DAN KALMAN

A Perfectly Odd Encounter
in a Reno Cafe

v father and I were sitting in a
M cafe in Reno. I was giving him

some examples from number
theorv, including a problem that has
been unsolved since the days of ancient
Greece. Unintimidated, myfather came
up with a solution in about a minute
flat. The reasoning behind his solution,
and my skeptical reaction, reveal some-
thing about a central concern of
mathematics: the nature of proof.

We were killing time while others
in our party were playing the slot ma-
chines. Ted, that'smyfather, had been
talking about the mathematics in a
book he was reading, Michener’s The
Source. In fact, it wasn’t really math-
ematics at all. It was numerology, the
mystical interpretation of numerical
relationships for purposes of divina-
tion. It occurred to me that number
theoryisthe closest thing in real math-
ematics to the numerology Ted had
been talking about, and I tried to
describe the subject.

As an example, I told him about
perfect numbers. The number 6 is
perfect, because if you add up its
proper divisors, 1, 2, and 3, the total is
6. Another example is 28: the proper
divisorsare 1,2,4, 7, and 14, and these
sum to 28. Are there any others? Can
you find some?

It has been known for over 200 years
how to find all the even perfect num-
bers. There isaformula: 27 (2"-1).For
n=2 thisgives 2'(2°~1) =2-3=6.For n
=3weget 2°%(2°~1) = 4.7 =28. The next
possibility, n = 4, yields 120, and that

[ e e P S e S N S
DAN KALMAN is an assistant professor of
mathematics at The American University.

isn’t a perfect number because 60, 40,
and 30 are all divisors. The trouble is
that for n = 4, (2" - 1) isn’t a prime
number. Euclid showed that when (2"—
1) is prime, the formula 2"'(2"-1) al-
ways produces a perfect number. Thus,
for n=35,2"-1 =31 is prime, so we can
be sure that 2"'(2"- 1) =496 is perfect.
Some two thousand years later, Euler

Number theory...is
bursting with curious
relationships that
aren't particularly
good for anything,
but which have
Jascinated. . .
mathematicians for
centuries.

proved that Euclid’s formula actually
generatesall the even perfect numbers.
So today we know the complete story
on even perfect numbers.

So what? Who cares? What possible
use could there be in knowing about
perfect numbers? Well, number theory
is like that. It is bursting with curious
relationships that aren’t particularly
good for anything, but which have fasci-
nated amateur and professional math-

ematicians for centuries. The number
theorist and the numerologist share
this fascination with numbers, but the
number theorist doesn’t try to draw
mystical conclusions from the number
patterns. The object is simply to under-
stand the mysteries and to back up each
insight with proof.

Of course, it isn’t always easy to find
proof. That is why number theory
aboundswith conjectures: thatis, state-
ments fitting all the known data, and
seeming to be valid general laws, but
for which no proof has been found.
Number theorists do not despair of
ever finding proofs for these conjec-
tures. Why, Fermat’s last theorem was
recently proved after standing as a
conjecture for 350 years. Fermat wrote
in the 1640’s that x” + y" = z” could
never hold for positive integers x,y, z,
and n, with n > 2. That is, when work-
ing with positive integers, the sum of
two cubes is never a cube, the sum of
two fourth powers is never a fourth
power, and so on forall powers greater
than 2. From Fermat’s day until our
own, no proof could be found for his
statement. Butin 1993, Andrew Wiles
announced that he had discovered
such a proof, and today it is generally
accepted that Fermat’s theorem has

been established. So, number theorists
continue to hold out for proofs. No
matter how overwhelming the evidence,
no matter how clear the insight, true
understanding is not conceded until
there is proof.

Thatis exactly the situation with odd
perfect numbers. Since Euclid’s time,
no one has ever been able to find an
odd perfect number, even though the
numbers checked by computer reach
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into the millions and beyond. It seems
like an inescapable conclusion that odd
numbers simply cannot be perfect and
perfectnumbers simply cannot be odd.
But no one has been able to prove it.

So there I was, explaining to Ted
about number theory, how it is like
numerology, and how it is unlike. To
illustrate the ideas of conjecture and
proof, I told him about perfect num-
bers commenting that one of the oldest
open questions in number theory is
whether there are any odd perfectnum-
bers. I told him, as I have told you, that
the even case is completely solved. I
described the state of affairs for the odd
case: no one can find an odd perfect
number, yet no one can prove that
none exist.

Then, to my astonishment, Ted an-
nounced thatitwas completely obvious
that an odd perfect number is an im-
possibility. He explained his reasoning
this way: An even number is divisible by
2, and when you divide it by 2, you get
one of its divisors. In fact, you get its
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largest possible proper divisor, half of
the original number. For an even per-
fect number, adding up the remaining
divisors produces the other half of the
original number. But if the original
number (n) is odd, the smallest factor
(other than 1) isatleast 3, so the largest
proper factor is at most n/3. In that
case, in order for n to be perfect, the
other divisors—all of which are even
less than n/3—have toadd up to 2/3 of
n, and that is impossible.

