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Guide for MAA Short Course Participants: The lecture on transversal matroids in the short
course will cover Section 2 and selections from Sections 3 and 4. The other material here
can give you more direction and perspective for further study.

1. PREFATORY REMARKS

When first introduced in the mid 1960’s, transversal matroidsunified many results in
transversal theory, simplified their proofs, and provided alarger context for such results,
thereby firmly establishing the importance of this class of matroids. Such links with other
specialties fueled much interest in matroid theory within the wider research community.
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2 An Introduction to Transversal Matroids J. Bonin

This expository paper develops several ways to view transversal matroids, a selection of
basic results about them, and several characterizations ofthese matroids, as well as some
results about lattice path matroids, which form a class of transversal matroids with many
very attractive properties. Thus, readers will gain a substantial but selective introduction to
the theory of transversal matroids, including some recent developments, as well as some
exposure to several related topics from other parts of matroid theory.

We assume that readers have already been exposed to the basicconcepts of matroid
theory (e.g., minors, duals, direct sums, and matrix representations over fields). All sets
considered are finite. We use[n] to denote the set{1, 2, . . . , n}.[n]

2. SEVERAL PERSPECTIVES ONTRANSVERSAL MATROIDS

In this section we define transversal matroids via set systems and partial transversals, we
explore their matrix and geometric representations, and wededuce some basic properties
of these matroids from each of these perspectives.

2.1. Set systems, transversals, partial transversals, and Hall’s theorem. A set system
(S,A) is a setS along with a multisetA = (Aj : j ∈ J) of subsets ofS. Thus, the sameset system

set may appear multiple times inA, indexed by different elements ofJ . It is sometimes
convenient to writeA as a sequence(A1, A2, . . . , Ar) of subsets ofS, but we must agree
to not distinguish between the different possible orders inwhich the sets can be listed; thus,
(A1, A2, . . . , Ar) is the same set system as(Aσ(1), Aσ(2), . . . , Aσ(r)) for each permutation
σ of [r].

Set systems arise throughout mathematics. For instance, letH be a subgroup of a (finite)
groupG. The set of left cosets ofH inG forms a set system, as does the set of right cosets,
as does the multiset union of these two sets (in whichH, at least, appears twice). Such set
systems have features that we do not require in general set systems: for instance, the (left
or right) cosets partitionG; also, all cosets have the same size.

The following example of a less-structured set system will be referred to frequently.

EXAMPLE : Let S = {a, b, c, d, e, f, g, h} andA = (A,B,C,D) where

A = {a, b, e, f, h}, B = {b, c, g}, C = {d, e, g, h}, and D = {d, f, h}.

A set system(S,A) can be represented by a bipartite graph: the vertex set isA ∪ S;
an edge connectsAj ∈ A andx ∈ S precisely whenx ∈ Aj . Similarly, each bipartite
graph can be seen as representing a set system. From the perspective of bipartite graphs,
it is natural forA to be a multiset: in graphs, two distinct vertices can have exactly the
same neighbors. The bipartite graph corresponding to the set system in the example above
is shown in Figure 1.

A transversalof the set system(S,A) is a subsetT of S for which there is a bijectiontransversal

φ : J → T with φ(j) ∈ Aj for all j ∈ J .
In the setting of left cosets mentioned above, a set of left coset representatives gives a

transversal; a similar remark, of course, applies to right cosets and their representatives. In
the set system(S,A) given above, the sets{a, b, e, h} and{e, f, g, h} are among the many
transversals. There may be many bijectionsφ that show that a given setT is a transversal;
for instance, the underlining in the following displays shows two ways to match{e, f, g, h}
with the sets inA.

A = {a, b, e, f, h}, B = {b, c, g}, C = {d, e, g, h}, D = {d, f , h}

A = {a, b, e, f , h}, B = {b, c, g}, C = {d, e, g, h}, D = {d, f, h}
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a b c d e f g h

A B C D

FIGURE 1. The bipartite graph representing the set system in the example.

Note that a transversalT is just a set; the mapφ shows thatT is indeed a transversal,
but it is not part of the transversal. In graph theory terms,φ corresponds to a matching,
while T corresponds to a set of vertices, in a fixed part of the bipartite graph, that can be
matched.

Consistent with the terminology for cosets, some sources refer to transversals assystems
of distinct representatives, or SDRs, but we will not use this term. systems of distinct

representativesWhich set systems have transversals? Clearly the set system with S = {1, 2, 3, 4} and
A = ({1}, {2}, {1, 2}, {3, 4}) has no transversal since three of the sets contain just two
elements. In general, an obvious necessary condition for a set system to have a transversal
is that each subsystem must have at least as many elements as sets. This condition turns
out to be sufficient, as the following well-known theorem of P. Hall states. (To make this
expository paper somewhat more self-contained, a proof is given in Section 7.)

Theorem 2.1. A finite set system(S, (Aj : j ∈ J)) has a transversal if and only if, for all
K ⊆ J ,

∣

∣

∣

⋃

i∈K

Ai

∣

∣

∣
≥ |K|.

We stress the hypothesis of finite in this result since the infinite counterpart is false.

EXERCISE2.1: Give an example to show that the assertion in Theorem 2.1can fail if the
set system is not finite.

EXERCISE2.2: Does Theorem 2.1 hold ifS is infinite but the multiset is finite (i.e.,|J | is
finite)?

EXERCISE2.3: Use Theorem 2.1 to show that ifC is ann× n matrix with entries in the
nonnegative integers, and if the sum of the entries in each row of C is k and the sum of the
entries in each column ofC is k, thenC is a sum ofk permutation matrices. (Recall that a
permutation matrix is a square matrix in which each row and each column contains exactly
one1, with all the other entries being0.)

(For an important extension of Hall’s theorem, due to R. Rado, in whichS is the ground
set of a matroidM and a transversal is required to be independent inM , see [25, 28].)

A partial transversalof a set system(S,A) with A = (Aj : j ∈ J) is a transversal partial transversal

of some subsystem(S,A′) whereA′ = (Ak : k ∈ K) with K ⊆ J . Thus, a partial
transversal of(S,A) is a subsetX of S for which, for someK ⊆ J , there is a bijection
φ : K → X with φ(i) ∈ Ai for all i ∈ K. Equivalently, a partial transversal of(S,A) is a
subsetX of S for which there is an injectionψ : X → J with x ∈ Aψ(x) for all x ∈ X.

Of course, any transversal of(S,A) is a partial transversal of(S,A), as is∅. Two other
partial transversals of the set system in the example above are {a, b, e} and{c}; two sets
that are not partial transversals of that set system are{a, b, c} and{a, b, e, g}.

2.2. Transversal matroids via matrix encodings of set systems.A set system(S,A)
with A = (Aj : j ∈ J) can be encoded by a zero-one matrix in which the rows are
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indexed by the elements ofJ (or by the sets themselves, if the multiplicities are all 1),the
columns are indexed by the elements inS, and the entry in rowj and columnb is 1 if and
only if b ∈ Aj . For example, the following matrix encodes the set system inour example.

A
B
C
D









a b c d e f g h

1 1 0 0 1 1 0 1
0 1 1 0 0 0 1 0
0 0 0 1 1 0 1 1
0 0 0 1 0 1 0 1









Thus, for each row, reading the places where the ones appear yields the corresponding set.
It is advantageous to replace the ones by distinct elementsxj,b that are algebraically

independent over a given field. Thus, in our example, we have the following matrix.

