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The following two-part problem is based on a sample assignment in the book Writ-
ing in the Teaching and Learning of Mathematics by Meier and Rishel ([2], p. 14):

“Cubes ’R Us”: One day you decide to go to Cubes ’R Us and purchase your own
complete set of solid cubes. This special collection consists of an infinite set of cubes;
one cube of side length 1 inch, one of side length 1

2 inch, one of side length 1
3 inch, and

so on for each positive integer n.

(a) Show that if you stack cubes one on top of the other, there’s no way the resulting
tower will fit in any room.

(b) Suppose that you want to design a rectangular storage box in which you
can keep your entire set. If you are allowed to stack the cubes in any way
you wish, find the dimensions of a box that will hold your entire collection.
Also, precisely state how you will place your entire cube collection inside
the box.

Perhaps surprisingly, one can show all of this—and more—in a single Proof With-
out Words. We only need the bounds on the sum of the reciprocals of the 2n integers
from 2n to 2n+1 − 1,

1

2
= (2n)

(
1

2n+1

)
≤ 1

2n
+ 1

2n + 1
+ · · · + 1

2n+1 − 1

≤ (2n)

(
1

2n

)
= 1; (1)

and the familiar geometric series sum,
∑∞

n=1
1

2n = 1, for which there are several Proofs
Without Words. (See [1, pp. 118–121] for some examples.) We note that the left in-
equality in Equation (1) is used in a classical argument on the proof of divergence of
the harmonic series.

Consider these two views of a collection of stacked cubes.
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This elegant stacking shows the following facts:

1. From the point of view of the total height of the stack:
∑∞

n=1
1
n diverges, as there

are an infinite number of cube stacks in the side view each of height at least 1
2

by the lower bound in (1). On the other hand, the upper bound guarantees that
each cube stack also has height less than 1. This answers part (a) of the two-part
problem.

2. From the point of view of area:
∑∞

n=1
1

n2 < 2 as the total area of the cubes’ faces
visible in the side view fits inside two regions with dimensions 1 × 1.

3. From the point of view of volume:
∑∞

n=1
1

n3 < 3
2 as all of the cubes fit inside a

rectangular box with dimensions 1 × 1 × 3
2 . This answers part (b) of the two-part

problem, and these dimensions are clearly the best possible.

The bounds in Facts 2 and 3 are reasonably good:

∞∑
n=1

1

n2
= π2

6
≈ 1.64 and

∞∑
n=1

1

n3
≈ 1.20.

(The latter sum is also known as Apéry’s constant, and is equal to ζ(3).) Besides
bounding the series, the stacking also gives a nice geometric picture as to why

∑∞
n=1

1
n p

converges for some values of p but diverges for others.
The “Cubes ’R Us” problem was posed in a weekly team math competition at

Lafayette College. Three separate student groups essentially came up with this ap-
pealing construction, and one of the teams consisted of students who were still in the
calculus sequence. This goes to show that when you ask students a question, many
times you get a much better answer than you bargained for.
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