’ method of equal roots [2] for
finding slopes of tangent lines depended on these lines intersecting the given curve
exactly once, we will refer to tangent lines that intersect the curve exactly once as
Descartes tangent lines or more briefly Descartes lines. If a given curve has exactly n
Descartes tangent lines, we will say the curve has a Descartes tangent number or
Descartes number of n.

Descartes Tangent Number Problem. For n a positive integer, find a curve with a
Descartes number of n.

We will search for a solution to the Descartes tangent number problem among poly-
nomial curves of degree greater than 1. After some thought, it is clear that a polynomial
curve of even degree (for example, a parabola) is not a candidate because at either end
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of the curve beyond all inflection points and far enough away every point admits a
Descartes line.

For an odd-degree polynomial, any point that admits a Descartes line must be an
inflection point. To see why, suppose the point of tangency is not an inflection point
and consider the case where the leading coefficient of the polynomial is positive. Then
the polynomial is either concave up or down in an open interval containing the point
of tangency. In the former case the curve will be above the tangent line in that interval,
so above it to the left of the tangency point. Since the leading coefficient is positive,
the curve will be below the tangent line for all points far enough to the left. Hence, by
the Intermediate Value Theorem, the curve and the tangent line must intersect at some
point to the left of the point of tangency. Similar arguments can be given for the other
cases.

Our class project established that there is a cubic with a Descartes number of 1 and
a quintic with a Descartes number of 2. Before giving a solution for the Descartes
tangent number problem, let us consider an example of a quintic.
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Figure 1 shows the graph of F(x) = 1
5 x5 − 8

3 x3 + 16x , its three inflection points,
and its two Descartes lines. Graphically or using an argument like the one given above,
it is easy to verify that the tangent line through the inflection point (0, 0) is not a
Descartes line. The Descartes number for F(x) is indeed 2.

Figure 2 shows the graph of the derivative f (x) = F ′(x) = (x2 − 4)2. The fact
that the x-values of the local extrema for f (x) and the inflection points for F(x) are
equal is the key to a solution for the Descartes tangent number problem. To construct a
solution, we found that it was helpful to restrict our search to odd-degree polynomials
that, as in the example, were symmetric with respect to the origin, increasing, and had
Descartes lines with zero slopes.

The strategy for a given value of n then is to first construct the derivative polyno-
mial f (x) of even degree 2n with f (x) ≥ 0 and local minima at n points symmetri-
cally placed on the x-axis. Hence a general solution is

f (x) =
{∏n/2

k=1 (x2 − a2
k )

2, for n even;

x2
∏(n−1)/2

k=1 (x2 − a2
k )

2, for n odd,

where the ak are distinct positive real numbers and

F(x) =
∫ x

0
f (t) dt.

It is not hard to prove the following: Each of the n local minima for f (x) cor-
responds to an inflection point for F(x) admitting a Descartes line; and each of the
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n − 1 local maxima for f (x) corresponds to an inflection point for F(x) that does not
admit a Descartes line. Hence, the polynomial F(x) of degree 2n + 1 has a Descartes
number of n. Note that, given the restrictions on F(x) of symmetry, increasing values,
and Descartes lines with zero slopes, the solution above is unique up to multiplication
by a positive constant and the choice of values ak .

Every cubic has exactly one inflection point, which admits a Descartes line, and
so every cubic has a Descartes number of 1. Moreover, the polynomial x2n+1 has a
Descartes number of 1 for all n. Is there for each n, a polynomial of degree greater
(less) than 2n + 1 with a Descartes number of n?

The reader may think of other questions regarding Descartes lines but we will pose
just two more in this paper. How does a vertical shift, either up or down, of f (x)

affect F(x)? In particular, how does such a shift affect the slope of the Descartes
lines? Is there another family of continuous curves such that for each n there is a curve
that admits a Descartes number of n?

The students’ solution to the project relied heavily on Mathematica for generating
examples and providing graphical insight. Judging from their written explanations of
the role that concavity played in their solutions, the students thereby gained a better
understanding of concavity, especially inflection points. They understood how their
visual impressions of a curve bending up or down was related to the tangent line lying
below or above the curve. Their appreciation for the relationship between the first and
second derivatives of a given function and the shape of the corresponding curve was
also enhanced. All who solved the extra credit problem conjectured that some quintic
should have two Descartes lines and then used graphical reasoning; that is, examining
the concavity and slope and placing tangent lines in the plot of a candidate quintic
until they found one that worked. One student first constructed a quartic and took the
antiderivative.

See [1] for a website from which you can download two Mathematica notebooks,
one illustrating solutions to the Descartes tangent number problem and the other con-
taining the calculus project. Also, see [3] for more on Descartes’ method.
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Fibonacci-Like Sequences and Pell Equations
Ayoub B. Ayoub (aba2@email.psu.edu), Pennsylvania State University, Abington Col-
lege, Abington, PA 19001

Pell equations, although they are not as widely known as the Pythagorean equation
x2 + y2 = z2, belong to the fascinating area of Diophantine equations in elementary
number theory. The Pell equations are of the form

x2 − dy2 = ±1, (1)
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