A
B
C
D









a b c d e f g h

xA,a xA,b 0 0 xA,e xA,f 0 xA,h
0 xB,b xB,c 0 0 0 xB,g 0
0 0 0 xC,d xC,e 0 xC,g xC,h
0 0 0 xD,d 0 xD,f 0 xD,h









A |J |-element subset ofS corresponds to a|J | × |J | submatrix. For instance, the set
{b, e, g, h} in the example corresponds to the4 × 4 submatrix,









b e g h

xA,b xA,e 0 xA,h
xB,b 0 xB,g 0

0 xC,e xC,g xC,h
0 0 0 xD,h









,

which has determinant

−xA,bxB,gxC,exD,h − xA,exB,bxC,gxD,h.

Note that the monomials in this determinant correspond to the bijections that demonstrate
that{b, e, g, h} is a transversal. In general, the monomials in the permutation expansion
of a determinant can be viewed as arising from the various ways to match row indices
with column indices. In our setting, such a monomial will be nonzero precisely when
the matching demonstrates that the subset indexing the columns is a transversal of the set
system. Since the entriesxj,b are algebraically independent, no cancelling occurs in the
sum, so the determinant is nonzero if and only if at least one of its monomials is nonzero.
Thus, linearly independent sets of|J | columns arise precisely from transversals. Similar
reasoning shows that the independent sets of columns in thismatrix correspond to the
partial transversals. Since, via linear independence, anymatrix gives rise to a matroid on
the columns, this proves the following fundamental theorem, which is due to J. Edmonds
and D. R. Fulkerson [18].

Theorem 2.2. The partial transversals of a set systemA are the independent sets of a
matroid.

We call such a matroid atransversal matroid; we useM [A] to denote it. The set systemtransversal matroid

A is called apresentationof M [A].presentation

M [A] Alternatively, Theorem 2.2 can be proven directly by showing that partial transversals
satisfy the properties required of independent sets. Clearly subsets of partial transversals
are partial transversals, as is∅; augmentation is shown using the idea of augmenting paths
in matching theory. (Readers who are unfamiliar with these ideas are encouraged to work
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out the proof or see [25, Theorem 1.6.2]. Similar ideas appear in the proof of Lemma 3.2
below.)

EXERCISE 2.4: Prove the following two theorems about transversal matroids. Thinking
about these results from several perspectives (set systems, bipartite graphs, and matrices)
is encouraged.

Theorem 2.3. The class of transversal matroids is closed under direct sums.

Theorem 2.4. If M is a transversal matroid, then so is the restrictionM |X for any set
X ⊆ E(M). If the set system(A1, A2, . . . , Ar) is a presentationM , then its restriction
(A1 ∩X,A2 ∩X, . . . , Ar ∩X) is a presentation ofM |X.

From general properties of independent sets in matroids, itis transparent that if a set
system has a transversal, then each partial transversal is contained in a transversal. This
simple example just begins to illustrate the clarity that matroid theory brings to transversal
theory. Chapter 7 of [28] is an excellent source for further,deeper applications of matroid
theory to transversal theory, including criterion for two set systems to have a common
transversal.

2.3. Properties of transversal matroids that follow easily fromthe matrix view. Using
algebraically independent elements (as we did above) is farstronger than needed to get a
representation. Think of the entriesxj,b in our matrix representation ofM [A] as variables.
Notice that the|J | × |J | determinants that are zero are so because all monomials in their
expansion are zero; they will stay zero no matter what valuesin a given field replace the
variablesxj,b. Observe that we need only have enough elements in a field so that, upon
replacing the variables by certain field elements, the determinants that are nonzero will
remain nonzero. These observations give the following result, which is due to M. Piff and
D. Welsh [27]. (Their result is more general than what is stated here; see [25, Proposition
12.2.16] and [28, Theorem 9.6.1]).

Theorem 2.5. A transversal matroid is representable over all sufficiently large fields; in
particular, it is representable over all infinite fields.

The next theorem, which is often proven from the set system orbipartite graph point of
view, has a simple proof from the matrix perspective, as we demonstrate.

Theorem 2.6. If (A1, A2, . . . , Ak) is a presentation of the transversal matroidM and if
some basis{b1, b2, . . . , br} ofM is a transversal of the subsystem(A1, A2, . . . , Ar), then
(A1, A2, . . . , Ar) is also a presentation ofM . Thus, any transversal matroid of rankr has
a presentation byr sets.

Proof. Consider a matrix representation ofM using algebraically independent elements
over a given field, as above; we can take the matrix to have the form

(

X Y

Z W

)

whereX is ther × r submatrix whose rows are indexed byA1, A2, . . . , Ar and whose
columns are indexed byb1, b2, . . . , br. The hypotheses imply that the determinant ofX is
nonzero and that no(r + 1) × (r + 1) submatrix has nonzero determinant. It follows that
the firstr rows span the row space, so each of the lastk − r rows is a linear combination
of them. Thus, using row operations, it follows thatM is also represented by the matrix
(X |Y ), which, interpreted as representing a set system, gives thedesired conclusion. �
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FIGURE 2. Two matroids that have the same lattice of cyclic flats.

We will deduce that if(A1, . . . , Ar) and(A1, . . . , Ak), with r(M) = r < k, are both
presentations ofM , then all elements inAr+1 ∪ · · · ∪Ak are coloops ofM . Recall that an
element ofE(M) is a coloop ofM if and only if it is in all bases ofM . If a basisB of M
did not containx ∈ Ar+1 ∪ · · · ∪Ak, then matching the elements ofB toA1, . . . , Ar and
x to one of the remaining sets would yield a larger basis, whichis impossible. Thus, the
elements ofAr+1 ∪ · · · ∪ Ak are in all bases ofM and so are coloops. Thus, we have the
following corollary.

Corollary 2.7. If a transversal matroidM has no coloops, then each presentation ofM
has exactlyr(M) nonempty sets.

2.4. Background for the geometric perspective: cyclic flats.A notion that arises when
studying the geometry of transversal matroids (our next topic) is that of a cyclic flat. A set
X in a matroidM is cyclic if X is a union of circuits; equivalently,M |X has no coloops.cyclic set

We useZ(M) to denote the collection of cyclic flats ofM . Theorem 2.4 and Corollary 2.7
give the following useful result about cyclic flats in transversal matroids.

Corollary 2.8. Let M be a transversal matroid with presentation(A1, A2, . . . , Ar). If
F ∈ Z(M), then there are exactlyr(F ) integersi with F ∩Ai 6= ∅.

While not required for our purposes here, we make several remarks about the interesting
topic of cyclic flats. First, note that, when ordered by inclusion,Z(M) is a lattice; the join
in this lattice agrees with that in the lattice of flats; the meet of two cyclic flats is the union
of the circuits in their intersection.

EXERCISE2.5: Prove the assertions just made about joins and meets of cyclic flats. (Recall
that the join, in the lattice of flats, of flatsX andY is cl(X ∪ Y ).)

Figure 2 shows the lattice of cyclic flats of two matroids; since the lattices are the same,
it follows that, unlike the lattice of flats, that of cyclic flats does not determine the matroid.
However, T. Brylawski [12] made the observation in the first part of the following exercise.

EXERCISE2.6: Show that a matroid on a given ground set is determined byits cyclic flats
and their ranks. In particular, identify the independent sets and the circuits using the cyclic
flats and their ranks.

For instance, the matroid on the left in Figure 2 is determined by knowing that the ranks
of the4-element cyclic flats are 3 and the rank of the ground set is 4; the matroid on the
right is determined by knowing that these ranks are 2 and 3, respectively. Making these
ranks 2 and 4, respectively, would give a matroid with two skew 4-point lines.

EXERCISE2.7: Find the other valid ways that ranks can be assigned to the sets in Figure 2
to obtain matroids.
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FIGURE 3. The geometric representation of a transversal matroid.

