approaches w/2 — 6. Thus

Y,
d(sin@) dy ) Ay y Ay 2sin B
40 d0  aemor AO  asmo+ AN

sin ——

= lim sin ¢ = cos 0.
Ag—0"

The companion formula for the derivative of cos 6 can be obtained in the
same way.

Measuring the Curl of Paper

Haris Tabakovic, Joseph Paullet (paullet@lagrange.bd.psu.edu), and Richard Bertram
(bertram@euler.bd.psu.eduw), Pennsylvania State University at Erie, the Behrend
College, Erie, PA 16563

The following problem came to us from an employee of a paper manufacturer. It
can be posed to an introductory trigonometry class and provides a good illustration
of how mathematics can be used in many fields.

In the paper manufacturing industry, one indicator of the quality of paper
produced is its curl. Paper with too much curl for its intended use is considered
defective and is discarded. To measure the curl, a paper sample is held up to a chart
that shows circular arcs of different curvature, each arc associated with a number d
which is the depth of the arc (Fig. 1). The depth of the matching arc is recorded as
the curl of the sample. For example, an 83 by 11 inch sheet of paper would be held
up at the midpoint of a long edge and the opposite edge would be compared with
the arcs on the chart and matched to one of them to determine the curl of the paper.
The allowable curl for the 11 inch sample would differ from the allowable curl of a

L chart

Figure 1. Illustration of the way in which curl is measured. The paper is held at the midpoint
of one end and the dangling free end is compared to a chart lying flat on the table. The depth
of the arc is d. '

VOL. 30, NO. 4, SEPTEMBER 1999 315



sample of a different size and would depend on the intended use. Note that the curl
d is not the depth of the sample but the depth of the arc (of fixed length L) on
the chart.

One could use curvature (by definition, the curvature of a circular arc is the
reciprocal of the radius) as an unambiguous measure of the curl of a paper sample.
That is, paper samples of different curl will correspond to arcs of different curvature
and vice versa. However, the depth of an arc on the chart, rather than its curvature,
is currently used in the paper manufacturing industry as a measure for the curl of a
paper sample. Is there a one-to-one correspondence between the curvature of arcs
on the chart and the arc depth? If not, then there will be two different arcs with the
same depth and, hence, two samples with different curvatures but the same curl.

For all arcs up to the half circle d is an increasing function of curvature, so there
is a one-to-one correspondence between depth and curvature. However, something
unusual happens beyond this point. When the arc forms a half circle the depth d is
the radius of a circle with circumference 2Z. Thus, 27rd = 2L or d = L/ 7. When the
arc forms a complete circle, then d is the diameter of a circle with circumference L,
or d= L/ as before. Apparently, beyond the half circle the depth d is no longer a
strictly increasing function of the curvature. What is the relationship between d and
the curvature? At what point does d reach its maximum? Beyond the point of
maximization there is no longer a one-to-one correspondence between d and the
curvature, and this system of classifying the curl of paper cannot be used.

Consider the angle ¢ subtended by the arc of length Z. To find a formula for d
there are two cases to consider: ¢ < and ¢ > . See Figures 2 and 3 for

e (s

¢
Vs

Figure 2. Illustration of problem for ¢ < 7.

Figure 3. Illustration of problem for ¢ > 7r. The dashed line runs through the center of the
circular arc. The depth of the arc is d =r+ a.
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illustrations of the two cases. If ¢ < 7, then cos(¢/2) = h/r and thus

——)

If ¢> m, then with 6 as indicated in Figure 3 we have sinf=a/r and
0=¢/2— /2. Now

d=r+a=r+rsind=r(1+sin(¢p/2— 7/2))
=7(1—sin(m/2— ¢/2)) = 1‘(1 - cos(g)),

just as in the earlier case. Thus the formula d = (1 — cos(¢/2)) expresses the
depth in terms of 7 and ¢. Since L is the same for all arcs and L= r¢, we have

- 3feofd)

giving d as a function of the single variable ¢, valid for 0 < ¢ < 2. Finally, note

that the curvature is 1/7= ¢/ so that ¢ is just a scaled form of the curvature.
The ratio d/L is plotted as a function of ¢ in Figure 4. On the interval 0 < ¢ < 7

the depth d increases monotonically, while on the interval 7 < ¢ <27 it first

0.4 i

0.2

d/L

0.0

0 m/2 T 3m/2 27
¢

Figure 4. Dependence of the scaled arc debth on the angle ¢. The dashed line indicates
location of the maximum.

increases and then decreases. The angle ¢ at which 4 is maximized, ¢* is
determined by setting the first derivative to 0:

Ll —sin| — | +cos|— | —1
2 2 2
d = > =0,
(¢%)°

ﬁsin(ﬁ) +Cos(ﬁ) —1=0.
2 2 2

Using a numerical method to solve for ¢* we obtain
¢* = 4.66 rad = 267.12°.

which simplifies to

Our analysis shows that using the depth d as a measure of the curl of paper is
appropriate only for angles no greater than ¢* = 267.12°. On larger intervals the
relation between d and the scaled curvature ¢ is not one-to-one.
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