
In Theorem 1, we assumed that g(x)/x is bounded near 0. This assumption rules
out, for example, g(x) = √

x . Theorem 1 is actually a special case of the following
more general theorem. The proof is similar to that given before.

Theorem 2. Let f (x) be as in Theorem 1 and let g(x) = xβγ (x), where β > 0 and
γ (x) is bounded on (0, a). Then limx→0+ f (x)g(x) = 1.

Theorems 1 and 2 take care of the analytic functions and much more. Notice that
differentiability is not assumed. For example, we can take g(x) = xβ Q(x), where
β > 0 and Q(x) is the characteristic function of the rationals. We now know where not
to look in order to find cases in which limx→0+ f (x)g(x) �= 1. The following examples
show that any limit may occur.

Example 1. Let f (x) = x and g(x) = 1/ ln(x) for x > 0. Since the function

f (x)g(x) = x1/ ln(x)

has the property that ln(x1/ ln(x)) = 1 for all x > 0, we see that limx→0+(x1/ ln(x)) = e.
Therefore, limx→0+ x1/ ln(xτ ) = e1/τ for every τ > 0. More generally, let f (x) =
xαφ(x) where α > 0 and 0 < m ≤ φ(x) ≤ M < ∞ for some positive constants
α, m, and M . Then

lim
x→0+ f (x)1/ ln(xτ ) = eα/τ .

Example 2. Let f (x) = e−1/x and g(x) = −1/ ln(x). Then

lim
x→0+ f (x)g(x) = lim

x→0+ e1/(x ln(x)) = 0.

◦

On the Work to Fill a Water Tank
Robert R. Rogers (rogers@cs.fredonia.edu), SUNY College at Fredonia, Fredonia, NY
14063

In a second semester calculus class, a problem arose in which one had to compute
the work required to fill a cylindrical water tank from a water source below the tank
through a filler pipe at the bottom of the tank (Figure 1). See [1, p. 426] for a similar
problem.

The typical solution (Figure 2) is to divide the water in the tank into (infinitely) thin
horizontal slices and compute the work to lift each slice of water into place (as though
it was a solid). In particular, the work to lift a slice of water of thickness dy to the level
y units above the base of the tank is (wπ R2 dy)(y + a), where w is the weight density
of water. Therefore, the total work required is

∫ h
y=0(wπ R2(y + a)) dy.

After we did the problem, a student asked essentially: “In computing the work to
lift the slice of water, we said that the force was the weight of the slice of water. Isn’t it
true that as the tank fills up, the force at the top of the filler pipe becomes greater which
means that it takes more work to fill slices of the tank as the water level rises?” I am
sure that he was not the first person to have raised this question. My explanations why
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Figure 1.

Figure 2.

the above method worked, even though it appeared to ignore the student’s concern,
seemed to convince no one but me. This led me to the following alternate solution.

Instead of computing the work to lift a slab of water, we will compute the work
required to raise the water level from y to y + dy. (See Figure 2.)

To do this, we must increase the volume of the water in the tank by π R2 dy. To
accomplish this task, we must push water up the bottom of the pipe a distance of dx ,
where πr 2 dx = π R2 dy. Now the force is the weight of the column of water through
and extending above the pipe. This is essentially Pascal’s law which states that the
pressure at given depth will be equal to the weight of the column of water above a
horizontal plate of unit area. Note that this increases as the water level rises just as the
student said it should. Therefore, the work to raise the water level from y to y + dy is
given by the formula (weight of the column of water) × dx which in turn yields:

(
wπr 2(a + y)

)
dx = (

wπr 2(a + y)
) (

R2

r 2

)
dy

= wπ R2(a + y) dy.

Adding these infinitesimal amounts of work, the total work becomes
∫ h

y=0

(
wπ R2(y + a)

)
dy

as obtained before.
It is interesting to note that this argument not only highlights how the answer is

independent of r , but can be modified to show that the answer is independent of the
shape of the cross section of the filler pipe. Furthermore, this approach can be modified
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by using increments and limits instead of differentials, but the present form helps to
demonstrate the utility of the differential calculus in addressing such problems. This
alternate approach will hopefully provide a better link between thought processes in
both calculus and physics.
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◦

A Magic Trick from Fibonacci
James Smoak (jsmoak@worldnet.att.net), 12140 E. Iowa Drive, Aurora, CO 80012
Thomas J. Osler (Osler@rowan.edu), Mathematics Department, Rowan University,
Glassboro, NJ 08028

A mathematical magician displays the following remarkable fractions and asks us
to think “Fibonacci.”

100

89
= 1. 1 2 3 5 955056 · · ·

10000

9899
= 1. 01 02 03 05 08 13 21 34 55 9046368 · · ·

1000000

998999
= 1. 001 002 003 005 008 013 021 034 055 089

144 233 377 610 98859958818777596 · · ·
The decimal expansion of our first fraction generates the first five Fibonacci numbers
before blurring into other digits. Our second fraction generates the first ten, and the
third fraction generates the first fifteen. Notice that the successive fractions change by
appending two 0s to the numerator and a 9 to the front and back of the denominator.
Will the next fraction 100000000

99989999 generate the first twenty Fibonacci numbers in a similar
way? Does this pattern continue forever? What is behind this magic trick?

A check of several additional fractions with a computing aide like Mathematica
shows that the pattern does appear to continue. (Roberts [2] mentions the fraction
10000/9899.)

We now reveal the machinery of the magician. We use the familiar notation F1 = 1,

F2 = 1, F3 = 2, . . . for the Fibonacci numbers, with the recurrence relation Fn =
Fn−1 + Fn−2. The generating function [1] for these numbers is the key item

1

1 − x − x2
= F1 + F2x + F3x2 + F4x3 + · · · . (1)

Note that

(F1 + F2x + F3x2 + · · ·)(1 − x − x2) = F1 + x(F2 − F1)

+
∞∑

n=2

xn(Fn+1 − Fn − Fn−1) = 1

since F1 = 1, F2 − F1 = 0, and Fn+1 − Fn − Fn−1 = 0, for all n ≥ 2.
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