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It is well known that the nth Fibonacci number Fn, defined by the recurrence Fn+2 = 

Fn+\ 4- Fn with initial conditions F\ = F2 = 1, is given in closed form by the Binet 
formula 

In a series of papers ([l]-[5]) as well as their recent book [6], Benjamin and Quinn 

(along with others) proved a variety of identities involving very general Fibonacci (and 
the related Lucas) sequences. They used ingenious counting arguments involving ran 

dom tilings with variously conditioned tiles. A tiling of length n has n cells associated 
with it. For example, a square (lxl tile) covers one cell and a domino (1x2 tile) 
covers two. A random tiling involves, at each stage, randomly choosing among the tiles 

with a specified probability distribution. One then interprets cn = Fn+X as the number 
of ways to tile the first n cells, for then cn satisfies the same recurrence relation and 
initial conditions as those of Fn+\. Proving identities involving general Fibonacci and 

Lucas numbers via random tilings involves viewing an identity "as a story which can 
be told from two different points of view." (See [5, p. 359].) 

For example, proving the Fibonacci numbers are given by the Binet formula in 
volves calculating the probability that a random tiling of infinitely many cells using 
only squares and dominoes is breakable at cell n, that is, a square or a domino be 

gins at cell n, in two different ways. The proof considers the probability of choosing a 

square in our random tiling to be 1/0 and the probability of choosing a domino to be 

1/02, where 0 satisfies (1/0) + (1/02) 
= 1, that is, 0 = (1 + \/5)/2. This choice of 

probability distribution implies that the probability of an infinite tiling beginning "with 

any particular length n sequence of squares and dominoes is l/0n" (see [1, p. 512]), 
and hence depends only on n and not on the distribution of tiles covering the first n 
cells. In fact, in [1], every model has this key feature. 

The purpose of this note is to give an example of what happens when the choice of 

probability distribution for the tiles does not exhibit this feature. The price one pays is 
that instead of an equality one gets a beautiful congruence relation. 

Theorem. Let a and b be positive integers satisfying a2 = ??(moda + b ? 
1). Then, 

if{Fn} is the Fibonacci sequence, 

(b+\)an-xFn = 
(\-(-b)n)(mo?a + b-\) for all n e N. 
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Proof. Consider a random tiling consisting of independently chosen squares and 
dominoes. Let a/(a + b) be the probability that a square is chosen, and let b/(a + b) 
be the probability that a domino is chosen. If qn is the probability that the tiling is 
breakable at cell n, with qx = 1, then qn = 1 ? 

(b/(a + b))qn-\ because the only way 
it cannot be breakable at cell n is if a domino starts at cell n ? 1. The solution of 
this linear, non-homogeneous difference equation is found by standard means (see, for 

example, [7]) and is given by 

_ a + b _ ?_^_V-1 
/ b \ 

qn a + 2b~\ a+b) \a + 2b) 
' 

(This proves, in particular, that lim^oo^ 
= (a + b)/(a + 2b).) Multiplying both 

sides of the above equation by (a + 2b)(a + b)n~l, we have 

(a + 2b)(a + b)n~lqn 
- 

(a + Z?)n = (-l)""'^. (1) 

On the other hand, since Fn is the number of ways to tile the first n ? 1 cells, we 

can write 

where each / corresponds to exactly one of the Fn tilings of squares and dominoes; 
thus Ui is the number of squares and v? is the number of dominoes in the /th tiling, 

with Ui + 2vt; = n ? 1 for all /. (This is because each domino takes up two cells.) We 

allow for the fact that many ut, v? pairs will be the same, since more than one tiling 
of length n ? 1 can be formed from a fixed number of squares u? and a fixed number 

of dominoes v?. Multiplying both sides of (2) by (a + 2b)(a + b)n~l will clear that 

equation of denominators and allow us to use equation (1) to eliminate qn; we get 

Fn 

(a + b)n + (-iy-lbn = (a + 2b) J2(a 
+ b)n-l-Ui~ViaUibVi. 

i=i 

By assumption, a2 = 
b(moda + b ? 

1) and obviously a + b = l(moda + b ? 
1), so 

changing the above into a congruence (moda + b ? 
1) we arrive at 

Fn 
i + (-i)n-ibn 

= 
(b+i)^2aUi (a2y? (mo?a+b 

- 
!) 

