
Lognormal density This density usefully represents the distribution of size for var 

ied kinds of 'natural' economic or physical units. The case of the lognormal requires 
somewhat more mathematical manipulation than the previous two examples. Imagine 
these computations when using the original function fix)\ The pdf of the lognormal 
is 

fix) =-l e-Q**-tf/*>2 x > o, 
crjcV27r 

where /x e Rland a > 0 are the location and scale parameters. Now, by taking the 
natural logarithm of fix) in the customary fashion, we get 

gix) = ln/(jc) = ? lna ? lnjc ? In \?2jz 
? 

(hue 
? 

fi)2 /2a2. 

Differentiation yields 

1 (In* 
- 

fM) 
g(x) =---, 

x alx 

2 
from which we find that the critical value is x = e^~G . Differentiating again, we get 

//, x 1 1 ? 1 ? In* + fj, 
g (x) = ? 

xl a1 

which is negative at the critical value. This confirms the existence of the mode at 
jc = e^~a . In conclusion, we note that the method given here can also be used to 

locate inflection points of the density curve by solving the equation 

f"{x) 
= 

e'wg"(x) + e^[g'(x)f 
= 0. 
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Searching for M?bius 

Al Cuoco (acuoco@edc.org), Education Development Center, Newton, MA 02158 

The M?bius function /x, defined on the integers by 

ix{n) = 
1 ifw = l 

0 if n is divisible by a square 

(? 1)* if n is the product of k distinct primes, 
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is ubiquitous in number theory. Like many other natural mathematical objects, its def 

inition seems at first glance to be contrived. Ap?stol [1] shows how it arises naturally 
as the identity for Dirichlet convolution, a binary operation on arithmetic functions. In 

this note, we develop it another way, through the algebra of formal series. 

A formal Dirichlet series is an expression of the form 

? 
a(n) 

where the a(n) are complex numbers. The word "formal" is important here?we think 

of these series as bookkeeping mechanisms to keep track of combinatorial or numerical 

data. So, we do not worry about questions of convergence, and we think of s simply 
as an indeterminate (rather than a variable that can be replaced by a real or complex 
number). This misses many of the wonderful analytic applications of such series, and, 
as we are warned by Wilf [2], 

... [t]o omit those parts of the subject, however, is like listening to a stereo broad 

cast of, say, Beethoven's Ninth Symphony, using only the left audio channel. 

But it turns out that the left channel is all we need for this discussion. 

In addition to offering an alternative motivation for the definition of /x, another goal 
of this paper is to lobby for the integration of some formal algebra and combinatorics 

into courses in elementary number theory. This idea isn't new (see [3] or [4], for ex 

ample), but the increasing use of CAS technology outside of calculus might provide 
some impetus for it. 

Dirichlet series are added and multiplied formally. Addition is done term by term: 

^ 
a(n) | ̂ 

b(n) = ̂  
ajn) + b(n) 

??!ns ?-! ns ?-f ns 
n=\ n=\ n=\ 

Multiplication is also done term by term, but then one gathers up all terms with the 

same denominator. So, for example, suppose we are looking for c{12)/12s in 

^ ajn) 
^ b(n) _ ̂  

c(n) 
^ ns ?-? ns 

~ 

?-( ns 
n=\ n=\ n=\ 

Then a denominator of \2S could only come from the products 

a{\) ?7(12) a{2) b{6) a{3) b{4) a{4) b{3) a{6) b{2) a{\2) b{\) 
Is \2S 

' 
2s 6s 

' 
3s 4s 

' 
4s 3s 

' 
6s 2s 

' 
125 Is 

More generally, the coefficient c{n) in equation 1 is given by 

c(/i) = 
?a(d).&Q), 

(2) 
d\n 

where 
X^i? 

means that the sum is over the divisors of n. This formula shows that we 

can find the multiplicative inverse of any nonzero series, so our operations make the 

set of all Dirichlet series into a field. 

138 ? THE MATHEMATICAL ASSOCIATION OF AMERICA 

This content downloaded from 152.3.25.151 on Fri, 20 Jun 2014 12:31:18 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


Perhaps the simplest Dirichlet series is the Riemann zeta function 

?(*) = 
? A ^?' ns n=\ 

Formula (2) implies that if 

?, xV^OO v^ c{n) 
^?^ ns *?i ns 

then 

dn) = 
Yja(d). (3) 

rf|w 

Using this, we can find 1/?(s). Define the numbers /?in) to be the coefficients of the 

reciprocal of ?, so that 

*?i ns n=\ 

Donning our Platonist hats, let's go on a hunt for ?jl. The definition of ? and equation (3) 
imply that 

4r^ 10 otherwise. 
d\n 1 

This gives a recursive formula for calculating ?jl: 

?in) = 
1 ifw = l 

2^?id) otherwise, (5) 

where 
X??u? 

means that the sum is over the proper divisors of n. The idea is to pick 
away at what ?jl must be. 

We know that /x(l) = 1. If p is prime, then 

/^) = 
-1>(?) 

= -M(l) = -1, 
?Up 

and 

?Up2 

By induction, we see that ?ipn) = 0 for n > 0. 
If /? and (7 are primes, then 

juipq) = 
-J2 M(?) = -0?(1) + /*(/>) + /*(?)) = 1. 

d\\pq 
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Similarly, one can check all kinds of other special cases such as n = 
pq2, n = pqr, 

and so on?these would be essential homework problems for a number theory class, 
and it leads to a result that is a nice exercise for students: 

Fact 1. If p is a prime and gcd(/?, n) = 1, then ?{pn) = ?/x(n). 

