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The parametric form of a curve gives you information that an implicit equation
does not. Imagine watching a hiker walking through freshly fallen snow. As you
watch, you see the position of the walker at each moment in time; you see how
they step around obstacles, how they slip quickly down the bank of a stream,
then struggle to ascend the other side. After they have passed out of sight, all
that is left is footprints along the path that was taken. I like to use this image
to introduce the notion of parametric equations and their relationship with the
implicit equations of the curves they define. I encourage calculus students to
graph several curves using the parametric mode on their calculators, observing
the dynamics of a parametric curve moving across a calculator screen. A point of
emphasis is that different parametrizations can walk along the same path.

An implicit equation for a curve, such as x2 + y2 = 9, gives a simple test as
to whether a given point is on (or inside or outside) the curve, but no obvious
method for generating such points. Parametric equations for the same curve, such
as

x =
3− 3t2

1 + t2
, y =

6t

1 + t2
,

readily generate many points, but given a point, it is not clear whether it is a
singularity, or simply whether or not it lies on the curve. If you wanted to find
where two curves intersect, the problem is routine if one curve is given implicitly,
the other parametrically. You find yourself looking for ways to turn implicit
equations into parametric equations (and vice versa).

The parametrization problem [4] asks if there is an effective method for de-
riving parametric equations from a given implicit equation (where “effective” can
involve computations by hand or using a computer algebra program, but with a
reasonable amount of time and effort).

This question has been answered in several settings; in particular, the rational
parametrization problem for plane curves was solved in general a long time ago:
[3], [16], and more recently: [5], [13]. Even so, the problem deserves to be better
known. Here we explore some of the basic issues involved by working through
some concrete examples.



Rational Plane Curves

Let f(x, y) be an irreducible polynomial in two variables with integer coeffi-
cients. A plane algebraic curve is the set of all points, V(f), in the (x, y) -plane
whose coordinates satisfy the equation f(x, y) = 0. Thus,

V(f) = {(x, y) | f(x, y) = 0} .

The letter V is used because such curves are examples of what algebraic geometers
call varieties. The coordinate field in which x and y take their values is a matter
of importance, the theory being most satisfying if one uses complex numbers [7],
[10]. However, the drawings here use real numbers, and sometimes do not reveal
the true nature of the curve (see Figure 8).

A rational parametrization is a pair of rational functions, x(t) and y(t), that
are not both constant, and so that (x(t), y(t)) ∈ V(f), for all t. If such functions
exist, the curve is said to be rational. For example, V(x2 + y2 − 9) is rational.

The degree of V(f) is the degree of the highest degree monomial of f with
non-zero coefficient. The curve is irreducible if f cannot be factored over the
complex numbers (a reducible curve is then the union of two or more irreducible
curves). Algebraically, the importance of irreducibility is that the field theory
that underlies the theory of algebraic varieties applies to irreducible curves (in
any case, a rational parametrization can only draw one irreducible piece of a
reducible curve – see, for example, Theorem 4.4 of [15]). Standard references
include [2] and [16], a source of examples of plane curves is [8], and chapter 30 of
[6] introduces algebraic geometry from an algebraist’s point of view.

In a certain intuitive sense, rational curves may be thought of as the simplest
plane algebraic curves, with low degree, lots of singular points, or just the right
combination of both. A rational curve has the maximum number and type of
singularities that a curve of its degree can have ([2, pp. 196-201], [16, pp. 66-69]).

Some Examples

Example 1 (Walker’s tacnode, [16, p. 57] or [15, p. 88-89], see Figure 1). Suppose
that f = 2x4 + y4 − 3x2y − 2y3 + y2. Then V(f) is a quartic with a node
(transverse crossing) at (0, 1) and a tacnode (tangent crossing) at (0, 0). This
curve is commonly referred to as “the tacnode”, even though the actual tacnode
is a very small part of the curve. It is a good curve on which to test a proposed
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parametrization algorithm (for example, as in [4]). Now, if

x =
t3 − 3t

2t4 − 8t2 + 9
, y =

t2

2t4 − 8t2 + 9
,

then, one shows that 2x4 + y4 − 3x2y − 2y3 + y2 is identically 0, so the tacnode
is rational. The reader is advised to draw this parametrized curve on a graphing
calculator (one thing that is evident watching the curve evolve is that it really is
irreducible and not, say, tangent ellipses). For future reference, note that

y

x
=

t

t2 − 3
.