EXERCISE 2.8: Show that the rank function, expressed in terms of cyclic flats and their
ranks, is given by

r(X) = min{r(A) + |X −A| : A ∈ Z(M)}.

Note that a set is a cyclic flat if and only if it is both a union ofcircuits (cyclic) and its
complement is a union of cocircuits (recall that flats are intersections of hyperplanes; also,
cocircuits are the complements of hyperplanes). Thus,

Z(M∗) = {E(M) − F : F ∈ Z(M)},

so the lattice of cyclic flats ofM∗ can be identified with the order dual of the lattice of
cyclic flats ofM . (See [7] for more on cyclic flats, including an axiom scheme for matroids
in terms of cyclic flats and the ranks assigned to them, and theresult that every finite lattice
is isomorphic to the lattice of cyclic flats of some transversal matroid.)

2.5. The geometric perspective on transversal matroids.The argument we gave above
to show that a transversal matroidM of rankr is representable over all infinite fields also
shows that it can be represented overR by a matrix withr rows that has no negative entries.
Scaling columns preserves the matroid, so we can assume thateach column sum is one.
Such columns are in the convex hull,

{α1e1 + α2e2 + · · · + αrer : αi ≥ 0 andα1 + α2 + · · · + αr = 1},

of the standard basis vectorse1, e2, . . . , er in R
r, where thei-th entry ofei is 1 and all

others are0. This convex hull can be viewed as a simplex∆ in R
r−1 with r vertices. Thus,

such a matrix representation ofM gives a geometric representation in which each nonloop
x ∈ E(M) is placed in a face of∆ according to the positions of the nonzero entries in the
corresponding column of the matrix. From Corollary 2.8, a key feature of such a geometric
representation follows: any cyclic flatF of M is the set of elements in somer(F )-vertex
face of∆. Figure 3 shows the geometric representation of the transversal matroid arising
from the set system in our example.

Note that from this geometric representation, we can determine the positions of the
nonzero elements in the matrix and so recover the set system.We can do this for any
matroid that has a geometric representation on a simplex∆ in which each cyclic flatF of
M is the set of elements in somer(F )-vertex face of∆, so such matroids are transversal.
Thus, we have the following result of T. Brylawski [12].

Theorem 2.9. A matroidM is transversal if and only if it has a geometric representation
on a simplex∆ in which each cyclic flatF of M consists of the set of elements in some
r(F )-vertex face of∆.
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FIGURE 4. Two rank-3 matroids that are not transversal.
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FIGURE 5. A transversal matroid (on the left) whose dual (on the right)
is not transversal.

Corollary 2.10. A rank-r transversal matroid has at most
(

r
k

)

cyclic flats of rankk.

Geometric representations make it is easy to see that some matroids are transversal
and that others are not. For instance, the matroids in Figure4 are not transversal since
they clearly do not have the required geometric representation on the3-vertex simplex (a
triangle). Also, Figures 5 and 6 make it transparent that closure under duality fails for the
class of transversal matroids, as does closure under contraction.

EXERCISE2.9: Consider the set systems([8],A) and([8],A′) with

A = ({1, 2, 3, 4, 5, 7, 8}, {1, 2, 6, 7, 8}, {3, 4, 5, 6, 7, 8})

and
A′ = ({1, 2, 3, 4, 5, 6, 7}, {1, 3, 4, 5, 6, 7}, {1, 2, 6, 7, 8}).

AreM [A] andM [A′] equal? Draw their geometric representations to find out.

EXERCISE 2.10: Not counting how the vertices of the simplex are labelled and how the
elements of the matroid are labelled, there are twenty-three distinct geometric represen-
tations of the uniform matroidU3,6 on a3-vertex simplex (a triangle). Find them. Also,
pick several of these geometric representations, label theelements ofU3,6, and find the
corresponding presentations. (Keep your twenty-three diagrams; they will be useful for a
later exercise.)

EXERCISE 2.11: Identify the facesF of a simplex for which, if, in our geometric repre-
sentation of a transversal matroidM , an elementx ∈ E(M) is placed freely inF , then
M/x is transversal.

EXERCISE2.12: Thefree extensionM+e of a matroidM by an elemente 6∈ E(M) is thefree extension

matroid on the ground setE(M)∪ewhose circuits are those ofM along with the setsB∪e
asB ranges over the bases ofM . Geometrically,e is added toM in the freest possible way
without increasing the rank. Use each of the views we have given of transversal matroids
to show that ifM is transversal, then so isM + e.
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.

.

M/x

FIGURE 6. A transversal matroidM whose contractionM/x is not transversal.

.
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FIGURE 7. A transversal matroid and an extension to a fundamental
transversal matroid.

3. CHARACTERIZATIONS OFTRANSVERSAL MATROIDS

Given a class of matroids, a natural question arises: how canmembers of the class be
recognized? That is, what properties distinguish the members of this class from matroids
outside the class? In this section, we prove two characterizations of transversal matroids,
one of which involves an inequality that relates the ranks ofunions and intersections of
collections of cyclic flats. We do not claim that the conditions in these characterizations
are easy to check for particular matroids; rather, the results are useful, for instance, to show
that certain constructions, when applied to transversal matroids, yield transversal matroids
(see, for example, [2]; see also [4, 7]). For the purposes of this expository paper, the role
of these characterizations is, in part, to give us further insight into transversal matroids.

3.1. Fundamental transversal matroids and the Mason-Ingleton theorem. We start
this section by using fundamental transversal matroids to motivate a characterization of
transversal matroids. Afundamental transversal matroid(sometimes called a principalfundamental transversal

matroidtransversal matroid) is a matroidM that has a basisB (called afundamental basis) such
fundamental basisthat each cyclic flatF of M is spanned by some subset ofB, namelyF ∩ B. Therefore,

if, in a geometric representation ofM , the elements ofB are at the vertices of a simplex,
then each cyclic flat spans a face of the simplex. It follows that, as the name suggests, such
matroids are transversal by Theorem 2.9. Indeed, a transversal matroid is fundamental if
and only if some geometric representation of it on a simplex has, for each vertex of the
simplex, at least one matroid element placed there. It follows that each transversal matroid
can be extended to a fundamental transversal matroid of the same rank (see Figure 7).

EXERCISE3.1: From the matrix perspective on transversal matroids, using algebraically
independent elements over some field, show that the class of all fundamental transversal
matroids is closed under duality.

EXERCISE3.2: Prove the result in the previous exercise directly fromthe definition, using
the following two steps. First show that a basisB is a fundamental basis ofM if and only
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if r(M) = r(F ) + |B − F | for all cyclic flatsF of M . Next, use the equalities

r∗(X) = |X| − r(M) + r(E(M) −X)

and

Z(M∗) = {E(M) − F : F ∈ Z(M)}

to show thatB is a fundamental basis ofM if and only if E(M) − B is a fundamental
basis ofM∗.

EXERCISE 3.3: Complete the following statement: a transversal matroid is fundamental
if and only if it has a presentation such that. . . Also, describe how to a get a presentation
of the dual from this perspective.

We claim that for a fundamental transversal matroidM with a fundamental basisB and
for cyclic flatsX1,X2, . . . ,Xn of M ,

r(X1 ∪X2 ∪ · · · ∪Xn) =
∣

∣B ∩ (X1 ∪X2 ∪ · · · ∪Xn)
∣

∣

and

r(X1 ∩X2 ∩ · · · ∩Xn) =
∣

∣B ∩ (X1 ∩X2 ∩ · · · ∩Xn)
∣

∣.