The proof is by induction (that's why it would be important to work out many 

special cases in problem sets): 

fi(pn) = - 
^2?{d) 
d\\pn 

= 
-(?>(</)+ X>(/>d)) \ d\n d\\n ) 

= ? 
{ y^ /ji{d) H? y^ /?id) J (by induction) 
\ d\n d\\n j 

= -(0 + pin)) (from (4) and (5)) 
= 

-?(n). 

We get a little machine going: 

Fact 2. If p is prime and gcd(/?, n) = 1, then \i{p2ri) 
? 0. 

Once again, assume it's true for all proper divisors of n (and check this for divisors of 

special forms, like primes or squares of primes). Then 

?{p2n) = - 
]T fi{d) 

d\\p2n 

\d\n d\n d\\n / 

= - l J>(?) 
- 

J>(?) + ?>(p2rf) ) 
\ d\n d\n d\\n / 

= 
-(J2^p2dn 

\d\\n 

0. 

The following result can also be proved by induction. 

Theorem. If p is prime and gcd(/?, n) = 1, 

10 otherwise. 

From here, it's easy to get the usual formula for /x. 
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Once we determine that ?jl gives the coefficients for the reciprocal of ?, we can 

establish many of the elementary identities of number theory by manipulating series. 

For example, Euler's (?> function is defined by the rule 

(j)in) = the number of positive integers less than n that are relatively prime to n. 

Numerical experiments suggest that 

J2<t>(d)=n. 
d\n 

This is equivalent to 

*?' ns ??^ ns 

And this is equivalent to 

(pin) _ y^ M(w) v^ n 

ns 
~ 

^ ns 2-" ns 
' 

or 

0(n) = 
J>(d)Q). 

(6) 
d\n 

To establish this last identity, suppose first that n has only two prime factors: 

n = 
p\xpe27 

. Then to find (pin), we start with n (the number of integers less than or 

equal io n), subtract n/p\ (the number of integers less than or equal to n that are 

divisible by p\), subtract from that n/p2 (the number of integers less than or equal 
to n that are divisible by p2), and then add back n/p\p2, since the multiples of p\p2 

were subtracted twice. 

If n has three prime factors, p\, p2, and p3, a similar argument shows that 

n n n n n n n 

(f>(n) =n-+-+-+-. 
P\ Pi P3 P\Pi P1P3 P2P3 P\P2P3 

This inclusion-exclusion argument generalizes: If 

e\ e2 ek 
n = 

P\ Pi: Pk: ? 

then 

Kn) = 
n(\-Y,- 

+ Y.? -E^? 
+ --- + (-Dk?L- V 

V / p? Tt P'PJ tu Pipjpi P\---Pk) 

One simplification of this equation is to factor the right-hand side, yielding the famous 

E 
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But another simplification comes from the fact that the right-hand side can be written 
as: 

/x(l)n + 
VV(A-)-\~y2^iPiPj)-1-\-?(P\ 

" 
Pk)- (7) 

i Pi X? PiPJ P\'"Pk 

Since /x vanishes at factors of n that are divisible by the square of some p?, expres 
sion (7) is none other than 

S**G). d\n 

which gives identity (6), and that implies what we want. 
More generally, the Mobius Inversion Theorem states that if 

b(n) = 
J2aW> 

d\n 

then 

a(n) = 
J2?Wb(^)' d\n 

This follows from the equivalence 

( yr^ajn) _ 
y^ 

b{n) 
Tpajn) 

_ 
y^ 

p(n) 
y^ 

b{n) 

Acknowledgment. Work supported by the National Science Foundation Grant EHR 0314692. 

References 

1. T. Ap?stol, Introduction to Analytic Number Theory, Springer, 1976. 

2. H. Wilf, Generatingfunctionology, Academic Press, 1994. 

3. G. Andrews, Number Theory, W.B. Saunders, 1971 (Dover reprint, 1994). 
4. R. Graham, D. Knuth, and O. Patashnik, Concrete Mathematics, Addison-Wesley, 1989. 

142 ? THE MATHEMATICAL ASSOCIATION OF AMERICA 

This content downloaded from 152.3.25.151 on Fri, 20 Jun 2014 12:31:18 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. 137
	p. 138
	p. 139
	p. 140
	p. 141
	p. 142

	Issue Table of Contents
	The College Mathematics Journal, Vol. 37, No. 2 (Mar., 2006), pp. 82-167
	Front Matter
	Truck Drivers, a Straw, and Two Glasses of Water [pp. 82-92]
	Straw in a Box [pp. 93-102]
	A Card Trick and the Mathematics behind It [pp. 103-109]
	No Arithmetic Cyclic Quadrilaterals [pp. 110-113]
	How to View a Flatland Painting [pp. 114-120]
	Fallacies, Flaws, and Flimflam [pp. 121-124]
	Classroom Capsules
	The Birthday Problem Revisited [pp. 125-128]
	A Geometric Look at Sequences That Converge to Euler's Constant [pp. 128-131]
	Partial Fraction Decomposition by Division [pp. 132-134]
	An Elegant Mode for Determining the Mode [pp. 134-137]
	Searching for Möbius [pp. 137-142]

	Problems and Solutions [pp. 143-151]
	Media Highlights
	Review: untitled [pp. 152-153]
	Review: untitled [p. 153-153]
	Review: untitled [pp. 153-154]
	Review: untitled [pp. 154-155]
	Review: untitled [p. 155-155]
	Review: untitled [pp. 155-156]
	Review: untitled [pp. 156-157]
	Review: untitled [p. 157-157]
	Review: untitled [pp. 157-158]
	Review: untitled [p. 158-158]
	Review: untitled [p. 159-159]
	Review: untitled [pp. 159-160]
	Review: untitled [p. 160-160]

	Book Review
	Review: untitled [pp. 161-162]

	Where Are the Zeros of Zeta of s? [pp. 163-164]
	George Pólya Winners [pp. 165-167]
	Back Matter





