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The familiar Pascal’s triangle makes it easy to expand (a + b)? where p is any
positive integer. How about a similar scheme for finding the terms of (a + b + ¢)*?
We will show how to produce a triangular array of coefficients for the terms and
then demonstrate why it works. For example we will expand (a + b+ ¢)°. First
construct Pascal’s triangle from rows 0 to 5 and also list row 5 as a column to the left
of the triangle (see Table 1).

Table 1
1 1
5 1 1
10 1 2 1
10 1 3 3 1
5 1 4 6 1
1 1 5 10 10 5 1

Next, multiply the entries in each row of Pascal’s triangle by the number in the
far-left column (see Table 2).

Table 2
7
0 1 2 3 4 5
0 1
1 5 b)
m 2 10 20 10
3 10 30 30 10
4 5 20 30 20 5
5 1 5 10 10 5 1

We will call the resulting array of numbers the trinomial triangle of order 5. The
(m, n) element of this triangle is the coefficient of the term a’~"b"c™™" in the
expansion of (a + b+ ¢)°. For example, the number 30 in row m = 3 and column
n = 2 corresponds to the term 30a’b*c’.

The complete expansion, with terms written in positions corresponding to the
trinomial triangle is

(a+b+cy=

a’ +

S5atc+ S5a*h +

10a%c? + 20a’bc+ 10a°b?

10a*c® + 30a’bc? + 30a*bic+ 10a*b® +

S5ac* + 20abc® +  30ab*c®+ 20ab’c+ Sab’

¢+ 5bct + 10b%c3+  1063%¢*+ Sbic+ b°

Notice that the powers of a descend with the rows, while the powers of b
increase from column to column. The power of ¢ is most easily calculated so that
the sum of all three powers is 5. Just as in the binomial theorem, the powers of the
variables are easily determined once the pattern is recognized.
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To see why the algorithm works, consider the following manipulations. Using the
binomial theorem twice we have
f (
m=0
5

n=0

(ﬂ+(b+c))p= )ap—m(b_i_c)m

p
m
p
m

b m
— Z Z (p)(m)ap—mbncm—n. (2)
m=0 n=0 m n

The binomial coefficients (’:Z) multiplying ”¢”~" in (1) are the terms in row m of
Pascal’s triangle and the factors "Z multiplying a?~™ correspond to the column
written to the left of Pascal’s triangle in Table 1. Thus, the (m, n) elements of the
trinomial triangle correspond to the coefficients ( 5’ )(:;’) of the a?~"b"c"™" term
in (2).

The expansion of a trinomial to a power considered in this note is a special case
of the so-called multinomial theorem (nicely described in [1]):

b _ p ki gke ool gk,
(ay+a,+ - +a,)" = h (/e bk )allazz aka,
ey thyt o Hk,=p \ 1772

where the multinomial coefficient is calculated as

b \___ »p
Iel,kz,...,/@q k1!k2!"'/€q!'

It is worth noting that, in the trinomial case (g = 3), the multinomial coefficient
can be expressed as

e -y

p—m,n,m—n

(p—m)!ni(m—mn)!  ml( p—m)! ' ni(m— n)!

-(2)07)

in agreement with the entries in the trinomial triangle.
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