The first equality holds since the union ofn bases, one for each ofX1,X2, . . . ,Xn, spans
the union of these sets, and

⋃

i∈[n](B∩Xi) is such a union that is also independent. For the
second equality, the right side cannot exceed the left sincesubsets ofB are independent, so
it suffices to show that each elementx in (

⋂

i∈[n]Xi)−B completes a circuit with elements
of

⋂

i∈[n](B∩Xi). Sincex is not in the basisB, the setB∪x contains a unique circuit, say
C. SinceB∩Xi is a basis ofXi, for i ∈ [n], the set(B∩Xi)∪x contains a unique circuit;
the uniqueness ofC givesC − x ⊆ B ∩Xi, so, as needed,C − x ⊆

⋂

i∈[n](B ∩Xi).
From the two displayed equalities above along with the equation

∣

∣A1 ∩A2 ∩ · · · ∩An
∣

∣ =
∑

J⊆[n]

(−1)|J|+1
∣

∣

⋃

j∈J

Aj
∣

∣

(which follows from the more common form of inclusion/exclusion by taking comple-
ments) applied to the setsAi = B ∩Xi, for i ∈ [n], we get the following rank equality in
any fundamental transversal matroidM . For any nonempty collection{X1,X2, . . . ,Xn}
of cyclic flats ofM ,

r(X1 ∩X2 ∩ · · · ∩Xn) =
∑

J⊆[n]

(−1)|J|+1r
(

⋃

j∈J

Xj

)

.

As noted above, a transversal matroidM can be extended to a fundamental transversal
matroidM ′ of the same rank. Each cyclic flatF of M spans a cyclic flat, clM ′(F ), of
M ′. The rank of a union of cyclic flats inM is the same as the rank of the union of the
corresponding cyclic flats inM ′ since both unions span the same flat ofM ′; in contrast, as
illustrated in Figure 7, the ranks of intersections of cyclic flats inM can be lower than the
ranks of their counterparts inM ′. It follows that a necessary condition for a matroidM to
be transversal is that, for all nonempty collections{X1,X2, . . . ,Xn} of cyclic flats ofM ,

r(X1 ∩X2 ∩ · · · ∩Xn) ≤
∑

J⊆[n]

(−1)|J|+1r
(

⋃

j∈J

Xj

)

.

This necessary condition turns out to be sufficient, as the next theorem states. This result
was proven by J. Mason [23] for cyclic sets; the simpler formulation in Theorem 3.1 was
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observed by A. Ingleton [19] to be equivalent to J. Mason’s result. We adopt the following
abbreviations for intersections and unions of collectionsof set: forF ⊆ Z(M),

∩F =
⋂

X∈F

X and ∪ F =
⋃

X∈F

X.

Theorem 3.1. A matroidM is transversal if and only if for all nonempty subsetsF of
Z(M),

(3.1) r(∩F) ≤
∑

F ′⊆F

(−1)|F
′|+1r(∪F ′).

EXERCISE3.4: We noted that the matroids in Figure 4 are not transversal. For each, find
a familyF of cyclic flats for which inequality (3.1) fails.

We have proven half of this result, namely, that inequality (3.1) holds for all nonempty
subsets ofZ(M) if M is transversal. We next develop a circle of ideas that we use to prove
the remaining implication and, in the process, obtain another characterization of transversal
matroids. To complete the proof of Theorem 3.1, we constructa presentation ofM . Thus,
we need to know what types of sets can be in a presentation and we need to know about
their multiplicities.

3.2. Sets in presentations.LetA = (A1, A2, . . . , Ar) be a presentation ofM . We claim
that for eachi ∈ [r], the complementAci = E(M) − Ai of Ai is a flat ofM . To see this,
consider a matrix representation of the type we saw in Section 2.2. The elements inAci
correspond to the columns that have0 in thei-th row; obviously no other column is in their
closure, so, as claimed,Aci is a flat.

EXERCISE3.5: Give a second proof thatAci is a flat ofM by using partial transversals (or
matchings in bipartite graphs) to showr(Aci ∪ x) = r(Aci ) + 1 for all for x ∈ Ai.

As stated in the corollary below, iteratively applying the next lemma shows that the sets
in any presentation ofM can be enlarged to give a presentation(A′

1, A
′
2, . . . , A

′
r) of M so

that no deletionM\A′
i has coloops, that is, each complementA′c

i is a cyclic flat ofM .

Lemma 3.2. LetM be a transversal matroid with presentationA = (A1, A2, . . . , Ar).
If x is a coloop ofM\Ai, thenA′ = (A1, A2, . . . , Ai−1, Ai ∪ x,Ai+1, . . . , Ar) is also a
presentation ofM .

Proof. To simplify the notation slightly, we takei = 1, soA′ = (A1 ∪ x,A2, . . . , Ar).
Obviously any transversal ofA is a transversal ofA′. The converse is clear except when
x is in a transversalT of A′ and the bijectionφ : [r] → T that is used to show thatT is
a transversal hasφ(1) = x. To treat this situation, we take the bipartite graph perspective.
The argument below is illustrated in Figure 8. The bijectionφ, when we ignorex andA1,
determines a matching of the vertices inT − x with the verticesA2, A3, . . . , Ar; color the
edges in this matching red. A suitable restriction ofφ shows thatT − (A1 ∪ x) is a partial
transversal of(A2, A3, . . . , Ar). Sincex is a coloop ofM\A1, it follows thatT − A1

is a partial transversal of(A2, A3, . . . , Ar); color the edges in some matching ofT − A1

intoA2, A3, . . . , Ar blue. Note that each vertex is incident with at most one edge of each
color, so the components of the graph induced by the colored edges are cycles and paths.
The vertexx is incident with only one colored edge (which is blue), so thecomponent of
colored edges thatx is in is a path. Since each ofA2, A3, . . . , Ar is incident with exactly
one red edge, it follows that the other end-vertex of this path is an element, sayy, ofA1∩T .
Retaining the red edges outside of this path and swapping theblue and red edges in this
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x t2 t3 t4 t5 t6 t7

A1 A2 A3 A4 A5 A6 A7

(b)

x t2 t3 t4 t5 t6 t7

A1 A2 A3 A4 A5 A6 A7

(a)

FIGURE 8. An example of the argument in the proof of Lemma 3.2. The
solid edges in part (a) give a matching ofT − x with (A2, A3, . . . , Ar);
the dashed edges give a matching ofT −A1 into (A2, A3, . . . , Ar). The
matching ofT with (A1, A2, . . . , Ar) in part (b) uses the the dashed
edges in the component that containsx and the solid edges in the other
components, and it matchest4 (the elementy in the proof) withA1.

path gives a collection of red edges that, when augmented by matchingy with A1, shows
thatT is a transversal ofA, as needed. �

Corollary 3.3. For any presentation(A1, A2, . . . , Ar) of a transversal matroidM , there
is a presentation(A′

1, A
′
2, . . . , A

′
r) ofM withAi ⊆ A′

i andA′c
i ∈ Z(M) for i ∈ [r].

EXERCISE3.6: Prove the converse of Lemma 3.2: ifA andA′ (as in the statement of the
lemma) are both presentations ofM , thenx is a coloop ofM\Ai.

3.3. Multiplicities of complements of cyclic flats in presentations. As stated above, we
aim to construct a presentationA of a matroidM if inequality (3.1) holds for all nonempty
sets of cyclic flats. The presentation will consist of complements of cyclic flats. We turn to
the multiplicity inA that we should assign toF c for eachF ∈ Z(M). Of course, the sum
of the multiplicities must ber(M), which we shorten tor. We will define a functionβ so
that forF ∈ Z(M), the multiplicity ofF c in A will be β(F ). To motivate the definition
of β, we note that, by Corollary 2.8, for eachF ∈ Z(M) we must have

(3.2)
∑

Y ∈Z(M) :F∩Y c 6=∅

β(Y ) = r(F ),

or, equivalently,

(3.3)
∑

Y ∈Z(M) :F⊆Y

β(Y ) = r − r(F ).

