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The abundancy index I (n) of a positive integer n is defined to be the ratio I (n) =
σ(n)/n, where σ(n) = ∑

d|n d. This index is a useful tool in determining whether a
number is deficient, abundant, or perfect. In particular, n is deficient if I (n) < 2, it is
abundant if I (n) > 2, and perfect if I (n) = 2. Some of the oldest open problems in
mathematics relate to the abundancy of a number. Are there infinitely many perfect
numbers? Does there exist an odd perfect number? Here are just two questions that
were posed by the Greeks over two thousand years ago, and yet they remain unan-
swered today.

In recent years, this MAGAZINE has published several interesting articles examining
the abundancy index of a number [1, 3, 4]. In [1], R. Laatsch provided a comprehen-
sive summary of what is known about the abundancy index, including a proof that
the image of I (n) is dense in the interval (1, ∞). He also posed several interesting
questions, one of which was: Is every rational number q > 1 the abundancy index of
some integer? In [4], P. A. Weiner answered Laatsch’s question in the negative by pro-
viding an infinite family of rational numbers in (1, ∞) which fail to be an abundancy
index of any integer. Even more interesting, Weiner proved that the set of rationals in
(1, ∞) not in the range of I (n) is actually dense in (1, ∞). Finally, Weiner proved the
following result:

THEOREM. (WEINER, 2000) If I (n) = 5
3 for some n, then 5n is an odd perfect

number.

In [3], R. F. Ryan then generalized this theorem of Weiner by proving the following:

THEOREM. (RYAN, 2003) If there exists a positive integer n and an odd positive
integer m such that 2m − 1 is a prime not dividing n and

I (n) = 2m − 1

m
,

then n(2m − 1) is an odd perfect number.

In Theorem 1 below, we generalize Ryan’s result further by providing a condition
that is actually equivalent to the existence of odd perfect numbers. The generalization
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is also helpful in that it sheds some light on the theorems cited above by revealing the
connection that they have to Euler’s well-known characterization of odd perfect num-
bers. (Euler proved that if an odd perfect number exists, it must have the form pαm2,
where p is a prime satisfying gcd(p, m) = 1 and p ≡ α ≡ 1 (mod 4) [2, p. 267].)

THEOREM 1. There exists an odd perfect number if and only if there exist positive
integers p, n, and α such that p ≡ α ≡ 1 (mod 4), where p is a prime not dividing n,
and

I (n) = 2pα(p − 1)

pα+1 − 1
.

Proof. If N is an odd perfect number, then Euler showed that N must have the form
N = pαm2, where p is a prime satisfying gcd(p, m) = 1 and p ≡ α ≡ 1 (mod 4).
Hence σ(N ) = σ(pαm2) = σ(pα)σ (m2) = 2pαm2, and

I (m2) = σ(m2)

m2
= 2pα

σ (pα)
= 2pα(p − 1)

pα+1 − 1
.

This proves the forward direction of the theorem.
Conversely, assume that there exists a positive integer n such that

I (n) = 2pα(p − 1)

pα+1 − 1
,

where p ≡ α ≡ 1 (mod 4) and p is a prime satisfying p � n. Then

I (n · pα) = I (n)I (pα) = 2pα(p − 1)

pα+1 − 1
· pα+1 − 1

pα(p − 1)
= 2.

So n · pα is a perfect number.
Now we claim that n · pα cannot be even. For if it were, it would have the Euclid-

Euler form for even perfect numbers:

n · pα = 2m−1(2m − 1)

where 2m − 1 is prime. Since 2m − 1 is the only odd prime factor on the right hand
side, pα = p1 = 2m − 1. But p ≡ 1 (mod 4) and 2m − 1 ≡ 3 (mod 4) (because m must
be at least 2 in order for 2m − 1 to be prime). This contradiction shows that n · pα is
not even. Therefore it is an odd perfect number.

In closing, we note that if I (n) = 5/3 then 5 cannot be a divisor of n. (See the proof
of Theorem 3 in [4].) Hence Theorem 1 yields Weiner’s result when p = 5 and α = 1.
If α = 1 and p = 4k + 1, then

2pα(p − 1)

pα+1 − 1
= 2p

p + 1
= 2(4k + 1)

4k + 2
= 2(2k + 1) − 1

2k + 1
,

and by setting m = 2k + 1, we see that Theorem 1 generalizes Ryan’s result as well.

Acknowledgment. I would like to thank Paul Weiner who suggested the simpler proof of the converse to Theo-
rem 1 appearing here. Thanks, too, to an anonymous referee who offered valuable feedback on this work and to
the Department of Mathematics at the University of Colorado in Boulder (and David Grant, in particular) for the
support they provided me during the writing of this paper.



VOL. 79, NO. 5, DECEMBER 2006 391

REFERENCES

1. R. Laatsch, Measuring the abundance of integers, this MAGAZINE 59 (1986), 84–92.
2. K. H. Rosen, Elementary Number Theory and its Applications, 5th ed., Pearson Addison Wesley, Boston,

2005.
3. R. F. Ryan, A simpler dense proof regarding the abundancy index, this MAGAZINE 76 (2003), 299–301.
4. P. A. Weiner, The abundancy index, a measure of perfection, this MAGAZINE 73 (2000), 307–310.

The Associativity of the Symmetric Difference
MAJ ID HOSSE INI

State University of New York at New Paltz
New Paltz, NY 12561–2443

hosseinm@newpaltz.edu

The symmetric difference of two sets A and B is defined by A�B = (A \ B) ∪
(B \ A). It is easy to verify that � is commutative. However, associativity of � is
not as straightforward to establish, and usually it is given as a challenging exercise to
students learning set operations (see [1, p. 32, exercise 15], [3, p. 34, exercise 2(a)],
and [2, p. 18]).

In this note we provide a short proof of the associativity of �. This proof is not new.
A slightly different version appears in Yousefnia [4]. However, the proof is not readily
accessible to anyone unfamiliar with Persian.

Consider three sets A, B, and C . We define our universe to be X = A ∪ B ∪ C . For
any subset U of X , define the characteristic function of U by

χU (x) =
{

1, if x ∈ U ;
0, if x ∈ X \ U .

Two subsets U and V of X are equal if and only if χU = χV . The following lemma
is the key to our proof.

LEMMA. For any two subsets U and V of X and for any x ∈ X,

χU�V (x) = (χU (x) − χV (x))2 (1)

= χU (x) + χV (x) − 2χU (x)χV (x). (2)

Proof. Note that both sides of (1) are equal to 1 exactly when x belongs to one of
U or V , but not to both. The identity (2) follows immediately from (1) and the fact that
χ2

S = χS for any set S.

PROPOSITION. Let A, B, and C be three sets. Then

(A�B)�C = A�(B�C).

Proof. From the Lemma we see that

χ(A�B)�C = χA�B + χC − 2χA�BχC (3)

= (χA + χB − 2χAχB) + χC − 2 (χA + χB − 2χAχB) χC

= χA + χB + χC − 2χAχB − 2χAχC − 2χBχC + 4χAχBχC .