Is thata proof? Was the famous prob-
lem of odd perfect numbers solved in a
Reno cafe? I was instantly skeptical.
Surely this argument could have oc-
curred to Gauss, or Euler, or even me.
Buteven more compelling, just from its
inherent structure, I instantly realized
that Ted’s argument was not a proof.
Can you see why?

One of the foremost skills of the
trained mathematician is to recognize
whatisa proof, and what is not. Yet it is
not always easy to clearly explain what
constitutes a proof. My father’s argu-
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ment is logical, it is insightful, it seems
to explain things. And yet there is a
huge hole, a gap in the reasoning. Why
is it impossible for there to be enough
small factors to total 2/3 of the original
number? Ted could give no further
explanation.

On the surface, the nature of proof
seems clear cut. There must be alogical
reason for each conclusion. If any of
the conclusions is questioned, the
prover must be able to provide reason-
ing that justifies it. This additional rea-
soning, in turn, is open to challenge,
and must likewise be defended. And so
on, and so forth, the prover must be
prepared to provide a justification for
each conclusion thatis questioned. But
this process cannot be taken infinitely
far. At some point, won’t the prover be
reduced to the same position as my
father? At some point, a step will be
reached that is so self evident that no
further explanation can be advanced.
The prover can only insist that the skep-
tic must surely agree with the conclu-



sion, just as my father insisted that no
further argument was needed for his
proof. His conclusion was transparently
selfevident! Itwasobvious! Thisiswhere
deciding what is a proof gets tricky. It
comes down to recognizing what is ob-
vious, and what isn’t.

Well, how does one recognize the
obvious? It reminds me of what the
Supreme Court justice said about por-
nographv. I may not know how to de-
fine it, butI know it when I see it. Ted’s
final assertion was definitely not obvi-
ous. His inability to explain further in-
validated the proposed proof. By train-
ing and long habit of thinking, my eye
is instinctively drawn to potential gaps
or holes in arguments. I constantly
probe the fabric of a proof. Is there a
weakness here? Can I argue a point
further there? It is my years of practice
that qualify me to judge whatis obvious.
All mathematics students need to work
at this same kind of skepticism. Be wary
of the obvious, distrust it, be as obtuse
as you possibly can. If it is overly obvi-
ous, one ought to be able to explain
why. Dig deeper, push harder, however
brightly lit the corner, shine an even
brighter light there, until the shadows
are driven out utterly. Make this your
standard practice. Only then willyou be
qualifed to say what is obvious.

Of course, there is little satisfaction
in simply denying what someone else
claims is obvious—far better to demon-
strate that the desired conclusion need
not follow. In the case of Ted’s argu-
ment, this can be accomplished by con-
sidering the example of 945. Thatis an
odd numberwhose proper divisors sum
to 975. Although the largest divisor is
945/3 = 315, and all of the other divi-
sors are even smaller, there are enough
of these small divisors to add up to more
than 2/3 of the original number. This s
just whatmy father’sargumentclaimed
wasimpossible. Thisexample highlights
the flaw in his reasoning. And since itis
possible for the proper divisors of an
odd number to have asum that exceeds
the number, it might also be possible
for an odd number to be perfect.

At this point, vou are probably ask-
ing where the 945 came from. How did
I find this example? I went looking for
it. I noticed that Ted’s argument, if

valid, would not only rule out the possi-
bility of odd perfect numbers, butwould
also rule out the existence of an odd
number which is exceeded by. the sum of
the proper divisors. Also, I knew a use-
ful fact from number theory: Given the
prime factorization m= p' p,* - p,"
the sum of all the divisors, including m
itself is equal to
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It is easy to see that this is true.
Simply observe that when the product
is multiplied out, the terms are all the
divisors of m. Things can be simplified a
little by applying the formula

% ” ,‘J‘F;l_]
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This gives the sum of the divisors as

e+ 1 l'__,‘] » +1
pp =1p -1 p' -1
= pa-1 p.—1

Using this last expression, and a hand
held calculator, it is nearly effortless to
compute the sum of the divisors for any
number. For example, if

sl B a
m=3% -5 -13

then the sum of the divisors is (242/
2)(124/4)(168/12)=121-31-14.
That'’s a pretty nifty way to total up the
divisors of 26325!

Remember the goal is to find an odd
number m which is smaller than the
sum of its proper divisors, that is, all the
divisors other than mitself. Put another
way, we need the sum of all the divisors
of m to exceed 2m. Well, experiment a
bit. Remember to use odd numbers,
and consider some mswith two or three
different prime factors, some with ex-
ponents greater than 1. It does not take
long to stumble on the example

3% .5.7=945.

And what happened to my father?
Did he change his mind about odd
perfect numbers? I am sorry to report
that he did not. By the time I found my
example, a day or two had gone by and
he had moved on to other things. I
don’t think he recalled what the main
thread of his argument had been, or
indeed, what the entire dispute was
about. Reno, after all, has many other
diversions, and one’s relatives can only
be expected to sit still for so much
mathematics. ButI hope thisarticle has
contributed to your own understand-
ing of proofs. And the next time some-
thing appears obvious, think of my fa-
ther and the cafe in Reno where, from
his point of view, the non-existence of
odd perfect numbers was proved. W

I am grateful to William Dunham of
Muhlenberg College for suggesting many
improvements to this paper.
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