With this motivation, we defineβ recursively on all subsetsX of E(M) bydefinition ofβ(X)

(3.4) β(X) = r − r(X) −
∑

Y ∈Z(M) :X⊂Y

β(Y ).



J. Bonin An Introduction to Transversal Matroids 13

a g

e

c

f

d
b

β(a, b, c) = 1 − 0 = 1

β(a) = 2 − 1 − 1 − 1 = −1

β(∅) = 3 − 1 − 1 − 1 = 0

FIGURE 9. Several values ofβ that arise from a rank-3 matroid.

Note that equation (3.3) holds forF ∈ Z(M). Applying equation (3.3) to the least cyclic
flat, cl(∅), gives

(3.5)
∑

Y ∈Z(M)

β(Y ) = r.

Equation (3.2) now follows.
Figure 9 gives an example of computing some values ofβ on a non-transversal matroid;

as we will see below, it is no mere coincidence thatβ takes on negative values. As an
example of computingβ on a transversal matroid, take the uniform matroidUr,n of rank
r on [n] with r < n. We haveβ(X) = r − r(X) for eachX ⊆ [n]; the only cyclic flat
F with β(F ) 6= 0 is F = ∅, so the resulting presentation ofUr,n has just one set,[n],
and this set has multiplicityβ(∅), which isr. For another example, letM be a transversal
matroid whose geometric representation on ther-vertex simplex has at least two parallel
elements at each vertex (and possibly more elements). Each cyclic hyperplaneH (which is
spanned byr − 1 parallel pairs) hasβ(H) = 1; it follows thatβ is zero on all other cyclic
flats. Thus, the resulting presentation ofM consists of the complements of ther cyclic
hyperplanes.

EXERCISE3.7: For the second matroid in Figure 4, find a setX with β(X) < 0.

EXERCISE3.8: For the transversal matroid shown in Figure 3, find the presentation thatβ
gives. Also, draw the geometric representation that corresponds to this presentation. (The
geometric representation will differ from the one in Figure3.)

The matroid in Figure 9 is not transversal; also,β(a) < 0. This is consistent with
the following theorem, which, when combined with the half ofTheorem 3.1 that we have
already proven, shows thatβ is never negative on transversal matroids. In the proof, we
use the following basic algebraic result: ifK is a nonempty set, then

(3.6)
∑

J : ∅⊂J⊆K

(−1)|J|+1 = 1.

This equality holds since, upon setting|K| = n, the sum can be written as
(

n

1

)

−

(

n

2

)

+

(

n

3

)

− · · · + (−1)n+1

(

n

n

)

;

the alternating sum of all binomial coefficients
(

n
i

)

is zero, so the displayed sum is
(

n
0

)

= 1.

Theorem 3.4. If inequality (3.1) holds for all nonempty collections of cyclic flats ofM ,
thenβ(X) ≥ 0 for all X ⊆ E(M).

Proof. ForX ⊆ E(M), setF(X) = {Y ∈ Z(M) : X ⊂ Y }, soF(X) contains the sets
Y in the range of summation in the definition ofβ(X). By the definition ofβ, we have
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β(X) ≥ 0 if and only if
∑

Y ∈F(X)

β(Y ) ≤ r − r(X).

The displayed inequality trivially holds ifF(X) = ∅. If F(X) 6= ∅, then we have
∑

Y ∈F(X)

β(Y ) =
∑

Y ∈F(X)

β(Y )
∑

∅⊂F ′⊆{Z∈F(X) :Z⊆Y }

(−1)|F
′|+1(3.7)

=
∑

∅⊂F ′⊆F(X)

(−1)|F
′|+1

∑

Y ∈F(X) :∪F ′⊆Y

β(Y )(3.8)

=
∑

∅⊂F ′⊆F(X)

(−1)|F
′|+1

(

r − r(∪F ′)
)

(3.9)

= r −
∑

∅⊂F ′⊆F(X)

(−1)|F
′|+1r(∪F ′)(3.10)

≤ r − r(∩F(X))(3.11)

≤ r − r(X).

(Line (3.7) and the simplification from line (3.9) to (3.10) use equation (3.6). Line (3.8)
changes the order of summation. Line (3.9) uses equation (3.3) and the observation that
the union spans a cyclic flat. Inequality (3.1) connects lines (3.10) and (3.11). Clearly
X ⊆ ∩F(X), sor(X) ≤ r(∩F(X)), from which the last line follows.) �

3.4. Completion of the proof of the Mason-Ingleton theorem.Theorems 3.4 and 3.5
complete the proof of Theorem 3.1.

Theorem 3.5. If β(X) ≥ 0 for all X ⊆ E(M), thenM is transversal. One presentation
A ofM consists of the setsF c, for F ∈ Z(M), withF c having multiplicityβ(F ) in A.

Proof. Let r = r(M). By equation (3.5), the number of sets inA, counting multiplicity,
is r. Our goal is to showM = M [A].

To show that each dependent setX of M is dependent inM [A], it suffices to show this
whenX is a circuit ofM . In this case, cl(X) is a cyclic flat ofM , so, by equation (3.2)
and the definition ofA, it has nonempty intersection with exactlyr(X) sets ofA, counting
multiplicity. However, this conclusion and the inequalityr(X) < |X| imply thatX cannot
be a partial transversal ofA, so it is dependent inM [A].

Write A as(F c1 , F
c
2 , . . . , F

c
r ). To show that each independent set ofM is independent

in M [A], it suffices to show this for an arbitrary basisB of M . For this, it suffices to show
that the set systemAB = (F c1 ∩ B,F c2 ∩ B, . . . , F cr ∩ B) has a transversal (which must
beB). We apply Theorem 2.1:AB has a transversal if and only if, for eachj ≤ r, each
union, sayX, of anyj sets inAB contains at leastj elements. Such a setX has the form
X =

⋃

i∈J(F ci ∩B) with J ⊆ [r] and|J | = j. It follows thatB−X ⊆
⋂

i∈J Fi, so there
are at leastj setsF ck in A with B −X ⊆ Fk; thus, as needed,

j ≤
∑

Y ∈Z(M) :B−X⊆Y

β(Y )

≤ r − r(B −X)

= |B| − |B −X|

≤ |X|.

(The assumption thatβ is nonnegative plays a role in the first line and it is used to get the
second line from that; recall the first steps in the proof of Theorem 3.4.) �
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Observe that we have proven the cycle of implications in the following theorem. (The
equivalence of statements (1) and (3) is the dual of a result in [24], which was also shown
in [20, 22].)

Theorem 3.6. For any matroidM , the following statements are equivalent:

(1) M is transversal,
(2) for every nonempty subsetF of Z(M),

(3.12) r(∩F) ≤
∑

F ′⊆F

(−1)|F
′|+1r(∪F ′),

(3) β(X) ≥ 0 for all X ⊆ E(M).

Note that forX,Y ∈ F with X ⊂ Y , usingF − {Y } in place ofF does not change
either side of inequality (3.12); withF , the terms on the right side that includeY cancel
via the involution that mapsF ′ to the symmetric differenceF ′△{X}. Thus, statements
(1)–(3) are equivalent to the statement that inequality (3.12) holds for all nonempty setsF
of incomparable flats inZ(M). Note also that two cases of this inequality automatically
hold: equality holds when|A| = 1 and the case of|A| = 2 is the semimodular inequality.

