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14
Coordinate Method with Software

In Chapter 8 we introduced the coordinate method and showed how analytic geometry could be used
to solve many geometry problems. At times the algebra was a bit difficult, but mostly we considered
problems that could be solved by hand. There are problems, however, for which a coordinate method
solution seems very appropriate, but for which the necessary algebraic manipulations are too tedious
to attempt by hand. In such cases, we may wish to use a computer algebra package to aid in the
calculations. Below we list a variety of problems, most of which also appeared elsewhere in the
book. In each case, the coordinate method will provide an alternative solution to the one given
previously.

There is a Maple worksheet that accompanies this text, and it contains detailed instructions on
how to use the program Maple. The reader who owns Maple will be able to use the worksheet
interactively to solve geometry problems we pose. At the end of the worksheet we provide complete
Maple solutions for all problems that appear below.

Problems

14.1 Prove that if in a triangle ABC, mc = c/2, then ∠C is a right angle.

14.2 Let ABCD be a parallelogram, and let F ∈ AD be such that AF = 1
5AD. Let E be the

intersection of segments BF and AC. Prove that AE = 1
6AD. Generalize the problem.

14.3 Prove that any two medians of a triangle intersect at a point that divides their length in ratio
2:1 (measuring from the vertex to the midpoint).

14.4 Let P be the parabola given by y2 = 4ax. Prove that all chords of P that subtend a right
angle at the vertex of P are concurrent.

14.5 Let A1, B1, and C1 be points on the sides BC, CA, and AB, respectively, of �ABC, having
the property that BA1/A1C = CB1/B1A = AC1/C1B. Prove that the centroids of �ABC,
�A1B1C1, and the triangle formed by lines AA1, BB1, and CC1 coincide.

14.6 Let A, B, C, and D be four points such that AB ⊥ CD and BC ⊥ AD.

(a) Prove that AC ⊥ BD.
(b) Prove also that in this case, AB2 + CD2 = AC2 + BD2. Does this equality imply that

AB ⊥ CD?
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FIGURE 14.1.

14.7 Let l be a line passing through the vertex M of parallelogram MNPQ and intersecting lines
NP , PQ, and NQ in points R, S, and T , respectively. Prove that 1/MR + 1/MS = 1/MT .

14.8 Prove that the three medians in any triangle are concurrent.

14.9 Prove that in a right triangle ABC where ∠C is a right angle, mc = c/2. (This is the converse
to Problem 14.1.)

14.10 Consider three circles of distinct radii, each lying in the exterior of each of the others. For
each pair of circles, take the intersection point of their common external tangents. Prove that
the resulting three intersection points are collinear.

14.11 (Ceva’s Theorem) Given �ABC, let D, E, and F be interior points on its sides BC, CA,
and AB, respectively. (See Figure 14.1.) Prove that AD, BE, and CF are concurrent if and

only if
AE

EC
· CD

DB
· BF

FA
= 1.

14.12 Let ABCD and A1B1C1D1 be parallelograms with A1B1C1D1 inscribed in ABCD, i.e.,
vertices A1, B1, C1, and D1 lie on AB, BC, CD, and DA, respectively. Prove that the centers
of these parallelograms coincide.

14.13 Let ABCD be a trapezoid with BC ‖AD, AD = a, BC = b, and let O be the intersection
of the diagonals AC and BD. A line through O that is parallel to the bases intersects lateral
sides AB and CD at points E and F , respectively. Show that EO = OF .

14.14 Let A1, B1, C1, and D1 be the midpoints of sides CD, DA, AB, and BC, respectively, of a
square ABCD of area 1. Find the area of the quadrilateral bounded by segments AA1, BB1,
CC1, and DD1. Can you generalize the problem to the case where DA1/DC = k (k �= 1/2)
and likewise for the other three sides.

14.15 Let A, B, and C be complex numbers, and let �ABC denote the corresponding triangle in
the complex plane with vertices ordered clockwise. Let ζ be the complex number of unit
modulus and argument 60◦. Prove that �ABC is equilateral if and only if Aζ − Bζ 2 −
C = 0.

14.16 On each side of a parallelogram, draw a square externally. Show that the centers of the squares
form the vertices of a square.

