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Recently I was struck by the fact that an odd prime p has (p − 1)/2 quadratic
residues mod p and that for relatively prime p and q, there are (p − 1)(q − 1)/2
non-representable Frobenius numbers. I found the presence of (p − 1)/2 in both
expressions curious. Is there some relationship between quadratic residues and the
Frobenius numbers that accounts for the presence of (p − 1)/2 in the two expres-
sions?

As it so happens, there is. Square the non-representable Frobenius numbers for p
and q. Mod p, these numbers consist of q − 1 copies of each of the (p − 1)/2 quadratic
residues mod p, and, mod q, they consist of p − 1 copies of each of the (q − 1)/2
quadratic residues mod q. The situation for 5 and 7 is illustrated in the following table.
The first row consists of the non-representable Frobenius numbers for 5 and 7, and the
second the squares of these numbers. The third and fourth rows are the second row
mod 5 and mod 7, respectively.

x 1 2 3 4 6 8 9 11 13 16 18 23

x2 1 4 9 16 36 64 81 121 169 256 324 529

x2 mod 5 1 4 4 1 1 4 1 1 4 1 4 4

x2 mod 7 1 4 2 2 1 1 4 2 1 4 2 4
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As we can see, the squares of the non-representable numbers mod 5 consist of six
copies each of the two quadratic residues mod 5 (1 and 4) and, mod 7, they consist of
four copies each of the three quadratic residues mod 7 (1, 2, and 4). It is not obvious
from the table why this might be the case, as there appears to be no pattern to the
distribution of the residues.

Before we prove our observation, we should define our terms more carefully. A
quadratic residue of p is a value of n for which n �≡ 0 mod p and the equation x2 ≡ n
mod p has a solution in x . The quadratic residues mod 5 are 1 and 4 because, mod 5,
12 ≡ 1, 22 ≡ 4, 32 ≡ 4, and 42 ≡ 1, and any number larger than 5 that is not a multiple
of 5 is congruent to one of 1, 2, 3, and 4. One of the most well-known theorems
concerning quadratic residues is that an odd prime p has (p − 1)/2 quadratic residues
and (p − 1)/2 quadratic nonresidues mod p [1, p. 179].

Given relatively prime integers p and q, an integer n is representable by p and q if
there exist nonnonegative integers a and b such that ap + bq = n. The coin problem of
Frobenius is to determine the largest non-representable integer n for a given p and q.
The problem is so named because it can be posed like this: A shopkeeper has coins of
denominations p and q only. What is the largest amount of money for which the shop-
keeper cannot make change? The example given in the table describes the case for five-
and seven-cent coins. Using only coins of these two denominations, the shopkeeper can
make change for any amount of cents other than those listed in row 1 of the table. The
two-coin Frobenius problem—in which coins of two denominations are allowed—was
solved by Sylvester [4]. His results are that the largest non-representable integer for
relatively prime p and q is (p − 1)(q − 1) − 1, and there are (p − 1)(q − 1)/2 such
non-representable integers. The three-coin Frobenius problem was solved by Selmer
and Beyer [3]. The Frobenius problem for four or more coin denominations, however,
remains unsolved. Guy [2, pp. 171–174] contains a discussion of partial results related
to the Frobenius coin problem and a long list of references.

It turns out that the set of non-representable Frobenius numbers is a member of
a collection of subsets of {1, 2, . . . , pq}, all of which produce the quadratic residue
phenomena we have observed. We begin our proof of these claims with the following
lemma.

LEMMA 1. If p and q are relatively prime, then any arithmetic sequence of length
q with common difference p contains exactly one multiple of q.

Proof. Let {a, a + p, a + 2p, . . . , a + (q − 1)p} be an arithmetic sequence of
length q with common difference p. Clearly, {0, 1, 2, . . . , q − 1} contains exactly
one multiple of q. Since p and q are relatively prime, multiplying by p simply per-
mutes this set, mod q. Adding a just permutes the set again, mod q. Thus {a, a + p,

a + 2p, . . . , a + (q − 1)p} contains exactly one multiple of q.

With the result of Lemma 1, we can now define a certain class of subsets of
{1, 2, . . . , pq} and prove that all of its members produce the observed quadratic
residue behavior.

LEMMA 2. Let p and q be odd primes. Let S be a subset of {1, 2, . . . , pq} with the
following properties:

• S contains no multiples of p or q.
• If x is not a multiple of p or q, then exactly one of x and pq − x is in S.

Then the squares of the integers in S, mod p, consist of q − 1 copies of each quadratic
residue mod p, and, mod q, they consist of p − 1 copies of each quadratic residue
mod q.