EXERCISE 3.9: Use Theorem 3.1 to prove the theorem below. (As with Theorem 3.1,
this result was first formulated by J. Mason using cyclic sets; A. Ingleton observed that the
refinement to cyclic flats follows easily from that.)

Theorem 3.7. A matroidM of rankr is transversal if and only if there is an injectionφ
fromZ(M) into the set of subsets of[r] with

(1) |φ(F )| = r(F ) for all F ∈ Z(M),
(2) φ(cl(F ∪G)) = φ(F ) ∪ φ(G) for all F,G ∈ Z(M), and
(3) r(∩F) ≤ | ∩ {φ(F ) : F ∈ F}| for every subsetF of Z(M).

3.5. Several further results. Let A = (A1, A2, . . . , Ar) be a presentation ofM . We say
thatA is maximalif, whenever(A′

1, A
′
2, . . . , A

′
r) is a presentation ofM with Ai ⊆ A′

i for maximal presentation

i ∈ [r], thenAi = A′
i for i ∈ [r]. In other words,A is maximal ifM [A′] 6= M for every

set systemA′ that is obtained by adding elements ofE(M) to some sets inA. Similarly,A
is minimal if, whenever(A′

1, A
′
2, . . . , A

′
r) is a presentation ofM with A′

i ⊆ Ai for i ∈ [r], minimal presentation

thenAi = A′
i for i ∈ [r]. Thus,A is minimal ifM [A′] 6= M for every set systemA′ that

is obtained by removing elements from some sets inA.

EXERCISE3.10: Think about what it means geometrically for both(A1, A2, . . . , Ar) and
(A′

1, A
′
2, . . . , A

′
r), whereA′

i ⊆ Ai for i ∈ [r], to be presentations of the same transversal
matroid. With this insight, follow up your work on Exercise 2.10 by determining which of
the twenty-three distinct affine representations ofU3,6 are minimal.

In contrast to what you just saw in the exercise above, we havethe following result of
J. Mason on maximal presentations.

Theorem 3.8. Each transversal matroid has exactly one maximal presentation.

Proof. By Corollary 3.3, in any maximal presentation(A1, A2, . . . , Ar) of a transversal
matroidM , each complementAci is a cyclic flat ofM . By Corollary 2.8, for each cyclic
flat F of M , there are exactlyr(F ) integersi with F ∩ Ai 6= ∅, i.e.,F 6⊆ Aci . Arguing
recursively from the largest cyclic flat to the smallest, it follows that only one assignment
of multiplicities (the one thatβ gives) meets these conditions. �

Beyond being inherently interesting, this result says thatthe maximal presentation is
a canonical form that can be used to determine whether two presentations yield the same
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transversal matroid. From each presentation, one can use Lemma 3.2 to enlarge the sets
in the presentation until the maximal presentation is obtained; then one checks whether
the maximal presentations are the same. (In contrast, it is afrequent source of difficulty
in many parts of matroid theory that many matroids have many different representations
without having a way of getting from one to another, or to a preferred representation. This
is a major issue when studying matroids that are representable over a given field, except in
the cases of a few very small fields.)

In Section 3.1 we showed that equality holds in inequality (3.12) for any fundamental
transversal matroid. The following result from [6] includes the converse.

Theorem 3.9. For any matroidM , the following statements are equivalent:

(1) M is a fundamental transversal matroid,
(2) for every nonempty subsetF of Z(M), we have

r(∩F) =
∑

F ′⊆F

(−1)|F
′|+1r(∪F ′),

(3) for every filterF in Z(M), we have
∑

Y ∈F

β(Y ) = r(M) − r(∩F).

A filter in Z(M) is a subsetF of Z(M) such that ifA,B ∈ Z(M) with A ∈ F andfilter

A ⊆ B, thenB ∈ F . As in Theorem 3.6, the collectionsF in statement (2) can be limited
to collections of incomparable sets; they can also be limited to filters (this can be done in
Theorems 3.6 and 3.7 too).

To close this section, we note that [10, 19, 28] contain several other characterizations
of transversal matroids as well as a variety of results aboutpresentations that have special
properties.

4. LATTICE PATH MATROIDS

To illustrate a variety of basic concepts in matroid theory and to expose you to some
recent developments in the theory of transversal matroids,we turn to transversal matroids
that arise from lattice paths. This class of matroids (introduced in [9] and studied further
in [3, 8]), while fairly large, is small relative to the classof transversal matroids: in [12] it is
shown that the number of fundamental transversal matroids onn elements is on the order of
cn

2

for some constantc; in comparison, the number of lattice path matroids onn elements
is on the order ofdn for somed (see the fourth exercise in Section 4.2). However, this
smaller class of matroids has many attractive properties that are not shared by transversal
matroids in general.

4.1. Sets of lattice paths and related set systems.A lattice pathis a sequence of eastlattice path

and north steps of unit length, starting at(0, 0). We sometimes write paths as strings of
Es andNs. For instance, the dotted path in Figure 10 isNENEEENENE, or, slightly
more compactly,(NE)2E2(NE)2.

Our interest is not in individual lattice paths per se, but incollections of paths. To obtain
a collection of interest, fix two lattice pathsP andQ from (0, 0) to (m, r) with P neverP , Q

going aboveQ. (The paths may meet at points in addition to the ends.) LetP be the setP

of lattice paths from(0, 0) to (m, r) that stay in the region thatP andQ bound. Such
bounding paths and a typical path inP are illustrated in Figure 10.
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P

Q
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.

FIGURE 10. A region bounded by two lattice paths (in two shades of
gray) and a path (dotted) in the region.

.

.
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2 3 4

2 4 5 6

4 5 6

6 7 8 10

FIGURE 11. The labelling of the north steps for the diagram in Figure10
along with the path whose first, third, seventh, and ninth steps are north.

A simple but important observation is that each path inP is determined by its north
steps. For example, knowing that first, third, seventh, and ninth steps are north (and that
paths in the given region have ten steps) specifies the dottedpath in Figure 10.

Our aim is to interpret the paths inP as the bases of a transversal matroid. To do this,
label each north step in the region by the position it has in each path it is in. Note that
many north steps can receive a given label, but that all northsteps with a given label have
a line of slope−1 through their centers. Such a labelling is shown in Figure 11.

For 1 ≤ i ≤ r, letNi be the set of all labels on the north steps in rowi of the diagram, (N1, N2, . . . , Nr)

indexed from the bottom up. Thus,Ni is the set of positions (in the sequence of steps)
where thei-th north step of a path inP could be. In the example in Figure 11, these sets
areN1 = {1, 2, 3, 4},N2 = {2, 3, 4, 5, 6},N3 = {4, 5, 6, 7}, andN4 = {6, 7, 8, 9, 10}.

In general, each setNi is an interval[ai, bi] of integers; also,1 ≤ a1 < a2 < · · · < ar Ni = [ai, bi]

andb1 < b2 < · · · < br ≤ m+r. Note that none of these intervals contains another. From
this collection of intervals, the bounding pathsP andQ can be recovered.

4.2. Lattice path matroids; interpreting paths as bases.Using the notation established
above, the matroidM [P,Q] is the transversal matroidM [(N1, N2, . . . , Nr)] on [m + r]. M [P, Q]

Thus, the set system(N1, N2, . . . , Nr) is a presentation ofM [P,Q]. A lattice path matroid
is a matroid that is isomorphic toM [P,Q] for some suchP andQ. lattice path matroid

From the remarks at the end of Section 4.1, it follows that an equivalent definition of a
lattice path matroid is that it is a transversal matroid thathas a presentation by a collection
of intervals in the ground set, relative to some fixed linear order, such that no interval
contains another. For our purposes, we favor the lattice path view since it makes many
properties transparent.

