
x = 100 in (2), and the fraction 1/(100 − w) has powers of w appearing in groups of
two digits. For example, 1/97 = .01030927 . . . , the powers of three. The Fibonacci
numbers result from p = q = 1, c0 = 0, c1 = 1, x = 10 in (2) as 10/89 = .11235 . . . ,

or using x = 100, we find 100/9899 = .0101020305081321 . . . . If we make up our
own sequence 2, 5, 7, 12, 19, . . . , where p = q = 1, c0 = 3, c1 = 2, and let x = 100,
we find 203/9899 = .0205071219 . . . .

We can put an arithmetic progression into the digits of a decimal expansion by
taking c1 = a, c2 = a + d, c0 = a − d. Then cn+2 = 2cn+1 − cn, and p = 2, q = −1
in (2). Let x = 102, and expand fractions y/9801. The terms of the chosen arithmetic
progression appear in blocks of two digits. Some examples are:

100/9801 = .010203040506 . . .

200/9801 = .020406081012 . . .

299/9801 = .030507091113 . . .

301/9801 = .030711151923 . . .

399/9801 = .040710131619 . . .

799/9801 = .081522293643 . . .

Make your own examples and check the results in Mathematica. How many digits
before the pattern wears out? What is your favorite example? The possibilities are
endless.
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◦

A Calculus Theorem Motivated by a Statistics Problem
David L. Farnsworth (dlfsma@rit.edu), Department of Mathematics and Statistics,
Rochester Institute of Technology, Rochester, NY 16623

Intervals supporting a prescribed area arise in statistics. For example, for random
variable X with probability density function (pdf) f (x), an interval (x1, x2) such that∫ x2

x1
f (x) dx = 0.95 is an interval estimate for the next x-value with degree of confi-

dence 0.95. For the best precision, it is desirable to use the shortest such interval. The
following theorem presents conditions for the interval to be the shortest.

Theorem. For the non-negative real function f (x) with continuous first deriva-
tive, consider x1 and x2 in the domain of f (x) such that x1 < x2, f ′(x1) > 0, and
f ′(x2) < 0. The interval (x1, x2) encloses a relative maximum area among all inter-
vals of the same width and centered in the neighborhood of (x1 + x2)/2 if and only if
f (x1) = f (x2).

126 c© THE MATHEMATICAL ASSOCIATION OF AMERICA



Proof. For f (x1) = f (x2), consider intervals of width x2 − x1 with endpoints
x1 + δ and x2 + δ where δ is small and can be positive or negative. Then,

d

dδ

∫ x2+δ

x1+δ

f (x) dx = f (x2 + δ) − f (x1 + δ)

is zero for δ = 0. Also,

d2

dδ2

∫ x2+δ

x1+δ

f (x) dx = f ′(x2 + δ) − f ′(x1 + δ)

is negative for δ = 0. By the second derivative test [2, p. 284],

∫ x2+δ

x1+δ

f (x) dx

has a relative maximum at δ = 0. The converse follows similarly.

The hypotheses of the theorem can be weakened. The condition that f (x) is
continuously differentiable can be replaced with just continuity. Also, f ′(x1) > 0
and f ′(x2) < 0 can be replaced by: f (x) is increasing in an interval about x1

and f (x) is decreasing in an interval about x2. Then, for δ < 0 and sufficiently
small, f (x2 + δ) − f (x1 + δ) > f (x2) − f (x1), and for δ > 0 and sufficiently small
f (x2 + δ) − f (x1 + δ) < f (x2) − f (x1). The first derivative test [2, p. 283] implies
that

∫ x2+δ

x1+δ

f (x) dx

has a relative maximum at δ = 0 if and only if f (x1) = f (x2).
At first, the theorem may seem counterintuitive since different areas would appear

to be added and subtracted for each δ when the absolute values of the derivatives
f ′(x1) and f ′(x2) are unequal. See Figure 1. However, the fundamental theorem of

f(x) 

x1 x1+ δ  x2 x2 + δ
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0.04

0.02
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Figure 1. The center of the interval is shifted by δ, while the width is constant.
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calculus shows that the rate of change of area at each x is f (x) [2, p. 382]. Requiring
f (x1) = f (x2) produces the critical point.

