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determinant due to Mansion [3], although he did not state his method as a matrix
factorization. See Muir’s history [4] for more details.

Acknowledgments. I thank John Rhodes and Paul Campbell for their comments and encouragement.

REFERENCES

1. Leonhard Euler, Theorema arithmetica nova methodo demonstrata, Nov. comm. acad. sci. Petrop. 8 (1763),
74-104. Reprinted in Opera Omnia, Series Prima, Vol. 2, B. G. Teubner, Leipzig, 1915, 531-555.

2. C. Le Paige, Sur un théoréme de M. Mansion, Nouv. Corresp. Math. 4 (1878), 176-178.

. P. Mansion, On an arithmetical theorem of Professor Smith’s, Messenger of Math. 7 (1877), 81-82.

4. Thomas Muir, The Theory of Determinants in the Historical Order of Development, Vol. 3, Macmillan and
Co., Limited, London, 1920. Reprinted by Dover Publications, New York, 1960.

5. H.J.S. Smith, On the value of a certain arithmetical determinant, Proc. London Math. Soc. 7 (1876), 208-212.
Reprinted in J. W. L. Glaisher, editor, The collected mathematical papers of Henry John Stephen Smith, Vol. 2,
The Clarendon press, Oxford, 1894, 161-165.

w

A Laplace Transform Technique for Evaluating
Infinite Series

JAMES P. LESKO

Grace College
Winona Lake, Indiana 46590
leskojp@grace.edu

WENDY D. SMITH

Bowling Green State University
Bowling Green, OH 43403
wendys@bgnet.bgsu.edu

In an article in this MAGAZINE, Efthimiou [2] shows how the Laplace transform can
be used as a tool for evaluating infinite series. We review his method and illustrate a
more general application of the technique.

Efthimiou’s technique Efthimiou [2] finds closed-form expressions for series of the
form

Z (n+ a)(n + b) where a,b ¢ {—1,-2,-3,...}. )]

n=1
He applies the same methods to sum series of the form Z;’f’:] Q(n)/P(n), where P and
Q are polynomials with deg(P) —deg(Q) = 2 and P factors completely into linear
factors with no roots in {1, 2, 3, .. .}.

Efthimiou’s technique applies when ) .-, u, is an infinite series whose summand
u, can be realized as a Laplace transform integral u, = f0°° e " f(x)dx. In such a
case, what appeared to be a sum of numbers is now written as a sum of integrals. This
may not seem like progress, but interchanging the order of summation and integration
(with proper justification of course!) yields a sum that we can evaluate easily, namely,
a geometric series. Here are the steps:
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iun = f:/ooe_""f(x)dx
n=1 n=1 70

? o > —nx _ = e
=/0 f(x);e dx_fo f(x)(l_e_x)dx.

If this integral is easy to evaluate, we will have our sum.

To illustrate this technique, consider the series (1) where a # b; without loss of
generality, we can assume that b > a > —1. The nth term can be written (use partial
fractions) as the Laplace transform integral

1 /00 . (e—ax _ e—bx)
S —— e — ) dx,
(n+a)(n+b) 0 b—a

giving a starting point for the steps above.

We must justify changing the order of summation and integration. Since the inte-
grands are all nonnegative for 0 < x < 0o, we can apply the monotone convergence
theorem (see, for instance, Folland [3, p. 49]) to switch the sum and the integral and

obtain
o0 e—bx
§<n+a><n+b> Zf ( e )dx
MCT. ea_ebx 0 -
- ./0 ( b—a )Z o

n=1

— —ax___ —bx -
B —a/ (e (l—e"‘)dx

L y® — b
= du. 2
b—a/o 1 —u “ @)
As a first example, take a = 0 and b = 1/2; then (2) yields
] Tl —uz o
S —— =2f “du = / _du = 4(1 — n2).
~nn+3) o l—u 0 14 u?

For another example, take a = 0 and b a positive integer; then (2) yields the popular
telescoping series identity

1—ub 1 !
du = — 1 244wt Nd
Zn(n—l—b) b_/(; = u b/o ( +u+u + +u ) u

_! 1+ : + 1 +- 4+ :

b 23 b)’
We refer the reader to Efthimiou’s paper [2] to see a rich application of this technique
to other series.