In the next result, we achieve the goal stated above: we interpret the paths inP as the
bases of the transversal matroidM [P,Q].
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Theorem 4.1. The mapR 7→ {i : thei-th step ofR is north} is a bijection betweenP
and the set of bases ofM [P,Q].

Proof. Clearly each path maps to a transversal of the set system. Also, the map is injective
since a path is determined by where its north steps occur, so we need only show that each
transversalT = {t1, t2, . . . , tr} of (N1, N2, . . . , Nr) arises from a path. We may assume
that t1 < t2 < · · · < tr. Note that if we show thatti is in Ni, then it is clear thatT
arises from a path. If, to the contrary,ti 6∈ Ni = [ai, bi], then we have the following two
possibilities, both of which contradictT being a transversal: ifti < ai, then thei elements
t1, t2 . . . , ti are in at mosti−1 sets, namely,N1, N2, . . . , Ni−1; if ti > bi, then ther−i+1
elementsti, ti+1, . . . , tr are in at mostr − i sets, namelyNi+1, Ni+2, . . . , Nr. �

Corollary 4.2. The number of bases ofM [P,Q] is |P|.

EXERCISE4.1: Show that the elementi is a coloop ofM [P,Q] if and only if thei-th steps
of P andQ coincide and are north.

EXERCISE4.2: Show that(N1, N2, . . . , Nr) is a minimal presentation ofM [P,Q].

EXERCISE 4.3: Consider lattice path matroidsM [P,Q] whereP has the formEmNr.
Show that if the path presentation(N1, N2, . . . , Nr) of M [P,Q] is

([a1,m+ 1], [a2,m+ 2], . . . , [ar,m+ r]),

then another presentation ofM [P,Q] is given by the system of nested intervals

([a1,m+ r], [a2,m+ r], . . . , [ar,m+ r]).

(Lemma 3.2 may be useful. For more assistance, look ahead to Lemma 4.7 and its proof.)
Use this result to get a geometric representation ofM [P,Q] on ther-vertex simplex and to
identify the cyclic flats ofM [P,Q] along with their ranks. What simple structure does the
lattice of cyclic flats have? Conclude thatM [P,Q] is isomorphic toM [P ′, Q] if and only
if P = P ′.

EXERCISE4.4: Show that the number of lattice path matroidsM [P,Q] on [n] is between
2n and4n.

4.3. Duality, direct sums, connectivity, spanning circuits, and minors. A number of
matroid operations have appealing interpretations for lattice path matroids. One of the
simplest and most attractive interpretations is for duality. Recall that the dualM∗ of M
has{E(M) − B : B is a basis ofM} as its set of bases. The next result, which stands
in contrast to what we saw for transversal matroids, is transparent once we observe that
reflecting one of our diagrams about the liney = x interchanges north steps and east steps:
what are the east steps of paths (the complements of bases) inthe original diagram are the
north steps of paths (the bases) in the reflected diagram. This is illustrated in Figure 12.

Theorem 4.3. The class of lattice path matroids is closed under duality.

EXERCISE4.5: With duality and the first exercise in Section 4.2, characterize the loops of
M [P,Q].

Since the bases of the direct sumM1 ⊕M2 are the setsB1 ∪B2, whereBi is a basis of
Mi, thinking about Figure 13 makes the following result obvious.

Theorem 4.4. The class of lattice path matroids is closed under direct sums.
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FIGURE 12. The path representations of a lattice path matroid and its dual.

M1 M2 M1 ⊕M2

.

.

FIGURE 13. The path representations of two lattice path matroids and
their direct sum.

(Recall thatM1 ⊕M2 is defined only whenE(M1) andE(M2) are disjoint, yet all sets
E(M [P,Q]) include1. This is part of why we defined lattice path matroids to be matroids
that are isomorphic to matroids of the formM [P,Q]. Thus, in Figure 13, we have in mind
that the elements have been relabelled so that the ground sets are disjoint.)

It follows that if M [P,Q] is connected, thenP andQ meet only at the ends. The
converse is also true, as we will show next. We will use the following exercise.

EXERCISE4.6: Show that any matroidM that has no loops and that has a spanning circuit
(that is, a circuit of rankr(M)) is connected.

AssumeP andQ meet only at the ends. Matroids with just one element are connected,
so assumeM [P,Q] has at least two elements. From the result you obtained in thefirst
exercise in this section, it follows thatM [P,Q] has no loops. Thus, if we can show that
M [P,Q] has a spanning circuit, it will follow thatM [P,Q] is connected. Letx be any
element ofM [P,Q] that is in at least two sets amongN1, N2, . . . , Nr, sayx ∈ Ni∩Ni+1.
We will construct a spanning circuit ofM [P,Q] that containsx. The assumption gives
ah ∈ Nh−1 ∩ Nh if h > 1 andbk ∈ Nk ∩ Nk+1 if k < r. It follows easily that each
r-subset ofC = {a1, a2, . . . , ai, x, bi+1, . . . , br} is a transversal of(N1, N2, . . . , Nr), and
hence a basis ofM [P,Q], soC is a spanning circuit. Note also thata1 could be replaced
by any element that is in onlyN1; similarly, br could be replaced by any element that is in
onlyNr. Thus, we have the following result.

Theorem 4.5. The matroidM [P,Q] is connected if and only ifP andQ intersect only at
the ends. Also, an element ofM [P,Q] is in a spanning circuit ofM [P,Q] if and only if it
is in at least two sets amongN1, N2, . . . , Nr, or it is in eitherN1 or Nr.

Now that we understand the connected components of lattice path matroids, we can
address another basic question. We know that the bases ofM [P,Q] correspond to the
paths inP. Does the isomorphism type ofM [P,Q] capture the paths? It does provided
we take certain symmetries into account. The following operations on regions, which are
illustrated in Figure 14, yield isomorphic matroids:

(1) permuting the connected components and
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.

.

FIGURE 14. The path representations of two isomorphic lattice pathmatroids.

(2) rotating, by180◦, the region corresponding to any connected component.

The next theorem follows from results in [8].

Theorem 4.6. The pathsP andQ are determined by any matroid isomorphic toM [P,Q]
up to operations (1) and (2) above.

To show that the class of lattice path matroids (unlike that of transversal matroids) is
closed under minors, with Theorem 4.3 and the fact that deletion and contraction are dual
operations, it suffices to show that the class is closed underdeletion. One can prove this
from the lattice path perspective (see [8]); to illustrate another approach, we instead use the
interval perspective. As noted before Theorem 4.1, a lattice path matroid can be seen as a
transversal matroid that has a presentation by a collectionof incomparable intervals relative
to a fixed linear order on the ground set. The next lemma shows that some comparabilities
among the intervals can be allowed.

Lemma 4.7. Fix a linear order on a setS. LetA be (N1, N2, . . . , Nr) whereNi is an
interval [ai, bi] in the linear order. Ifa1 ≤ a2 ≤ · · · ≤ ar andb1 ≤ b2 ≤ · · · ≤ br, then
M [A] is a lattice path matroid.

Proof. We claim that ifai = ai+1 < ai+2, thenM [A] = M [A′] whereA′ is obtained
fromA by replacingNi+1 by [a′i, bi+1], wherea′i is the successor ofai in the linear order.
SinceNi − [a′i, bi+1] is the singleton{ai}, it follows thatai becomes a coloop when we
delete[a′i, bi+1] fromM [A′], so, as desired, we getM [A] = M [A′] by Lemma 3.2. The
result in the lemma follows since this process and its counterpart for upper endpoints can
be iterated until we obtain a presentation by incomparable intervals. �

The next theorem follows from this lemma and Theorem 2.4, using the induced linear
order on any subset of a linear order.

