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Preface

Approach

Geometry is a rich and beautiful subject with a long history, offering an ideal platform for studying
mathematics. It is a foundational source of a very large part of modern mathematics; as recently as
the nineteenth century, mathematicians were referred to as “geometers.” The problems that arise
in Euclidean geometry lend themselves to solutions embedded in a wide variety of mathematical
areas. We wish to review and deepen readers’ understanding of Euclidean geometry, and emphasize
some techniques developed after Euclid, many of which are not well-known or widely used by non-
professionals. Our desire is to rekindle the relationship between geometry and broader mathematics.

Several excellent college-level geometry texts have appeared during the last forty years. However,
whereas geometry was once perceived as a system of properties of geometric objects (like polygons,
circles, polyhedra, spheres), many recent treatments have turned the subject into an arena for
introducing formal logic and developing proof-writing skills.

The main goals of this book are different. Instead of carefully building geometries from axiom
sets, we will focus on using a variety of mathematical methods to solve problems in Euclidean
geometry. Many of these methods arose when people tried to solve problems in old ways and failed.
In several cases, the new ideas used in solving specific problems later were developed into areas of
mathematics in their own right. Our book is first and foremost one for learning mathematics, with
geometry providing the content, and our hope is that studying geometry along the lines we suggest
will develop students’ appreciation of the subject and of mathematics as a whole.

One important aspect of this book is its thorough treatment of the coordinate method and its
applications. Despite the fact that it has been in mathematics for four centuries, it is usually not a
tool a student considers using when faced with a geometry problem. One reason for this may be the
fear of complicated algebraic manipulations, but we try to illustrate that when the method is used
cleverly, the involved algebra is relatively easy. We provide a supplement to the book in which we
explain how to write simple procedures in Maple to help with difficult algebraic manipulations (see
comments on Chapter 14 below). We believe that this presentation does not detract from mastering
geometry, but rather provides a tool similar to that of the calculator for performing mundane
numerical computations.

The book contains many problems of varying difficulty; nearly half its pages are devoted to
problem statements, hints, and complete solutions. Much can be learned by comparing various
solutions. Supplemental problems may be found at the end of each of Chapters 3–13, for which we
do not provide solutions in the text itself. Some problems appear repeatedly throughout the book, and

ix



P1: KpB

MABK012-BOOK MABK012/Bayer Trim Size: 7.5in× 10.5in July 15, 2010 16:24

x Preface

we suggest trying to solve them using different methods and comparing the merits of each approach.
We place paramount importance on the problems and their solutions, as many of them continue the
discussion from the chapter. We try to avoid “baroque” problems (such as the nine-point circle),
choosing instead to raise more natural questions, which are often just as challenging. Each set of
problems is divided by horizontal lines into three subsets of (generally) increasing difficulty.

We attempt to bring to the book the spirit exercised by professional mathematicians. For example,
when we pose the question of describing the set of all points in the plane with a given sum of
distances to two fixed lines, we follow up by asking similar questions about the difference, product,
and ratio; or, we may press the reader to consider whether a fact remains valid in more general cases.

We try to incorporate some surprising or not well-known facts that we have encountered while
teaching the subject and writing the book.

� For example, we highlight that all parabolas are similar (but not all ellipses or all hyperbolas).
Students have been told about “narrower” and “wider” parabolas, but while their graphs suggest
such differences, it simply isn’t the case. This fact surprised Kepler, who wrote about it with
excitement in 1609.

� Another little-known fact is that the trajectory of a projectile is not a parabola, but an ellipse, and
that Newton pointed this out in his Principia.

� Is there a nonregular convex pentagon in which every diagonal is parallel to a side? (Yes.)
� For any n ≥ 6, is it possible to have n points such that any five of them lie on an ellipse, but no

six do? (Yes.) What about on a hyperbola? (Yes.) What about on a parabola? (No!)

In addition to being a text for a college geometry course, the book can be utilized in other ways.
Most of the chapters in the second half of the book could be used independently as resources for
other high school or college courses, for enrichment materials, or for an independent study. The
book could serve as the basis for a capstone course in mathematics. The problems and solutions
would be an excellent resource for a problem-solving group.