A more general technique Efthimiou’s technique can be generalized to series of the
form Z:°=1 u,v, where it is convenient to write only v, as a Laplace transform integral.
Again, the series can be written as a sum of integrals, but this time there is a factor of
u, before each integral. If the order of summation and integration can be interchanged
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(again, with proper justification!), we will need to find an explicit sum for the series

h(x) =Y .2 u,e*. If all this works out, we will have

iunvn = iun /ooe'”"f(x)dx
n=1 Y

n=1
o0

= /oo fx) (Z une‘”") dx = foo fx)h(x)dx.
0 0

n=1

For example, consider

n

o0
3 ’+b, where re[-1,1), a>0, and b > 0. 3)
v an

The trick will be to recognize 1/(an + b) as being equal to the Laplace transform

integral = [;° e™"*(e™*/%*) /a dx.
Aslongasr # —1, the partial sums of ) -, r"e™*(e~*/%*) /a are dominated above

by
- n_—nx (1 —Q):)
D ofrre (—emar )| =
n=1 a

o0 1 -X 1 [o.¢] —X
/ —e‘g" ﬂ— dx < —-/ l—li——— dx < 00.
o a 1—|rle* aJo 1—|r|e>

This time, we apply the Lebesgue dominated convergence theorem (again, see Folland
[3, p. 53]) to switch the order of summation and integration to obtain

1 & rle ™
e a* L— ., where

a 1—|rle™*

n

[oe) r o0 [e¢] 1 b
— rne—"X — —a—x d
"Zl: an+b ;/0 (ae )dx
per. [Cf1 b\
= _,—ax n —nxd
./o (ae )Zr e x

n=1

1 [® _» re”* 1 [ rus
= - e d | ——— )dx = - du.
aJo 1 —re> alJo 1—ru

We have established this formula for all r € (-1, 1); but since both Zf,il r*/an + b
and (4) exist for r = —1, they must also be equal by Abel’s theorem (see, for instance,

Buck [1, p. 279]).
We offer two examples. When a = 1 and b = 0, (4) yields

00 1

" 1
E r—=/ d du:ln( ),
~n o 1—ru 1-r

andwhenr = —1,a=1,and b = %, it gives
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As one more example of this technique, consider

n

Z (n +a)(n +b) where r € [_1, 1], and b>a> —1. (4)

n=1

We already know how to write 1/((n + a)(n + b)) as a Laplace transform integral. As
long as r € (—1, 1), the estimation of partial sums is so similar to what we did before
that the details are left to the reader. Once more, we apply the Lebesgue dominated
convergence theorem to switch the sum and the integral, obtaining

" 0 00 —-ax __ e—bx
S —)d
aranTh - X / ( b—a ) *

00 —ax __ ,—bx 00
D'gT-/ (e i € )Zrne—nx dx
0 —a

n=1

1 * —ax —bx re”
N b—a‘/(; (€ ~e )(l—re—")dx

b

1 .a __
_ /“ L )
0

b—a 1—ru

gk

n

1

This argument works for r € (—1, 1), but since the infinite sum and (6) both exist for
r = %1, they must be equal for r = 31 by Abel’s theorem as before. So, for instance,
whena = 0and b = 1, (6) yields

" i (2 ma -
BT ’fo T—ru ™ +( r >“( -

Closing remark We do not mean to suggest that the closed form expressions for the
series discussed in this paper are new. There are various other ways to evaluate them.
Rather, it has been our intention to give exposure to a nice technique for evaluating
certain series. It is our hope that you add this technique to your toolbox of tricks for
series.

Exercises Enjoy!

1. Letd € {1, 2,3, ...}. Follow the steps below to give an alternate proof of the tele-
scoping series identity

> 1 1 1
1 :
S =p(1raites)

(i) Use the Laplace transform integral 1/n 4+ b = f0°° e~ "*(eb*) dx to show

that
> : b—1 1
-1 .
Z: (n+b) /0” “(1—u>d“

(ii) Show that fy u*~'In(1)du = L1+ 1+ 1+ 4 1),
2. Find exact values for the following series, using techniques described in this paper.
Check your answers with your favorite computer software package!
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= (=1
(l);m (I)Zn(n+1)
Gi) 2 = ) Z o (nlz:;
(iii) Z‘ (2_,113::1 (vi) ;%,whemk €{1,2,3,..}
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Answers to selected exercises
from Wetzel’s article Fits and Covers

Exercise 1 The triangle T fits into D precisely when

2abc
d> Ja+b+co)(—a+b+c)a—-b+c)a+b—rc)
a if b2 + ¢* < a?.

if b2 + ¢? > a?

Exercise 6

(a) The disk of diameter /a2 + b2.

(b) The disk of diameter 2s.

(c) The disk of diameter p/2.

Exercise 8 The disk of diameter 1 whose center lies at the midpoint of the curve
obviously covers the curve; but so does the disk with center at the midpoint of the line

segment that joins the endpoints (cf. Exercise 6(c)).

Exercise 11 Its sides are 1/(2+/3) and 1/+/6.
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