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If n even:

n∑

k=1

(2k − 1)2 (−1)k = 2n2

E.g. n = 4:

  3 5
2 2 7 21
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Long ago I studied at Adelphi University. Teaching there at that time was Donald
Solitar. An associate told me that Solitar was working on an abstract algebra textbook
whose selling point would be lots of great examples. When I asked for one, I was
shown the following, which, until recently, I had never seen in print. I have now learned
that it has appeared in a book by Rotman [1]. Whatever its provenance, this example
deserves a wider audience.
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Consider the set, S of polynomials in one variable over the integers with zero coef-
ficient on the linear term. That is to say consider:

S = {
an · xn + an−1 · xn−1 + an−2 · xn−2 + · · · + a2 · x2 + a0

}

Now it’s easy to verify that S is an integral domain. But the delightful surprise is
that this integral domain does not have unique factorization into irreducibles (nonunit
elements x such that if x = yz then y or z is a unit) and that this is clear immediately
from what follows. Consider x6. This can be written as x2 · x2 · x2 or x3 · x3. Both x2

and x3 are clearly irreducible in S. And since these two factorizations into irreducibles
contain different numbers of factors, they are distinct.

As a bonus we also find that x2 and x3 are not prime illustrating that prime and
irreducible are separate concepts. For example, x2 divides x3 · x3 while not dividing
either factor.
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tk = 1 + 2 + . . . + k ⇒
2n∑

k=1

(−1)ktk = 2tn

E.g., n = 3:

 1t− 365432 2tttttt =+−+−+

NOTE. For a “proof without words” of a similar statement—alternating sums of an
odd number of triangular numbers—see Roger B. Nelsen, this MAGAZINE, Vol. 64,
no. 4 (1995), p. 284.