This last rational function of t, called a rationalizer, will be essential information
in our search for a parametrization of V(f).

Figure 1: tacnode.

Example 2 (Bernoulli’s lemniscate, r2 = cos(2θ), [8, pp. 120-123], see Figure 2).
Consider V(f), where f = x4 + 2x2y2 + y4 − x2 + y2, a quartic with three nodes,
one that you see at (0, 0) and two imaginary nodes at infinity that you can only
see algebraically. We have the parametrization,

x0 =
−t4 + 1

t4 + 6t2 + 1
, y0 =

−2t3 + 2t

t4 + 6t2 + 1
,

and so we have a rationalizer,

τ0 =
y0
x0

=
−2t3 + 2t

−t4 + 1
=

2t

t2 + 1
.

In what follows, these computations occur in a different order: τ0 is found first,
after that we compute x0, and then y0 follows easily.
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Using the alternate parametrization:

x1 =
t4 − 1

t4 + 6t2 + 1
, y1 =

2t3 − 2t

t4 + 6t2 + 1
,

the lemniscate is drawn in the opposite direction. However,

τ1 =
y1
x1

=
2t

t2 + 1
,

the same degree two rationalizer as the first (the degree of a fraction is the maxi-
mum of the degrees of the numerator and the denominator).

Figure 3 draws x = x1(t), y = y1(t), −10 ≤ t ≤ 10. The point (1, 0), at
which t would need to be infinite, is called the pole of the parameter t. The
parametrization: x = x0(t), y = y0(t), −10 ≤ t ≤ 10, would draw Figure 3
reflected across the y-axis, and the pole in this case would be (−1, 0).

Figure 2: Bernoulli’s lemniscate. Figure 3: lemniscate, pole at (1, 0).

Curves of Relative Degree One

A nonzero polynomial fm(x, y) is said to be homogeneous of degree m if
fm(λx, λy) = λmfm(x, y), for all λ. Every polynomial can be written as the
sum of homogeneous terms:

f(x, y) = fd(x, y) + fd−1(x, y) + · · ·+ fd−δ(x, y),

where we subscript f with the degree of each of its homogeneous terms. For such
an f , we say that δ is its relative degree. In example 1, f = 2x4+y4−3x2y−2y3+y2,
and so f4 = 2x4+y4, f3 = −3x2y−2y3, and f2 = y2. Keeping in mind that relative
degree is a property of the function, not the curve, we say that with this f the
tacnode has degree four and relative degree two.

4



Fulton [2, p. 51] gives as exercise 2-34: fd+ fd−1 is irreducible if and only if fd
and fd−1 are relatively prime (i.e., have no common divisors of positive degree).
As a consequence, we see that an irreducible curve of relative degree one can be
parametrized by t, where y = tx is the equation of a line of varying slope t through
the origin. See Theorem 4.45 and Corollary 4.46 of [15] for more details.

Proposition 1: If f(x, y) = fd(x, y) + fd−1(x, y) is irreducible, then V(f) has a
rational parametrization.

Proof : Let y = tx. Then 0 = f(x, y) = xd fd(1, t) + x
d−1fd−1(1, t), and so,

x =
−fd−1(1, t)
fd(1, t)

, y = tx =
−t · fd−1(1, t)
fd(1, t)

.

Note that fd(1, t) and fd−1(1, t) have no roots in common, for otherwise fd(x, y)
and fd−1(x, y) would have a non-constant factor in common. �

Example 3 (trisectrix of Eidswick [1, p. 428], r = tan 3θ/ sin θ, see Figure 4).
Let f = (x3 − 3xy2) + (−3x2 + y2), a cubic whose variety has a node at (0, 0).
Because x3 − 3xy2 and −3x2 + y2 have no common factors, f is irreducible.

