Figure 14.
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On A Mean Value Theorem
Peter R. Mercer (mercerpr @buffalostate.edu), SUNY College at Buffalo, NY 14222

Let f be a function that is continuous on [a, ] and differentiable on (a, b). De-
note by M = (5";—”, f(“—)“;f(—b—)) the midpoint of the chord from A = (a, f(a)) to B =
(b, (b)), and let P = (x, f(x)) be any point on the graph. See Figure 1.
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The distance from M to P is

2 b 2
st [ 2+ [reo - LOHOT cec,

and the values of g at the endpoints are clearly equal (to half the length of the chord
AB). We apply Rolle’s Theorem to g2, i.e., to

2 b 2
h(x):[x—a;b} +|:f(x)—w:| .

Then there is ¢ € (a, b) for which h'(c) = 0. As regards f, this yields the following.

Proposition. Let f be continuous on [a, b] and differentiable on (a, b). Then there
exists ¢ € (a, b) such that

rofro-LO3L0]_ [ et

If C =(c, f(¢)),and ¢ # (a + b)/2, this is
(slope of tangent line at C)(slope of MC) = —1,

so as with the Mean Value Theorem, this result has an appealing geometric interpreta-
tion: Either the line through M and C is perpendicular to the tangent line at C, or M
and C coincide.

Notes.

(i) The Cosine Law applied to triangles APM and BPM shows that 4 is maxi-
mized or minimized precisely when the sum of the squares of the chords A P
and P B is. This latter quantity is given by the function

k(x) =[x —al + [f(x) = f@P +[x = b + [f(x) — (O]

Rolle’s Theorem applied to it yields another proof of the Proposition.

(i) By changing slightly the standard auxiliary function used in proving the Mean
Value Theorem, J. Tong recently obtained a result similar to the Proposition
([1, 2]), the conclusion of which reads (with a different c):

rofe- ] = [0 - Lor®)

Similarly, one may consider k(x) = [x — a]® — [f(x) = f@P+[x —b)?—
[f(x) — f(b)]?, for example, to obtain a companion to the Proposition, the
conclusion of which reads

o [f(c) _f@ +f(b)] _ [C B a+b] |

2 2
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(iii) The standard argument yields an analogue of the Proposition for the Integral
Mean Value Theorem: For continuous f on [a, b], there exists c € (a, b) such
that

b ¢
f(©) ff(t)dt—/f(t)dt =(-—a)—0b-o).

(iv) Other standard arguments now lead to expected analogues of the Proposition
and of (iii), for the Cauchy Mean Value Theorems. We leave the interested
reader to fill in the details.
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Symmetric or Skewed?

Joseph G. Eisenhauer, (eisenhauer@canisius.edu), Canisius College, Buffalo, NY
14208-1098

Can the symmetry or skewness of a random variable’s distribution be determined
solely by inspecting its measures of center? On the other hand, does the direction of
skewness indicate the ordering among measures of central tendency? Although there
appears to be some confusion in both textbooks and periodicals on these issues, the
present note suggests that the answer to both questions—at least with respect to dis-
crete distributions—is “no”.

In the past decade, several writers, including Chambers [1] and Lee [2], have dis-
cussed the relationships among measures of central tendency in continuous probabil-
ity distributions. But as MacGillivray [3, p. 366] notes, “the relationship between the
mean, medians [sic], and modes for discrete distributions is of course a more difficult
problem.” Indeed, when discussing discrete distributions, textbooks often make asser-
tions such as, “If the data set is unimodal, but not symmetrical, the mean, mode, and
median will be located at different points in the distribution [6, p. 47].” This is typically
followed by an explicit ordering of the three measures; remarkably, Mogull [5] found
such presentations in about eighty percent of the textbooks he sampled. Noting that
such statements are incorrect, Mogull [5, p. 745] argued that “with a positively (neg-
atively) skewed sample distribution, both the median and mean lie to the right (left)
of the mode but in unpredictable order” (emphasis in original). In fact, however, even
this weaker claim is invalid. An inequality between the mean and other measures of
central tendency may suggest asymmetry in a discrete unimodal distribution, but the
reverse is not true. Skewness does not necessarily imply that the mean, median, and
mode are unequal. Nor does equality among the measures of central tendency guaran-
tee symmetry in either a discrete probability distribution or a sample distribution.
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