3 a2t 5 a2t 2777 = 219 yields 30 21%/12 = 2158333
which is better than 3~ ((3 + )3 — 1))'/? =2%/2,
S (54 1)(5 — 1) =23 - 3023 - 21912 = 255/12 yjelds § a 255/24 = 22291666 ...
which is not as good as 5~27/3.
732 =63~ 2° yields 7 %26/(219/12)2= 217/6 = 928333

which is better than 7~ 2'"/% These examples suggest that there is instructional
value in seeking approximate relations that yield better approximations 2%
(x, rational) for the primes.

These techniques also lend themselves to compound interest problems, where
equations such as (1.12)" = 1.4 frequently arise. Since

112 = (7-2%) /52~ (2"7/6.2%) /21473 = 2!/¢
and
1.4=7/5~27/6/27/3 =212

we find that 2'/®~2'/? and 1 ~3.0. Since 1 = 2.9689944 . . . , via logs, our result is
accurate to the nearest tenth.

o

A General Method of Deriving the Auxiliary Equation for

Cauchy-Euler Equations

Vedula N. Murty and James F. McCrory, Pennsylvania State University, Middle-
town, PA

The object of this note is to present a method for obtaining the auxiliary equation
associated with the Cauchy-Euler linear differential equation of nth order

Cnx’b}(") + cn_lxn—ly(n—l) + -+ C]xy(l) + Coy(()) =0 (.X > O), (CE)"
where ¢; (0 < i < n) are constants with ¢, = 1 and where

»9 =y(x) and y")=%{y(x)} for i=12,...,n.
x

For large values of n (specifically, for n > 4), the method described in textbooks to
derive the auxiliary equation is time-consuming and laborious. We believe that the
following approach is simple and elegant; it enables one to write the general
solution of any Cauchy-Euler linear differential equation with considerable ease.

The usual method for deriving the auxiliary equation associated with (CE), is to
assume that y(x) = x" is a solution of (CE),. Then

y(l') = m(m — l)(m — 2) . (m — i+ l)xm—i’
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and substitution of these equations for ' into (CE), gives us a polynomial
equation of nth degree in m. The procedure for obtaining this equation in m
(referred to as the auxiliary equation associated with (CE),) is elementary, but
tedious for large values of n.

For a more efficient approach to obtaining the auxiliary equation, we note that
the “Factorial Polynomial” m(m — 1)(m —2) - - - (m — i + 1) can be written in the
form

a\m+ a,.‘zm2 + a,.‘3m3 + - +a m,

where the g, ; are called the Stirling Numbers of the First Kind. [See, for example,
M. Abramovitz and 1. A. Stegun’s Handbook of Mathematical Functions, p. 833.]
Now define the lower triangular matrix (of Stirling numbers)

1 0 .0
a, 1 -0
Aan = . . . . B
an,l an.2 T l
where
a,;l=(—l)"_l(i— D! and Qo= —la;+ a; ;-
Observe, for example, that:
Lo Lo0o S0 00
Ayyr = }, Asyz=| —1 1 0} Agxa= .
-1 1 2 -3 1 2 -3 1 0
-6 11 -6 1

Because of the manner in which 4,,, was defined, we can readily write the
auxiliary equation associated with (CE), as

m"+ k,_m" '+ k,_,m" 2+ -+ km+ ¢, (AE),
where
al‘.l'
n a,. L.r
k, = z 4, = (CrsCryys - - Cy)
i=r
a".l‘
for r=1,2,...,(n—1). Thus, k, is the inner product of (c,,¢,,, - . . c¢,) with the
nonzero entries of the rth column of matrix 4, ,.
The auxiliary equation for
exy@ + exyM + ¢y =0 (CE),
(here ¢, = 1), obtained via 4,,,, is
m?+ km+ c,=0, (AE),
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where

k|=(cl,c2)(_i)=cl— 1.

Hence, (AE), is m* + (¢, — h)m + ¢, = 0.
The auxiliary equation for

e3x YD + e xH@ + e xpV + ¢y =0 (CE),
(here c; = 1), obtained via 45, is
m® + kym* + kym + ¢, =0, (AE),
where

1
kl=(cl,c2,c3){_1 ]=cl—c2+2
2

ky = (cz,c3)(_ ;) =c-3.

Hence, (AE), is m> + (¢, = 3)ym*> + (¢, — ¢; + 2)m + ¢, = 0.
The auxiliary equation

m* + kym® + kym® + kym + ¢, =0 (AE),
for
x4 e3xHyD + 0xH D + 0 xpM + ¢y =0 (CE),
(where c, = 1) can be readily rewritten, using the columns of 4,,,, as

m* + (c; — 6)ym® + (¢, — 3cs + 1Yym?> + (¢, — ¢, + 2¢3 — 6)m + ¢, = 0.

Example 1. Write the general solution of
@ —dxHy® 4 12xHP —24xp D +24p =0 (x> 0).

This is (CE), with ¢;= —4, ¢, =12, ¢, = —24, ¢, = 24. Therefore, as was clear in
rewriting (AE),,

ky=c;—6=—10
ky=cy—3c;+11=35
ki=c —c,+2c;—6=—50.
Thus, the auxiliary equation is
m* = 10m> + 35m* — 50m + 24 = 0.
Since the roots of this equation are m, = 1, m, = 2, my = 3, and m, = 4, the general
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solution of the given Cauchy-Euler equation is

y(x)=c1x + x7 + c3x° + ¢ux* (x >0).

Example 2. Find the general solution of
Xy + TxH® 4 9xH® —6xH@ —5xp(V =3y =0 (x> 0).

This is (CE)s; with ¢, =7, ¢;=9, ¢;= —6, ¢, = =5, ¢, = —3. Using As,s, we
obtain

ki=ci—c,+2c;—6c,+24=1
ky=cy—3¢c;+11c,—50= —6
ky=c3—6c,+35=2
ky=c,—10= =3.
Therefore, the auxiliary equation is
m> = 3m* + 2m® — 6m* + m — 3 =0.

This has one real root m, = 3 and two complex roots m, = —i, my = + i, each with
multiplying two. Hence, for x > 0:

y(x)= ¢,;x*+ c,cosln x + cysinlnx + Inx[ cicoslnx + essinlnx].

Theory versus Reality

If a coin falls heads repeatedly one hundred times, then the statistically ignorant
would claim that the ‘law of averages’ must almost compel it to fall tails next time;
any statistician would point out the independence of each trial, and the uncertainty
of the next outcome.
But any fool can see that the coin must be double headed.

Ludwik Drazek (1982)

If there is a 50-50 chance that something can go wrong, then 9 times out of 10 it
will.
Paul Harvey News, Fall 1979
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