14.17 Consider an equilateral triangle ABC. Let A1, B1, and C1 be points on BC, CA, and AB,
respectively, such that BA1/A1C = CB1/B1A = AC1/C1B = 1/2. Let A2 = BB1 ∩ CC1,
B2 = CC1 ∩ AA1, and C2 = BB1 ∩ AA1. Find

Area(�A2B2C2)

Area(�ABC)
.
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14.18 Let ABCD be a trapezoid, and let P and Q be the midpoints of the bases BC and AD,
respectively. Take a point M on ray AC such that M is outside of the trapezoid. Let lines
MP and MQ intersect lateral sides AB and CD at points H and K , respectively. Prove that
HK is parallel to the bases.

14.19 Let ABCD be a trapezoid with BC ‖AD, let O = AC ∩ BD, and let K = AB ∩ CD. Prove
that line KO passes through the midpoints of the bases AD and BC.

14.20 Given an isosceles �ABC with a = c, prove that the sum of distances from every point of
AC to lines AB and CB is the same.

14.21 Given an equilateral triangle ABC, prove that the sum of the three distances from every
interior point or boundary point to its sides is the same.

14.22 (Generalization of Newton’s Theorem) A quadrilateral is circumscribed around an ellipse.
Prove that the center of the ellipse coincides with the midpoint of the segment joining the
midpoints of the diagonals of the quadrilateral.

14.23 The midpoints of the sides AB and CD, and of sides BC and ED of a convex pentagon
(5-gon) ABCDE are joined by two segments. The midpoints H and K of these segments
are joined. Prove that HK ‖AE and HK = 1

4AE.

14.24 Two pirates decide to hide a stolen treasure on a desert island, which has a well (W ),
a birch tree (B), and a pine tree (P ). To bury the treasure, one of the pirates starts at
W and walks towards B and after reaching turns right 90◦ and walks the same distance
as WB reaching the point Q. The second pirate starts at W and walks towards P , after
which he turns left 90◦ degrees and walks the same distance as WP reaching the point R.
Then they bury the treasure halfway between Q and R. Some months later the two pirates
return to dig up the treasure only to discover that the well was gone. Can they find the
treasure?

14.25 Suppose that four intersecting lines form four triangles. Prove that the circumcircles around
these triangles share a common point.

14.26 Prove that in any triangle, a line passing through the bases of two of the altitudes is perpen-
dicular to the line passing through the third vertex and the center of the circumcircle of the
triangle.

14.27 In this problem we will discuss a reflection property of the hyperbola that is analogous to that
of the ellipse. For additional information about the interior and exterior of a hyperbola, see
the statement of Problem 6.9. Let H(F1, F2; d) be a hyperbola and let A be a point on H. We
define a tangent to H at A to be a line intersecting H at A but containing no interior points
of H. Suppose A is on the branch of H closest to F2. Let m be perpendicular to the bisector
of the angle made by

−−→
F2A and

−−→
AF1 at A. (See Figure 14.2.) Show that m is the tangent to H

at A.

14.28 Let a, b, c, and d be complex numbers corresponding to distinct points A, B, C, and D in
the complex plane. Then AD and BC are perpendicular if and only if (d − a)/(c − b) = 0
is purely imaginary.

14.29 Prove that any five points in general position uniquely determine a non-degenerate conic.

14.30 Let A, B, C, and D be consecutive points on a parabola. Let C1, C2, and C3 be the points
of intersection of the pairs of lines A1B2 and A2B1, A1B3 and A3B1, and A2B3 and A3B2,
respectively. Prove that C1, C2, and C3 are collinear.
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14.31 Suppose that three circles with equal radii intersect at a point. For each pair of these circles,
consider the other point of their intersection. Prove that these three points lie on a circle of
the same radius.

14.32 (Ptolemy’s Theorem) Consider four points A, B, C, and D in the plane. Prove they lie on a
circle if and only if AB · CD + BC · AD = AC · BD.

14.33 Given three circles of radii r1, r2, and r3, such that each is externally tangent to the other two,
find the radius of a circle that passes through the points of tangency of these three circles.


