
This series likewise can be verified by writing the right-hand side as a telescoping
series

n!
∞∑

k=0

k!
(k + n + 2)! = n!

∞∑
k=0

1

(k + n + 2)(k + n + 1) · · · (k + n − 1)(k + 1)

= n!
[

1

n + 1

∞∑
k=0

(
1

(k + n + 1) · · · (k + 2)(k + 1)

− 1

(k + n + 2)(k + n + 1) · · · (k + 2)

)]
.

The series (3) and (4) also follow from the more general results for
∫

x p/q ln(x) dx ,
where p and q are positive integers. Using both methods for integration, we obtain(

p

p + q

)2

=
∞∑

k=0

k! qk+2

k+2∏
i=1

(p + iq)

.

A word of caution should be mentioned regarding column integration. Selection of
the initial functions to be placed under the D and I column is critical, for convergence
may occur with one choice and not the other (although this is not too surprising since
students face the same dilemma with integration by parts). Sometimes convergence
may not occur with either choice as shown by

∫
sin(x) cos(x) dx , which evaluates to

either ±(sin2 x + cos2 x + sin2 x + cos2 x + · · ·).
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◦

Constrained Optimization with Implicit Differentiation
Gary W. De Young (gdeyoung@kingsu.ab.ca) The King’s University College, Edmon-
ton, Alberta, Canada T6B 2H3

One of my favorite topics of first semester calculus is optimization using derivatives.
Here students can really begin to see derivatives as powerful tools to solve many prac-
tical problems that occur in a wide variety of areas. This capsule presents an approach
to constrained optimization problems that avoids much of the algebraic difficulties as-
sociated with the standard method of solving constrained optimization problems. This
approach often leads to relations, not immediately available from the standard method,
that give deeper insight into solutions. Hopefully the students will remember the in-
sights even after they have forgotten how to take derivatives.
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The standard approach to constrained optimization problems may be summarized as
follows: (1) Find a function z = f (x, y) that describes the quantity z to be optimized
and find a relation 0 = g(x, y) that forms the constraint on x and y; (2) Use 0 =
g(x, y) to write z as a single variable function z(x) = f (x, y(x)); (3) Find values of
x where z′(x) = 0; and (4) finally find the optimal values of z.

The approach presented here differs from the standard approach by using implicit
differentiation in place of substitution in step 2 and by finding a relation that holds
between x and y instead of finding values for x in step 3. The relation found can then
be used to find optimal variable or function values. In problems with one constraint,
the solution can often be visualized by graphing the constraint and the newly found
relation as illustrated in problem 1 below.

Although there are multivariable techniques for constrained optimization (Lagrange
multipliers or differential forms [1]) that yield results similar to those presented here,
students in first semester calculus generally are not ready for them. In many texts, im-
plicit differentiation is covered before optimization, so using this approach should be
within the reach of first semester students. It also gives students a very good applica-
tion of implicit differentiation.

The following problems, found in many calculus texts, will illustrate the use of
implicit differentiation in constrained optimization problems.

Problem 1. Using a fixed length of fence, find the maximum area enclosed in a
rectangular field that is to be subdivided into rectangular plots. The sides of the field
may be river bank, cliff walls, etc. See Figure 1.

Figure 1.

Solution. The mathematical problem is to maximize A = xy subject to L = mx +
ny, where n is the number of vertical sections of fence, m is the number of horizontal
sections of fence, and L is the fixed length of fence available.

We proceed by using implicit differentiation to compute d A/dx and then set it to
zero,

0 = d A

dx
= y + x

dy

dx
.

Using L = mx + ny, we implicitly compute

dy

dx
= −m

n
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and substitute dy/dx into the first equation to obtain

ny = mx . (1)

From (1) and L = mx + ny, it follows that y = L/(2n) and x = L/(2m) for a maxi-
mum area of A = L2/(4mn). Computation of d2 A/dx2, using implicit differentiation,
shows that the area is maximized since d2 A/dx2 = −2m/n.

The result can be visualized easily by graphing (1) and L = mx + ny. The co-
ordinates of the intersection point provide the dimensions of the (shaded) field. See
Figure 2.

Figure 2.

An important point to note is that (1) gives us far more insight into the solution than
merely the dimensions of the optimal field. Together with the constraint equation, (1)
leads to a general principle that for a given length of fence, the partitioned rectangular
field having maximum enclosed area is formed by using half of the fence for horizontal
divisions and half for vertical divisions. The farmer in your class will remember this
answer.

Problem 2. What is the minimal cost can (right circular cylinder) for a fixed vol-
ume, where the cost of the ends vary from the costs of the side?

Solution. The problem boils down to minimizing C = A(2πr 2) + B(2πrh) subject
to V = πr 2h, where A and B are the respective costs per unit of surface area for the
ends and the sides, r and h are the radius and height of the can, and V is an unknown
fixed volume.

Proceeding as in the previous problem, we use implicit differentiation to differenti-
ate C with respect to one of the variables, say h, and then set dC/dh equal to zero,

0 = dC

dh
= 4π Ar

dr

dh
+ 2π B

(
r + h

dr

dh

)
.

Implicitly differentiating V = πr 2h to find dr/dh, we substitute

dr

dh
= − r

2h
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Figure 3.

into the optimization equation and simplify to obtain

2Ar 2 = Brh. (2)

Looking back at the formula for C , we see (2) implies that in the optimal can the
ends cost half as much as the side. If the A = B, then the shape that minimizes the
can’s surface area for a fixed volume has diameter equal to its height. The entrepreneur
will remember this.

Problem 3. Two towns are to build a water pumping station on a river with pipelines
running straight from the pump station to each of the towns. Where should the pump
station be located to minimize the total length of the pipelines?

Solution. For fixed lengths A, B and D, the problem’s essence is minimize L =
L1 + L2 subject to the constraints L2

1 = A2 + x2 and L2
2 = B2 + (D − x)2. See Fig-

ure 3.

Figure 4.
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Beginning with the optimization equation

0 = d L

dx
= d L1

dx
+ d L2

dx
, (3)

we implicitly differentiate both constraint equations and substitute

d L1

dx
= x

L1
and

d L2

dx
= −(D − x)

L2
.

into (3) to obtain

x

L1
= (D − x)

L2
.

Therefore, cos θ1 = cos θ2 and θ1 = θ2 (since θ1 and θ2 are less than π). In other words,
the pumping station should be positioned so that the angles between the river and the
towns are equal. The civil engineer will remember this result.

As you can see from the problems above, using implicit differentiation in place
of substitution in constrained optimization problems leads to a delightfully straight-
forward method with insightful solutions. It also begins (or continues) the process of
leading students to understanding equations as relations between variables rather than
objects to be solved and that relations do actually have meaning!

Hopefully the farmer, entrepreneur, and civil engineer will remember these results
long after they have completed their calculus course.
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Big Numbers Bite the Dust

In 2002, the following integers were completely factored: 2953 + 1, 108! + 1,
and the 967th Fibonacci number. These were tough numbers because they all
had large n-digit factors that were the product of two primes, each with around
n/2 digits. Sean Irvine (sairvin@xtra.co.nz) can fill you in on the details.
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