/=i 

= (6+ lK_1Fn(modtf+ Z?- 1), 

yielding the desired result. 

Corollary 1. If m is any integer and n e N, then 

(m2 + l)mn-1 Fn 
= 

(1 
- 

(-m2r)(modm2 + m- 1). (3) 

Proof. The cases m = 
0, ?1, and ?2 are trivially true. Applying the theorem to 

the pair a = m, b = m2 proves the congruence (3) holds for any natural number m. 
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By inspection, the pair a = m2 ? 4m + 2, b = m also satisfies the congruence a2 = 

b(moda + b ? 
1). The theorem implies, for m > 4, that 

(m + l)(m2 
- 4m + 2)n~1Fn 

= 
(l 

- 
(-m)M)(modm2 

- 3m + 1). (4) 

Since formally replacing m by 1 ? m in the congruence in (3) yields the congruence 
in (4), we see that (3) holds for negative integers also. 

Examples. Using (4) in Corollary 1 with m = 5 (the pair a = 7, b = 5) gives us the 

identity 6 T~l Fn 
= 

(1 
- 

(-5)")(mod 11), which can be rewritten as Fn = 23n~2(\ 
- 

6n)(modll). 
The modulus need not be prime however, as can be seen by using m = 9 (the pair 

a = 47 and b = 9) in equation (4). 
The second corollary involves an application of Euler's (Fermat's) theorem. Let 

O(m) denote Euler's totient function (a non-standard notation), that is, O(l) = 1 and 

O(m) is the number of positive integers less than m and relatively prime to m. We also 

let (m,n) denote the greatest common divisor of m and n. 

Corollary 2. Let m, n be positive integers satisfying (5,m) = l, m > n > 3, and 

m\n2 
? 3/2 + 1. Then 

F<p(m)?i 
= l(modm) and F^(m) 

= 
O(modm). 

In particular, 

F<p(?2_3n+l)?i 
= 1 (modrc2 

- 3rc + 1) and F0(n2_3n+1) 
= 

0(modrc2 
- 3rc + 1) 

whenever these polynomials are positive and not divisible by 5. 

Proof. Let m > n > 3, and m\n2 
? 3n + 1. Let a = m ? n + 1 and b = n in the 

theorem. Then a + b ? 1 = m and a2 = 
b(modm) so 

(n + \)(m -n + l)1'1 Ft = (1 
- 

(-/i)')(modm) for all t e N. (5) 

Since 

n2 ? 3n + 1 = (n 
? 

l)2 
? 

n, m\n2 
? 3n + 1, and (n 

? 
1, n) ? 1, 

we have (m,n 
? 

1) = (m,n) = 1. Hence (m 
? n + 1, m) = 1. By Euler's (Fermat's) 

theorem we get 

(m-ft + l)4^ 
= 

l(modm) 

as well as 

(-n)?(m) 
= 

l(modm). 

Letting t = O(m) + 1 in (5) gives us 

(n + l)F?D(m)+1 
= 

(1 + n)(modm). 

However 

m\n2 
? 3n + 1 = (n + l)2 

? 5n and (5, m) = 1 
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implies that (m, n + 1) = 1, so the above result becomes 

^o(m)+i 
= 

l(modra). 

The other congruences follow similarly by letting t = O(m) 
? 1 and t = <&(m). 

While the authors could not find the exact formulation of the theorem in the lit 

erature, we mention that the theorem can be shown to be equivalent to the following 
lemma of Koshy (see [8, pp. 408^1-09, Lemma 34.1]), which he proved using strong 
induction. 

Lemma. For integers m > 2 and n > 0, 

Fn_i 
- 

mFn 
= 

(-l)"mn(modra2 + m-\). 

In conclusion, the reader is invited to extend the theorem to more general situa 

tions. Specifically, what congruence can be found concerning the solution to a more 

general recurrence like Gn = cGn-\ + dGn_2, with arbitrary initial conditions G0 and 

G\, where c, d, G0, and G\ are natural numbers? Benjamin et al. tackled such ques 
tions using different phases for the initial tile and different colors for non-initial tiles. 

What if we allow arbitrary integers instead of just natural numbers? How about con 

gruences concerning solutions of higher order difference equations? Can other ideas 

in the series [l]-[3] be carried over to find more congruences? 

Acknowledgment. The authors would like to thank the anonymous referee for several sug 

gestions that helped improve the quality of this exposition. 
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