Now, this function has relative degree one, so by proposition 1,

x =
t2 − 3

3t2 − 1
, y =

t3 − 3t

3t2 − 1

provides us with a parametrization of the curve. Note that lim
t→∞

x = 1

3
and

lim
t→∞

y = ∞, so x = 1

3
is the equation of the vertical asymptote. Sometimes,

knowing only the equations of motion, one can derive information about the global
footprint.

Figure 4: Eidswick’s trisectrix and asymptote.
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Curves of Relative Degree Two

Trying to use the preceding strategy to parametrize rational curves in general,
one is faced with solving a polynomial equation in x of degree δ, whose coefficients
are polynomials in t. Usual methods do not continue in this manner, instead
introducing the idea of a “pencil of adjoints”, a family of curves depending on a
parameter t (for example, see [12], [13], or [15, pp. 119—136]). Here we introduce
a new parameter τ , defined to be equal to y/x. We then search for a particular
rational expression τ = τ0(t) to be our rationalizer.

Formally, set y = τx in the polynomial f(x, y), and cancel as many common
factors of x as you can (namely d− δ), producing a new function F :

F (x, τ ) = xδ−d · f(x, τx).

Algebraic geometers call this “blowing up V(f) at the origin” (for example, see
[2, p. 162]). Observe that the degree of F in x equals the relative degree of f.

Example 1 (continued). For Walker’s tacnode, F = (2+τ 4)x2+(−3τ−2τ 3)x+τ2.

Now, F (x, τ ) = 0 if and only if f(x, y) = 0, and so, if τ0 is a rational function
of t, then F (x0, τ0) ≡ 0 if and only if f(x0, τ0x0) ≡ 0. A rationalizer for F is
defined to be a non-constant rational expression τ0(t), so that for some x0(t),
F (x0, τ0) ≡ 0. In proposition 2 below, this rationalizer and the quadratic formula
produce two rational parametrizations for each V(f) of relative degree two.

Example 4 (trisectrix of Ceva, r = sin 3θ / sin θ, [17, pp. 29—30]). Suppose that
f = (x2 + y2)3 − (3x2 − y2)2, a degree six polynomial with relative degree two.
Then

F = (1 + τ2)3x2 − (3− τ 2)2,
and so, x = ±(3 − τ 2)/(1 + τ 2)3/2, y = τx are parametrizations of V(f) with τ
as parameter. Each choice of a sign leads to a parametrization that draws nearly
half the trisectrix (choosing + produces the solid part of Figure 5, while − draws
the dotted portion).

Figure 5: irrational parametrizations of Ceva’s trisectrix.
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Now, replace the parameter τ by τ0 = 2t/(1 − t2). Choosing the + sign
produces the rational parametrization:

x =
−3t6 + 13t4 − 13t2 + 3

t6 + 3t4 + 3t2 + 1
, y =

6t5 − 20t3 + 6t

t6 + 3t4 + 3t2 + 1
,

which produces every point except for the pole, (−3, 0); see Figure 6. In essence,
one replaces τ = tan θ with t = tan θ/2, a strategy one might remember from an
advanced course on integration [11, pp. 86—97].

Figure 6: trisectrix, pole at (−3, 0).

Parametrizing Relative Degree Two Curves

To prove proposition 1, we essentially changed variables from (x, y) to (x, τ ),
and then noted that in relative degree one, τ0 = t rationalizes F (x, τ ) = 0. In
proposition 2, this will be repeated for relative degree two, by describing how to
choose τ0 there. But first, we find a specific expression to plug τ0 into.

Lemma: If f = fd+fd−1+fd−2, then V(f) can be rationally parametrized if and
only if we can rationally parametrize V(y2 −D(x)), where

D(τ) = [fd−1(1, τ)]
2 − 4fd(1, τ ) · fd−2(1, τ).