When choosing the content necessary to achieve our goals, we encountered the painful decision
as to which topics or methods to exclude. Among those are

� physics-based concepts, such as center of mass;
� the structure of the groups of isometries (congruences), similarities, and affine transformations;
� non-Euclidean geometries, other than a brief treatment of finite geometries in Chapter 2;
� elements of arithmetic algebraic geometry;
� topics from combinatorial geometry;
� projective transformations and polarities with respect to a conic; and
� the use of eigenvalues of matrices in studying conics.

One could argue that many of the above topics do not belong to the category of plane geometry
proper, but the boundaries are constantly changing.

The omission of straight edge and compass constructions bothers us less. Despite their aesthetic
value and role in the development of mathematics, we did not see the need for them in our book, no
matter how close they are to our hearts.

Solid (3-dimensional) geometry is another matter. Many topics in this book are indispensable
for solving problems of solid geometry, and the fact that the Euclidean plane can be embedded in
Euclidean space can be extremely helpful for solving problems in the plane. Perhaps another book
will be forthcoming to treat this relationship.
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When productions of Hamlet are discussed, the details matter most. We believe that there are as
many Pythagorean theorems as there are Hamlets: although thousands of actors each year repeat the
same words, the viewers are impressed by only very few productions. We hope the audience will
remember ours.

Content

Because of our approach, we will make several assumptions that would not be made in a geometry
course that develops axiomatically. We will assume that students have had high school courses in
geometry and algebra and that they have been exposed to proofs and the rules of logic. We will
use the School Mathematics Study Group (SMSG) axioms. This axiom set has the advantage of
permitting us to begin proving meaningful theorems right away about topics with which students
are quite familiar.

Since the geometry courses students have in high school differ a great deal, we try to present
with proof most basic facts, but not all. Without doubt, some statements of geometry are more
exciting than others. For example, the fact that opposite sides of a parallelogram are congruent is
not particularly exciting; most people would “see” this fact without studying any geometry. On the
other hand, the Pythagorean theorem, though very familiar, is not obvious at all. The reader will
find that we concentrate most on some of these interesting, non-obvious facts. They are the pillars
of our presentation.

The first two chapters of the text give a short introduction to the development of the subject.
Chapter 1 provides a brief history of early geometry, highlighting the accomplishments of the
Egyptians, Babylonians, and Greeks. Chapter 2 follows up with a discussion of the axiomatization
of geometry that began with Euclid and continued into modern mathematics.

Chapters 3 through 6 introduce the Euclidean geometry of the plane. While some of this content
may be familiar to students, our treatment goes beyond that of a typical high school course and
will provide a rich source of problems for all. Chapters 3 and 4 cover lines, polygons, and circles.
Chapter 5 provides a treatment of length and area, including the Wallace-Bolyai-Gerwien Theorem.
Chapter 6 begins with a general discussion of loci of curve properties and concludes with a brief
introduction to various geometric properties of the conic sections, without going into their algebraic
descriptions; readers of all levels will likely encounter something new in this chapter. Virtually all
material presented through Chapter 6 will utilize methods accessible to Euclid’s contemporaries and
their predecessors.

Chapters 7 through 13 bring out the distinctive flavor of our approach. Each of the chapters
discusses a different modern mathematical technique for solving problems in Euclidean geometry
(modern in the sense that they were not known to Euclid). These topics include trigonometry, the
coordinate method, complex numbers, vectors, affine transformations, and inversions.

Chapter 14 contains a collection of problems for which algebraic software becomes useful
to assist with the coordinate method. There is no doubt that the actual software chosen will
change as time passes, but we used the symbolic algebra package Maple. As a supplement to
the text, we provide a CD with a Maple worksheet showing how to use Maple effectively with the
coordinate method, but we also go much further. We use the procedural capabilities of Maple to
streamline many of the repetitive constructions that arise while solving the problems we present.
Many of the examples and problems on the worksheet will have been solved with traditional methods
earlier in the text. However, we believe that learning to use software like Maple to write procedures
that solve problems is an essential part of maturing as a mathematician and that revisiting these
problems will be beneficial.
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