
Preface

While the primary audience for this book is an advanced undergraduate
mathematics student, the contents will appeal to any mathematician who
has wondered how the integrals introduced in elementary calculus and in
real analysis courses fit together. By the time a young mathematician has
completed the first year of graduate school, she will have encountered three
versions of the integral: Riemann, introduced in elementary calculus; Dar-
boux, studied in a first real analysis course and often still called a Riemann
integral; and Lebesgue, developed in an advanced analysis course. Most of-
ten, these integrals are studied in isolation and with very little connection
or comparison made between the different definitions. This book provides a
comparative study of four approaches to integration over an interval Œa; b�:
Riemann, Darboux, Lebesgue, and gauge.

In addition to serving as a reference, this book can serve as a text for a
second course in real analysis. Indeed, this manuscript is written with such
users particularly in mind. The prerequisite first course should include the
standard topics of supremum, infimum, compactness, the mean value the-
orem, and sequences of functions. The reader should also be familiar with
using the formal "-ı definitions of limit and continuity in proofs. A series of
appendices containing statements of the most relevant definitions and results
from a first real analysis course is provided for readers who have encoun-
tered the requisite ideas but may need to refresh their memories. In addition,
readers may find the notational index found at the beginning of the index
helpful.

While the most celebrated milestone in the development of calculus comes
from the late 17th century work of Newton and Leibniz, questions and ideas
that lie at the heart of integral calculus were introduced by Eudoxus (4th
century BCE) and Archimedes (3rd century BCE). The ideas of the differ-
ential and integral calculus (brought together by Newton and Leibniz) were
powerful forces in the advancement of science. But cracks in the founda-
tions of the subject (identified early on by Bishop Berkeley) became increas-
ingly apparent toward the end of the 18th century. By the end of the 19th
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century, Cauchy, Riemann, and Darboux had addressed these foundational
issues and had provided solid foundations for the integral calculus. But the
newly grounded integral calculus was challenged again by a new set of is-
sues arising from applications in differential equations. Lebesgue, Henstock,
Kurzweil, and others developed new approaches to meet these challenges.
Subsequently, Lebesgue’s ideas have been extended into other domains in
which both the regions of integration and the types of values produced by
the integrals are greatly generalized.

This book explores the critical contributions by Riemann, Darboux,
Lebesgue, Henstock, and Kurzweil and provides a glimpse of more recent
variations of the integral. Though historical background is useful in moti-
vating and framing the questions to be addressed, the primary focus of this
book is not historical. The primary goals are (1) to provide you with an un-
derstanding of and an appreciation for the work done in formalizing and
extending the ideas of the integral calculus, (2) to help you to think like a
mathematician, and (3) to provide you with an opportunity to develop into a
reader of professional mathematics. While the first goal is self-explanatory,
the other two deserve some explanation.

Most often mathematical texts present material in a final, polished form.
This is good. However, the budding mathematician is often left with the im-
pression that ideas spring full-grown from the ground and that they could
never have been otherwise. Since you are reading this book, you already
know that mathematical knowledge is hard-won, but you may not have the
sense for how many different paths have been tried and abandoned in the pro-
cess of developing the theories that we have today. The general structure of
this book, as it moves through the development of various integrals, encour-
ages you to think about how mathematics develops and the implications of
different approaches. This book also addresses the issue in a more localized
fashion. The exercises will continually prod you to think about why certain
choices in a proof were made or why an alternate, apparently simpler or more
obvious approach was not used. The intended effect is that you, the reader,
will come away with a greater flexibility in the way you see mathematics.