Proof : To parametrize V(fd + fd−1 + fd−2), substitute y = τx into f(x, y) = 0
and cancel xd−2. Thus, fd(1, τ) x

2+ fd−1(1, τ )x+ fd−2(1, τ ) = 0, so the quadratic
formula gives us two solutions:

x = x(τ) =
fd−1(1, τ)±

√
D(τ )

2fd(1, τ)
.

If τ0 is a rational function of t, then x = x(τ0), y = τ0 · x(τ0) parametrizes V(f).
This parametrization is rational if and only if the square root of D(τ0) is rational.
But, it is clear that

x = τ0, y =
√
D(τ0)
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parametrizes V(y2 − D(x)). The point is that this parametrization is rational if
and only if the square root is rational. �

Lemma: If D(x) is a polynomial, then V(y2 −D(x)) is rational if and only if D
is a perfect square times a polynomial of degree at most two.

Proof : If D = P 2 · Q, then V(y2 −D(x)) is rational if and only if V(y2 −Q(x))
is rational, because x = r(t) and y = s(t) parametrizes V(y2 −Q(x)) if and only
if x = r(t) and y = P (r(t)) · s(t) parametrizes V(y2 − P 2(x)Q(x)).

Assuming that Q(x) has no repeated factors and that VQ = V(y2−Q(x)), then
a direct computation shows that degQ = 1 or 2 implies that VQ is rational, and
it can be shown that VQ is not rational if degQ ≥ 3. �

The reasoning behind the last assertion is as follows. First, the assumption
that Q has no repeated roots implies that VQ has no singularities, even at infinity.
So, if d = degQ, then the “genus” of VQ equals (d− 1)(d− 2)/2, which is positive
when d ≥ 3. Finally, it is a theorem that an irreducible plane curve can be
rationally parametrized if and only if it has “genus zero” (Hilbert and Hurwitz
[3]; for details, see [2, p. 199—201], [16, p. 187], [15, p. 132]).

Corollary: V(fd + fd−1 + fd−2) is rational if and only if D(τ) is a perfect square
times a polynomial of degree at most two. �

Example 5 ([9, p. 224], [10, p. 154]). Consider the curve V(x3 − y2 − x − y).
Here, F = x2 − τ2x− 1− τ , and so D = (−τ 2)2 − 4 · 1 · (−1− τ) = 4 + 4τ + τ4,
which has four distinct zeroes. So x3 − y2 − x − y = 0 is not rational. But we
should have known this could not be not rational, for it is nonsingular, hence its
genus = (3− 1)(2− 1)/2 = 1. Curves with this genus are called “elliptic”.

Example 4 (continued). F = (1+τ2)3x2−(3−τ 2)2, soD = (3+2τ2−τ 4)2(4+4τ2).
Therefore, Q = 4+4τ2, and Ceva’s trisectrix is rational (which we already knew).

Example 2 (continued). F = (1+τ2)2x2−(1−τ 2), and so D = 4(1+τ 2)2(1−τ2).
Therefore, Q = 1 − τ2, and Bernoulli’s lemniscate is rational (which we again
already knew).

Our method for parametrizing rational curves of relative degree two is to find
a τ0 that makes the square root of Q a rational function of t (it is at this point that
it seems natural to call τ0 a “rationalizer”). One way to find such an expression
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is to put it into a specified form, e.g.,

τ0 =
at+ b

t2 + ct+ d
,

where a, b, c, d need to be determined. Plugging τ0 into Q(τ ), one then solves
the non-linear system of equations (with unknowns: a, b, c, d) that arises because
Q(τ0) must be a perfect square (so that its square root will be rational).

The preceding system is not easy to solve. However, once in possession of a
particular expression for τ0, it is straightforward enough to check that it works.
In proposition 2, we are given an irreducible, rational f(x, y) of relative degree
two and follow the notation of the preceding discussion.

Proposition 2: If Q(τ) = α + βτ + γτ 2, γ = 0, and

τ0 =






β

t2 − γ , if α = 0

4αt

t2 − 2βt+ β2 − 4αγ
, otherwise,

then (x(τ0), τ0 · x(τ0)) rationally parametrizes V(f(x, y)).