66 MATHEMATICS MAGAZINE

Proof. Let T = S ∪ {x : x ∈ {1, 2, . . . , pq} and pq − x ∈ S}. By definition of
S, T is {1, 2, . . . , pq} less the multiples of p and q. Also, {1, 2, . . . , pq} can be
expressed as {a + kp : 1 ≤ a ≤ p, 0 ≤ k ≤ q − 1}. By Lemma 1, then, the set T
consists of q − 1 representatives from each of the p − 1 nonzero congruence classes
of p. Since the squares of a complete residue system mod p produce two copies of
each of the quadratic residues mod p [1, p. 179], the squares, mod p, of the integers in
T consist of 2(q − 1) copies of the quadratic residues mod p. As x2 ≡ (pq − x)2 mod
p, the squares of the integers in S, mod p, comprise q − 1 copies of each quadratic
residue mod p. Swapping the roles of p and q in this argument shows that the squares
of S also form p − 1 copies of each quadratic residue mod q.

All that remains now is to prove that the non-representable Frobenius numbers have
the properties of the set S described in Lemma 2. Since every multiple of p or q is
clearly representable, and Sylvester’s results [4] imply that every integer larger than
pq is representable, this reduces to proving the following result. (The result is actually
true for relatively prime p and q, not just for p and q prime.)

LEMMA 3. If p and q are relatively prime, x is an integer such that 0 < x < pq,
and x is not a multiple of p or q, then exactly one of x and pq − x can be represented
as a nonnegative combination of p and q.

Proof. Suppose that x = ap + bq for some nonnegative a and b. Since x is not a
multiple of q, we have 0 < a, and x < pq implies a < q. Similarly, 0 < b < p. Now,

pq − x = pq − ap − bq = (q − a)p − bq = −ap + (p − b)q.

Both representations of pq − x given here have a negative term. Moreover, any other
solution, formed by adding and subtracting kpq from the two terms to obtain

pq − x = (q − a − kq)p + (kp − b)q,

or

pq − x = (kq − a)p + (p − b − kp)q,

will necessarily have a negative term for every choice of k. Therefore, pq − x has no
nonnegative representation.

Conversely, if x has no nonnegative representation, then, as x is not a multiple of
p or q, we must have one negative term and one positive term in any representation.
Choose the representation with smallest positive a. Therefore, b must be negative. We
have

x = ap + bq.

If q ≤ a, we can replace a by a − q and b by b + p to obtain another representation
of x . This, however, contradicts the definition of a. Thus 0 < a < q. Next, if b ≤ −p,
then we have x < 0, also a contradiction. Therefore −p < b < 0. Consequently,

pq − x = pq − ap − bq = (q − a)p − bq,

yielding a nonnegative representation of pq − x .

Since Lemma 3 shows that the non-representable Frobenius numbers have the prop-
erties of the set S described in Lemma 2, we have proved our initial observation:

THEOREM. Let p and q be odd primes. Then the squares of the non-representable
Frobenius numbers for p and q consist, mod p, of q − 1 copies of each of the quadratic
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residues mod p, and, mod q, they consist of p − 1 copies of each of the quadratic
residues mod q.
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You probably know how to factor the cubic polynomial x3 − 4x2 + 4x − 3 into
(x − 3)(x2 − x + 1). But can you factor the quartic polynomial x4 − 8x3 + 22x2 −
19x − 8?

Curiously, techniques for factoring quartic polynomials over the rationals are never
discussed in modern algebra textbooks. Indeed, Theorem 1 of this note, giving condi-
tions for the reducibility of quartic polynomials, appears in the literature, so far as I
know, in only one other place—on page 553 (the very last page) of Algebra, Part 1 by
G. Chrystal [3], first published in 1886. Interest in the theory of equations, the subject
of this book and many others of similar vintage, seems to have faded, and the fac-
torization theory for quartic polynomials, presented in this note, seems to have been
forgotten. Perhaps it is time for a revival!

All polynomials in this note have rational coefficients, that is, all polynomials are
in Q[x]. Moreover, we are interested only in factorizations into polynomials in Q[x].
The factorization x2 − 2 = (x + √

2)(x − √
2) is not of this type since x + √

2 and
x − √

2 are not in Q[x]. In our context, x2 − 2 has no nontrivial factorizations and so is
irreducible. A polynomial, such as x3 − 4x2 + 4x − 3 = (x − 3)(x2 − x + 1), which
has a nontrivial factorization is said to be reducible. For a nice general discussion about
the factorization of polynomials over Q, see [1].

Basic tools for factoring polynomials are the following:

• Factor Theorem: Let f ∈ Q[x] and c ∈ Q. Then c is a root of f (that is, f (c) = 0)
if and only if x − c is a factor of f (x).

• Rational Roots Theorem: Let f (x) = an xn + an−1xn−1 + · · · + a1x + a0 with inte-
ger coefficients an, an−1, . . . , a0. If p/q is a rational number in lowest terms such
that f (p/q) = 0, then p divides a0 and q divides an .

These theorems suffice to factor any quadratic or cubic polynomial since such a
polynomial is reducible if and only if it has a root in Q. Finding such a root is made
easy by the rational roots theorem, and then long division yields the corresponding
factorization.


