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In 1225 Fibonacci visited the court of the Holy Roman Emperor, Frederick II. Because
Frederick was an important patron of learning, this visit was important to Fibonacci.
During the audience, Frederick’s court mathematician posed three problems to test
Fibonacci. The third was to find the real solution to x3 + 2x2 + 10x = 20. In [2],
Brown and Brunson dub this solution “Fibonacci’s forgotten number.” Fibonacci was
not able to find the exact solution but did provide an approximation in base 60. In base
10, Fibonacci’s approximation is 1.36880810785.

Brown and Brunson discuss several methods that Fibonacci might have used to
find his estimate and conjecture that the method of Elchataym (described below) was
the one that Fibonacci actually used. We continue this discussion and present another
method, not mentioned by Brown and Brunson, but probably known to Fibonacci and
more likely to be the one that he actually used.

The method of Elchataym
This method starts with two approximations, x0 and x1, one low and the other high.
For example, if x0 = 1 and y = f (x) = x3 + 2x2 + 10x − 20 then y0 = f (x0) = −7.
Likewise if x1 = 2, y1 = f (x1) = 16. Figure 1 is a plot of f (x) along with the line
segment joining our two points.

We see that if A = (x2, 0), then x2 is a better approximation to our solution than
either x0 or x1. The slope of the line segment is:

y1 − y0

x1 − x0
= 0 − y1

x2 − x1

thus

x2 = x1 − y1

(
x1 − x0

y1 − y0

)

so that

x2 = 2 − 16

(
1

23

)
= 30

23
≈ 1.3043478

and

y2 = f (x2) ≈ −3.036082
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Figure 1.

Since it turns out that x2 is an underestimate of the solution, we replace (x0, y0)

with (x2, y2) and iterate. Table 1 gives the first 15 results.

Table 1. The method of Elchataym.

n xn

−1 1
0 2
1 1.304347826087
2 1.357912304658
3 1.366977804817
4 1.368500975600
5 1.368756579007
6 1.368799462883
7 1.368806657476
8 1.368807864500
9 1.368808067000

10 1.368808100973
11 1.368808106672
12 1.368808107629
13 1.368808107789
14 1.368808107816
15 1.368808107820

Brown and Brunson note that due to the concavity of the graph, the new estimate
is always an underestimate, so we always replace (x0, y0). This is a source of some
consternation because Fibonacci gave an overestimate. This makes it unlikely that
Fibonacci used the method of Elchataym. Of course, the algorithm itself does not
depend on the concavity. If the new estimate is an underestimate, replace (x0, y0) and
iterate again. If it is an overestimate, replace (x1, y1) and iterate again. More on the
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Method of Elchataym (also called Double False Position) can be found elsewhere in
this issue, in the article by Boman [1].

Another method
The Babylonians knew how to compute square roots by a method which was also used
by Heron of Alexandria. Fibonacci would certainly have been aware of this technique.
If x = √

N , then x2 = N and x = N
x . So if xn is an underestimate of the square root

of N , then N
xn

is an overestimate. Likewise if xn is slightly higher, then N
xn

is slightly

lower. In either case, the average, xn+1 = xn+(N/xn)

2 , is a better estimate and this process
converges very quickly to the correct answer.

We can easily adapt this method to Fibonacci’s problem. If x3 + 2x2 + 10x = 20,
then x(x2 + 2x + 10) = 20 and x = 20

x2+2x+10
. So, as above, if xn is an estimate of x

which is slightly low (high), then 20
x2

n+2xn+10
is an estimate which is slightly high (low).

The average of the two will be a better estimate. Table 2 gives the first 15 iterates using
x0 = 2.

Table 2. Heron’s method.

n xn

0 2
1 1.55555555555556
2 1.42165695106872
3 1.38357577364863
4 1.37292028587122
5 1.36995207144968
6 1.36912626077840
7 1.36889658419456
8 1.36883271204415
9 1.36881494992243

10 1.36881001051394
11 1.36880863693332
12 1.36880825495992
13 1.36880814873852
14 1.36880811919985
15 1.36880811098557

Note that since we started with x0 = 2, all the estimates are overestimates as was
Fibonacci’s estimate. In this sense our result agrees better with Fibonacci’s than the
method of Elchataym.

Conclusion
We would be remiss if we did not point out that both methods were later subsumed
by the Newton-Raphson method for finding the zeros of a function, f (x). Using this
method, xn+1 = xn − f (xn)

f ′(xn)
. The method of Elchataym gives:

xn+1 = xn − yn

(
xn − xn−1

yn − yn−1

)
≈ xn − f (xn)

f ′(xn)
.
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Likewise for example, if x = √
N , then x2 = N and x2 − N = 0 so f (x) = x2 − N .

Thus by Newton, we obtain:

xn+1 = xn − x2
n − N

2xn
= x2

n − N

2xn
= xn − N

xn

2
,

which is Heron’s method.
Heron’s method works nicely on Fibonacci’s problem and gives an overestimate just

as Fibonacci did. To conjecture that Fibonacci used a method yielding an overestimate
is much more plausible than to conjecture that he made a mistake or deliberately gave
an incorrect estimate [2, p. 119].

We probably will never know exactly which technique Fibonacci used because in
his era the methods used by a mathematician were his stock and trade and therefore
kept as secret as possible. There is no doubt that there are other methods that were
known by Fibonacci which he might have been used to solve this problem. It certainly
was a pleasure to find and propose such a solution.
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I take space to be absolute.

—Isaac Newton

I take space to be something purely relative, as time is.

—Gottfried Leibniz

A theory has only the alternatives of being right or wrong. A model has a third
possibility; it may be right but irrelevant.

—Manfred Eigen
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