Proof : By direct computation:

Q(τ0) =






(
βt

t2 − γ

)2
, if α = 0

α(t2 − β2 + 4αγ)2

(t2 − 2βt+ β2 − 4αγ)2
, otherwise.

So, Q(τ0) is a square, say R2(τ0). Therefore, D(τ0) = P
2(τ0) ·R2(τ0), and so,

x =
−fd−1(1, τ0) + P (τ0) ·R(τ0)

2fd(1, τ0)

and y = τ0x solve the rational parametrization problem for V(f). �

Example 6 (ramphoid cusp, [16, p. 57], see Figure 7). Here, f = x4 + x2y2 −
2x2y − xy2 + y2, so

F = (1 + τ 2)x2 + (−2τ − τ2)x+ τ 2,
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D = τ 2(4τ − 3τ2) and α = 0, β = 4, γ = −3. Therefore τ0 = 4/(t2 + 3), and so,

x =
4

t2 + 2t+ 5
, y =

4

t2 + 3
· 4

t2 + 2t+ 5

solves the parametrization problem for V(f). Note the pole at the origin.

Figure 7: ramphoid cusp.

Example 7 (van Hoeij tacnode, [5, p. 224], see Figure 8). Let f = y4 + 8xy3 −
17x2y2 + 8x3y − 2x4 − xy2 + 5x3 − 2x2.

Figure 8: van Hoeij tacnode

.
Then V(f) is a quartic with a (vertical) tacnode at (0, 0) and an ordinary double
point at (1, 1). Moreover,

F = (τ4 + 8τ3 − 17τ2 + 8τ − 2)x2 + (−τ 2 + 5)x− 2

and so, D = (τ − 1)2 (9 + 82τ + 9τ 2), α = 9, β = 82, γ = 9, and

τ0 =
36t

t2 − 164t+ 6400
.
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Finally, using the quadratic formula and simplifying,

x0 =
2t4 − 656t3 + 79392t2 − 4198400t+ 81920000

t4 − 520t3 + 98592t2 − 7168000t+ 163840000
.

So, x = x0 and y = τ0x0 solves the parametrization problem for V(f). Note that
the pole of (x0, τ0x0) is (2, 0).

Now, the reader of [5] will find a different rationalizer:

τ1 =
−t2 + t+ 20

9t2 − 9t
,

which leads to a different x:

x1 =
81t4 − 162t3 + 81t2

101t4 + 98t3 − 339t2 − 460t+ 200
,

and a different y = τ1x1. The connection between these two parametrizations is
found using Möbius transformations (rational functions of degree one):

τ1(t) = τ0

(
80t− 400

−t− 4

)
.

The important idea to be emphasized here is that substituting (at+b)/(ct+d), ad−
bc = 0, into a rationalizer τ(t) gives you a different solution to the parametrization
problem, but it does not change the number of times the curve is “traced” [14].
As an exercise, show that the pole of (x1, τ1x1) is (81/101,−9/101).

Conclusion

To parametrize rationally the algebraic curve, f(x, y) = 0, it is “blown up” to
a new curve: F (x, τ) = 0. The implicit function theorem tells us that there will
be solutions x = xi(τ) of this latter equation, defined on open subsets of the curve
(like the solid portion of Figure 5). What is important is that the original curve
is rational if and only if there exists a τ0, so that at least one xi(τ0) is a rational
function of t.

Proposition 1 is fairly well known – it is equivalent to Theorem 4.49 of [15]:
“a curve of degree d has a singularity of multiplicity d − 1 if and only if it can
be parametrized by lines”. However, proposition 2 is new to this author, and
is interesting because many classical examples have δ ≤ 2 (of the eight curves
graphed on page 57 of [16], five have δ = 1 and the other three have δ = 2).
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As an exercise, the reader should parametrize as many rational curves as can
be found, and draw each parametric curve on a calculator, slowly, to watch the
path grow that the moving point draws as t moves through the parameter interval.
It might come as a surprise how hard some of the paths are to draw well.