Given a predetermined value for the area, the narrowest interval must have the same
value for f (x) at its endpoints. Otherwise, if the conditions of the theorem are satisfied,
the interval will not be the narrowest.

Applications. The theorem presents a method for solving the optimization problem
of finding the width of the narrowest interval containing 100γ % of the continuous
random variable X with 0 < γ < 1. Assume that f (x) is unimodal so that there is no
issue of lower density regions within the interval. Choose a value d for f (x). If the
conditions of the theorem are fulfilled, for each d the interval from the smaller value to
the larger value of f −1(d) is locally the narrowest interval. The algorithm is to iterate
on d until the prescribed area γ is reached to the desired precision. Using a computer
algebra package, a value for d is selected, f −1(d) is found, and the area between those
two values is computed. A new value for d is selected. At each step the enclosed area
is compared to γ . Once an area that is close to γ is reached, simultaneously compute
areas for many values of d that are a small increment apart to approximate γ . Shortest
intervals must have equal values for f (x) at their end points, so the search is over
narrowest intervals. Often, the local minimum is global.

Consider the gamma density f (x) = 1
16 xe−x/4 for x > 0 and γ = 0.5. We obtain

width 5.930. The center of the interval is 4.707. This center and width are an average
and a dispersion for X , obtained from the most compact fifty percent of the density,
which is displayed in Figure 2.

 
Center  

<-------- Width --------->

f(x)
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Figure 2. The center and width of the most compact fifty percent of the gamma pdf with
f (x) = 1

16 xe−x/4 for x > 0.

In a Bayesian analysis in which f (θ) is the posterior distribution of the parameter θ

created from prior information and observations, intervals like these are called highest
posterior density (HPD) regions or credibility intervals [1, pp. 29–32]. The intervals
can be different from the usual confidence intervals that are seen in elementary statis-
tics courses. Typically, those are symmetrical in the sense that the (α/2)100th and
(1 − α/2)100th percentiles of the sampling distribution form the interval estimates for
values of α such as 0.01 and 0.05.
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◦

Combinatorial Proofs via Flagpole Arrangements
Duane DeTemple (detemple@wsu.edu), Washington State University, Pullman, WA
99164-3113

In their recent book [1], Arthur Benjamin and Jennifer Quinn derive a wide array of
algebraic and number theoretic identities with clever applications of elementary count-
ing principles. As they say, “While [counting is] not necessarily the simplest approach,
it offers another method to gain understanding of mathematical truths. To a combina-
torialist, this kind of proof is the only right one.” A sampling of the combinatorial
approach was presented in [2], which also issued a challenge to the reader to find a
combinatorial proof of the identity

n∑
k=1

k2 = 1

4

(
2n + 2

3

)2

.

In this note, I will take on this challenge by considering arrangements of flag-
poles and guy wires. This scheme has several nice features. Primarily, it is easy
to visualize and therefore suggests some useful correspondences between arrange-
ments that would remain hidden in more abstract set correspondences. Moreover, it
is quite versatile, so that a number of identities can be obtained by varying the rules
of the valid arrangements. In particular, it is easy to obtain a new combinatorial proof
of the sum of cubes identity shown in [2]. In the concluding example, a flagpole
arrangement problem is devised that gives a purely combinatorial derivation of the
identity

n−1∑
k=1

k2(n − k) = 1

3

(
n

2

)(
n + 1

2

)
.

The proof of the following identity serves as a warm up to the flagpole arrangement
method.

Identity A.

n−1∑
k=0

(
k

q

)(
n − 1 − k

r

)
=

(
n

q + r + 1

)

Question: Consider n blocks, each of which can either support a flagpole or an-
chor a single guy wire. The pole is to be supported by q blue guy wires attached
to distinct blocks to the left of the pole, together with r red guy wires attached
to distinct blocks to the right of the pole. In how many ways can the pole and its
supporting guy wires be arranged?
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