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Arrow’s famous theorem about multi-candidate elections [1] appears to assert that all
voting methods are inherently unfair. The precise statement I give my undergraduates
is

With more than two candidates, a dictatorship is the only fair method to decide
on the wishes of the voter(s).

I have to clarify that, by wishes is meant the personal rankings of all the candidates
by each individual voter, and by fair is meant that the method is both Pareto efficient,
meaning that if every voter prefers a candidate, then that candidate wins, and inde-
pendent of irrelevant alternatives (IIA), meaning that it is impossible for candidate B
to become the winner over candidate A unless at least one voter reverses his or her
preferences for A and B.

I use the Bush-Gore-Nader Presidential election to illustrate Arrow’s theorem, al-
though as time marches on it becomes less relevant to 18-year-olds. Political pundits
say that Nader split the Democratic vote allowing Bush to win a majority of votes
in the Electoral College. This demonstrates that the Plurality method is not IIA, hence
unfair. This election is the fundamental example in my liberal arts mathematics course.

If you haven’t taught voting systems before, you need to know this: the math is fun,
sometimes surprising, and accessible to students with a weak algebra background.
Voters cast ballots that, instead of listing only their first choice, rank all candidates
in order of preference. The first chore for students is to summarize the ballots in a
preference table (like Table 1) where the numbers of ballots with the same preference
order are tallied.

In Table 1, to which I was first introduced by Saari [4] and which I’ll systemati-
cally use here, twelve ballots are cast. Candidate A has the most first-place votes (5),
with candidates B(4) and C(3) close behind. It seems A should win. This method of
choosing the winner is known as the Plurality method.

Different methods produce different results. Suppose we just look at head-to-head
(Condorcet) contests. In a battle of A vs. B, B wins because, although the first 5 bal-
lots prefer A to B, the remaining 7 ballots prefer B to A. Similarly, C is preferred to
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Table 1. Election results

Number of Ballots 5 4 3

1st Place A B C
2nd Place C C B
3rd Place B A A

A. Lastly, and perhaps most surprisingly, C, who has the fewest first-place votes, is
preferred to B. So, by the Condorcet method, C wins. You can check, in addition, that
B wins using Plurality with Elimination, and that using the Borda Count C wins again
(see Table 2 for a summary of these methods). Thus if we vary the method of counting
votes, we obtain very different outcomes [1].

Table 2. Some voting methods

Method Winner

Plurality Candidate with the most first-place votes.

Condorcet Candidates are placed head-to-head. The winner
accumulates the most such wins.

Plurality with Elimination
(also called Instant Runoff)

The candidate with fewest first-place votes is eliminated
and the vote is re-calculated with that candidate’s votes
re-distributed among the remaining candidates. Repeat
until one candidate has a majority of first-place votes.

Plurality with run-off All but the top two first-place vote getters are eliminated
and their votes are re-distributed among those remaining.

Borda Count With 3 candidates, first-place votes are worth 2 points,
second-place votes are worth 1 point and third-place votes
are worth nothing. The candidate with the most points wins.

None of this is a surprise, if you have seen beginning voting theory and Arrow’s
Theorem before. However, it isn’t always obvious to students who wins with any
method except Plurality. Fortunately there is a visual method of presenting preference
table data that clarifies these complications and, using a bit of linear algebra, can do
much more. I first encountered Saari’s triangles at a Reconnect workshop Don Saari
lead a few years ago. I now teach them to my students who, as a result, have a much
better grasp of the voting paradoxes.

After students have learned to translate their data into a preference table, the next
step is to place the data in the triangle ABC (see Figure 1). Each vote goes in the
sub-triangle which closest to the first-place candidate, next closest to the second-place
candidate, and farthest from the third-place candidate.

As you can see from Figure 1(b), the weight of voter opinion in our example is
away from candidate A. Although there is some support closest to A, a greater number
of votes are in the triangles furthest from A. It becomes apparent that the reason this
election produces strange results is that there is strong opposition to A. The Plurality
method misses the essential geometry of this election and so this becomes a perfect
example of Arrow’s Unfairness Theorem.

Students can use the voting triangle to calculate the results of all the methods in
Table 2. It is a simple matter to find the winner of a head-to-head contest using reflec-
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Figure 1. Filling in a Saari triangle

tion symmetry. Imagine a vertical line bisecting the triangle, equidistant from A and
B. Votes on the side of candidate A prefer A and votes on the other side of the line
prefer B. The Borda Count is more complicated. The weights reflect distance from
the candidate’s vertex. Primary triangles, those touching the vertex, give the vertex 2
points. Secondary triangles, adjacent to primary triangles, give the vertex 1 point, and
the remaining triangles are worth zero. Students are unlikely now to miss ballots and
can focus on understanding which candidate should win.
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(a) A vs. B visual calculation (b) A modified triangle

Figure 2. Working with the Saari triangle

As the instructor you easily modify ballots to create additional examples. For ex-
ample, moving the numbers around, keeping the sum of the votes at the ends of the
triangles the same, creates preference tables with the same Plurality result. In Figure
2(b), the first place votes for A have been split so that some of the voters now have B
as their second choice. This completely changes the results of non-plurality elections.

This much is all that I share with beginning students, but there are other ideas to be
explored. One is to find the center of mass of the triangle and thereby create another
voting method. Intuitively, the closer this center of mass is to the center of the triangle,
the closer the election and the more likely results are affected by the choice of voting
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method. A complicating factor, however, is that those five first-place votes for candi-
date A are spread all over the sub-triangle to which they are assigned and so it is hard
to generate a good mass distribution function.

Another idea is to add more information to the triangle by indicating the cumula-
tive results of the several voting methods, especially Plurality, Borda Count and Anti-
Plurality. A good Multivariable Calculus student, for example, can graph the positional
line, which is found by considering x + y + z = 1 in the positive octant (see [2, 3, 5]).
The positional line records all the outcomes of Generalized Positional Weighted Vot-
ing, a system where first-place votes are worth 1 − s, second-place votes are worth
s and third-place votes are worth zero. (If s = 0 this is Plurality; if s = 1/3 it is the
Borda Count.) The enhanced triangle allows us to visualize (un)fairness by showing
how close the Plurality (lower left end of the line in Figure 3) is to the center of the
triangle and the multiple possible results possible with one preference table.
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Figure 3. Overlaying the positional line

Summary. Students sometimes have difficulty calculating the result of a voting system ap-
plied to a particular set of voter preference lists. Saari triangles offer a way to visualize the
result of an election and make this calculation easier in the case of several important voting
systems.
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