Example 8. To parametrize the limaçon r = 2 + sin θ, substitute x = r cos θ,
y = r sin θ, x2 + y2 = r2, and compute that (x2 + y2 − y)2 − 4(x2 + y2) = 0, so

F = (1 + τ2)2x2 + (−2τ − 2τ 3)x+ (−4− 3τ2).

Thus, the relative degree is two and D = (4+ 4τ2)2(1 + τ 2), and so α = 1, β = 0,
and γ = 1. Therefore, by proposition 2,

τ0 =
4t

t2 − 4

rationalizes F (x, τ ) = 0. One solution of F (x, τ0) = 0 is

x =
2t4 + 4t3 − 16t− 32

t4 + 8t2 + 16
, y =

8t3 + 16t2 + 32t

t4 + 8t2 + 16
.

Note that by taking limits as t → ∞, it is evident that (2, 0) is the pole of the
parameter t (see Figure 9). Also, contrary to what you see, (0, 0) is a double point
of the limaçon, whose tangents are the lines 2x = ±

√
−3y.

Figure 9: limaçon, pole at (2, 0).

Exercises for the reader

1. Suppose that Walker’s tacnode is parametrized with

x0 =
t3 − 3t

2t4 − 8t2 + 9
, y0 =

t2

2t4 − 8t2 + 9
.
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Observe that plugging in either t = 0 or t = ∞ (the latter with a limit) plots
the origin (0, 0). Two branches of the curve pass through the origin; one passes
through the pole, the other does not. The question is: which of the graphs in
Figure 10 represents (x0(t), y0(t)), −t0 ≤ t ≤ t0?

There is a second parametrization for this curve with rationalizer,

τ0 =
y0
x0

=
t

t2 − 3
,

namely the other solution given by the quadratic formula applied to F (x, τ0) = 0:

x1 =
t3 − 3t

t4 − 8t2 + 18
, y1 =

t2

t4 − 8t2 + 18
.

Show that (x1(t), y1(t)), −t1 ≤ t ≤ t1, is the other graph in Figure 10.

Figure 10: poles at (0, 0).

2. How would a proposition 3 look? One should be able to use Cardano’s formula
for the solution of the cubic. For example, if

F = τx3 + (1− τ2)x2 − 4τx− 4,

then δ = 3, and one finds particular solutions:

τ0 =
t3 − t
t2 + 1

, x0 =
t2 + 1

t
,

to F (x, τ) = 0. As an exercise, show that x0 is a solution given by the cubic
formula applied to F (x, τ0) = 0.

Using the quadratic formula we can derive from each rationalizer two para-
metrizations (x0, y0) and (x1, y1), and both are rational. In the preceding, the

13



cubic formula actually provides you with three solutions: x0, x1, and x2, to
F (x, τ0) = 0. And, by definition, x0(t) is a rational function of t. Does this
imply that x1(t) and x2(t) must be rational functions also? Keep in mind that,
by general principles, if you know that any two of the three solutions are rational
functions, then the third is automatically rational.

3. A rationalizer in relative degree one is τ0 = t, and in relative degree two,

τ0 =
at+ b

t2 + ct+ d
,

where a, b, c, and d are specified numbers. Moreover, the rationalizer in the previ-
ous exercise has degree three. In each case, the degree of a rationalizer τ0 is equal
to δ = degx F , so is deg τ0 always equal to the relative degree? The answer is
contained in the following fact: the rationalizer’s degree equals the relative degree
times the tracing index of the associated parametrization.

Summary

A plane algebraic curve, the complete set of solutions to a polynomial equation:
f(x, y) = 0, can in many cases be drawn using parametric equations: x = x(t),
y = y(t). One investigates parametrizing by means of rational functions, and
discovers quickly that it is not the degree of f , but the ”relative degree”, that
describes how difficult the algebraic computations can become. When the relative
degree is one, the parametrization technique is well-known (and quite simple),
and when it is two, solutions can still be directly computed using the quadratic
formula. Here, we demonstrate a general method for relative degree two, while
focusing on specific examples.
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