This text also seeks to improve your mathematics reading ability. Proof-
oriented mathematics texts try to include all the details and background
used in a proof. Student writing tends to reflect this practice by including
long sequences of algebraic derivations. This happens even (particularly?)
when a student’s solution or proof fails to address a critical logical step or
two. Mathematics found in professional journals takes a different approach.
The writing is terse. The reader is expected to be familiar with a significant
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breadth of background information and to understand (or at least appreciate)
the motivation for the work. The professional proof then provides naviga-
tional landmarks that the reader is expected to use to construct a path from
the hypothesis to the conclusion. In particular, the reader is expected to fill
in much of the algebra. To use another metaphor, the version of a proof that
appears in a professional journal serves as a skeleton and the reader must
fill in many details to “flesh out” the proof. This type of writing requires
significant engagement on the part of its readers since, before understanding
a proof, the reader must identify the places where details must be filled in
and must construct the bridging argument or computation. Consequently, it
is not uncommon to spend an hour or even a couple of days working to digest
a proof.

You may well ask why this difference in writing styles exists. This is an
excellent question to which I offer only tentative, partial answers. One factor
is the mathematical culture. This is the way mathematicians have written for
quite some time and the practice is not likely to change soon. Of course, this
answer does nothing to explain how things came to be this way. One sig-
nificant pressure in this direction is the cost of publishing or, moving further
into the past, the effort required to make papyrus sheets. Until fairly recently,
it was customary to charge authors or their institutions a fee for preparing a
paper for publication. These charges could be as high as several hundred
dollars per page. In addition, most journals have limits on the length of the
papers they will publish. Both of these practices exert pressure on authors to
compress their writing.

With the widespread use of TEX, papers no longer need to be retyped into
a form suitable for publication so the assessment of page charges has largely
disappeared. Online publishing has the potential to eliminate the constraints
on article length. In this new environment, perhaps you will help create a
cultural shift so that professional mathematics papers will include more of
the details. In the meantime, it is important for developing mathematicians
to learn to read journals as they are written rather than as one might wish
they were written.

This book attempts to help you become more adept at this task. The proofs
at the beginning of the book will call attention to the places where details
must be filled in. Usually this takes the form of a reference to an exercise
that often (but not always) includes suggestions about how to approach the
problem. These suggestions should be taken for what they are: suggestions.
You should feel free to approach the problem a different way or have an-
other type of insight. Some exercises will ask you to fill in minor steps in
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a proof and will not require a great deal of work. Other exercises will ask
you to modify a proof to fill in the missing details signaled by the phrase
“similarly, . . . ” that appears so frequently in mathematical writing. These ex-
ercises are generally grouped under the classification of “Filling the Gaps.”
Other exercises ask you to reflect on the structure of definitions and proofs.
Still other exercises are independent of the proofs and are designed to help
you gain a deeper understanding of the material or greater facility working
with the ideas. The latter types of exercise are labeled as “Deeper Reflection”
and may demand more significant effort. Occasionally, a separate section la-
beled “Related Ideas: Deeper Reflections” is included at the end of a chapter.
The problems in this section build on but are not directly related to the ideas
in the chapter. Since they play such an important role in this text, you should
at least read all of the “Filling the Gaps” exercises even if you do not intend
to complete any of them. It is highly recommended that you read the “Deeper
Reflections” exercises as well.

As the book progresses, the exercises will remain, but they will be refer-
enced less frequently in the main body. At this point, you will be well served
by keeping a finger or bookmark in the exercises when reading a proof. Note
those places where you have identified details that should be verified. Then
read the exercises to see if there are any significant details that you have
missed.

While the proofs use a style comparable to that used in a professional jour-
nal, the transitional material is more conversational, informal, and reflective.
The transitions provide a time to discuss the historical reasons for the track
of investigation, to suggest motivational questions, to outline the general arc
of the work, and to compare the ways that the different approaches to inte-
gration affect the way that proofs are constructed.

Thank you for engaging this book. Please address any error notices, com-
ments, and suggestions to rosentr@westmont.edu.

I would like to thank Professor Russell Howell and students Tyler Bran-
nan and Daniel Ray for their careful reading of the book and for their many
corrections and suggestions. I also owe a huge debt of gratitude to the re-
viewers and editors of the Dolciani series whose subsequent suggestions for
additions and modifications greatly strengthened the book and whose careful
reading identified many needed corrections.
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