Theorem 4.8. The class of lattice path matroids is closed under deletionsand so under
minors.

Given that the class of lattice path matroids is closed underminors, one can ask for the
excluded-minor characterization of this class, that is, the characterization of this class that
results by finding the minor-minimal obstructions to being in the class. (More precisely,
an excluded minorfor a minor-closed classC of matroids is a matroidM with M 6∈ Cexcluded minor

such that for allx ∈ E(M), bothM\x andM/x are inC.) A result in this spirit that
readers may be familiar with is Kuratowski’s characterization of planar graphs: a graph is
planar if and only if it has neitherK5 norK3,3 as a minor. Thus,K5 andK3,3 are the
two excluded minors for the minor-closed class of planar graphs. The class of lattice path
matroids has such a characterization [3]; however, in contrast to Kuratowski’s theorem,
there are infinitely many excluded minors. Fortunately, allbut four of the excluded minors
naturally fall into five infinite families that have common geometric features. (As we saw
in Section 2.5, the class of transversal matroids is not closed under minors; therefore, it
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has no characterization by excluded minors. Attempts to characterize transversal matroids
by the more restrictive notion of excluded series-minors (which are related to topological
minors of graphs) have proven unwieldy.)

5. TUTTE POLYNOMIALS OF LATTICE PATH MATROIDS

In this section, we present one of the most striking enumerative properties of lattice
path matroid: a very important polynomial that is extremelydifficult to compute for most
matroids can be computed easily for lattice path matroid.

5.1. A brief introduction to Tutte polynomials. By far the most important polynomial
associated with a matroid is its Tutte polynomial. Special evaluations of Tutte polynomials,
for certain matroids, give many other much-studied polynomial and numerical invariants
in combinatorics and other subjects, such as flow and chromatic polynomials of graphs,
weight enumerators of linear codes, invariants of arrangements of hyperplanes (e.g., the
number of regions and the number of bounded regions), Jones polynomials of alternat-
ing knots, and the partition function of the Ising model in statistical physics. Despite its
many important specializations, this polynomial has a rather simple definition. TheTutte
polynomialof a matroidM is Tutte polynomial

t(M ; x, y)(5.1) t(M ;x, y) =
∑

A⊆E(M)

(x− 1)r(M)−r(A)(y − 1)|A|−r(A).

The Tutte polynomial is related to the generating function for the subsets ofE(M) indexed
according to their rank and size, that is,

f(M ;x, y) =
∑

A⊆E(M)

xr(A)y|A|,

by a change of variables, but formulatingt(M ;x, y) as we did leads to many attractive
properties, such as that in Corollary 5.3. For information on some of the many application
of the Tutte polynomial, see [13, 29].

EXERCISE5.1: Find the formulas that express each oft(M ;x, y) andf(M ;x, y) in terms
of the other.

To illustrate computing the Tutte polynomial from the definition, we give an example
that also shows that nonisomorphic matroids can have the same Tutte polynomial. The
matroidsM1 andM2 are given in Figure 15. For these matroids, we have

t(M1;x, y) = t(M2;x, y) = (x− 1)3 (the empty set)

+6(x− 1)2 (the six singleton sets)

+15(x− 1) (the fifteen pairs)

+18 (eighteen of the3-subsets have rank 3)

+2(x− 1)(y − 1) (the other two3-subsets have rank 2)

+15(y − 1) (the4-element subsets)

+6(y − 1)2 (the5-element subsets)

+(y − 1)3 (the entire set).

Expanding this polynomial givesx3+3x2+4x+2xy+4y+3y2+y3, which is symmetric in
x andy. Symmetry is not typical for Tutte polynomials. We will see below what accounts
for the symmetry in these examples.
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M1

. .

.

M2

.

FIGURE 15. Two transversal matroids that have the same Tutte polynomial.

Computing Tutte polynomials in the manner we just did can be done only for matroids
on small ground sets. With its numerous important applications, many of which are known
to be computationally very hard, it is not surprising that computing the Tutte polynomial
is hard (see [21]). Even for transversal matroids, computing evaluations of their Tutte
polynomials at most points is hard (see [14]). (Computational complexity allows one to
make the notion of hardness precise.) In sharp contrast, as we will see, computing the
Tutte polynomial of a lattice path matroid is easy. The key isa different perspective on this
polynomial, which we treat in the next section.

EXERCISE5.2: Can one determine the rank of a matroid from its Tutte polynomial? If so,
how?

EXERCISE 5.3: Give counting interpretations of the following evaluations of the Tutte
polynomial: (a) t(M ; 2, 2), (b) t(M ; 2, 1), (c) t(M ; 1, 2), and (d) t(M ; 1, 1).

5.2. Tutte polynomials as generating functions for basis activities. (See Bj̈orner [1] for
an excellent account of the following approach to the Tutte polynomial and for the proof
of Theorem 5.1.) Fix an arbitrary linear order on the ground set ofM . An elementb of a
basisB of M is internally active forB ifinternally active

b = min{x : (B − b) ∪ x is a basis ofM}.

Equivalently,b ∈ B is internally active if it is the least element of the cocircuit that is
the complement of the hyperplane cl(B − b). Let i(B) be the number of internally active
elements inB. Dually,a ∈ E(M) −B is externally active forB ifexternally active

a = min{x : (B ∪ a) − x is a basis ofM};

equivalently,a is the least element of the unique circuit that is contained in B ∪ a. Let
e(B) be the number of externally active elements inE(M) − B. The following result of
Crapo [15], which generalizes a result of Tutte for graphs, shows that the Tutte polynomial
is the generating function for the activities of bases.

Theorem 5.1. For any matroidM and any linear order ofE(M),

t(M ;x, y) =
∑

basesB

xi(B)ye(B).

Note that which elements are active in a basis depends on the linear order, as do the
numbersi(B) ande(B), so it is striking that the sum in this theorem does not dependon
the order.

EXERCISE5.4: Prove the lemma below using the definition of activities.

Lemma 5.2. Relative to a fixed linear order ofE(M), an elementb ∈ B is internally
active forB in M if and only ifb is externally active forE(M) −B in M∗.

This lemma has the following immediate corollary.
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P

Q

.

.

FIGURE 16. The path (in gray) corresponding to a basis and the (darker)
steps that give internally active basis elements.

.

.

b

b

FIGURE 17. To show that the step labelledb in the black and dark gray
path (basis) is not internally active, replace the dark graypart of the path
with the light gray steps.

Corollary 5.3. For any matroid,t(M∗;x, y) = t(M ; y, x). Thus, ifM is self-dual (i.e.,
isomorphic to its dual), thent(M ;x, y) is symmetric inx andy.

EXERCISE5.5: Give another proof of Corollary 5.3 directly from equation (5.1).

EXERCISE 5.6: Explain why the Tutte polynomial we computed in the lastsection is
symmetric.

5.3. Basis activities in lattice path matroids; computing Tuttepolynomials. The key to
understanding the Tutte polynomial of a lattice path matroid is interpreting basis activities
in terms of lattice paths, using the natural order1 < 2 < · · · < m+ r. This is done in the
following result, which Figure 16 illustrates; Figure 17 illustrates the proof.

Theorem 5.4. The internally active elements in a basisB of M [P,Q] correspond to the
north steps in the associated pathPB that lie on the upper bounding pathQ.

Proof. Assume first that the north step labelledb in PB is not inQ. We must show thatb is
not internally active inB, that is, some path in the region of interest arises by replacing b
by some smaller element. LetI be the collection of north steps strictly below theb-th step
and with the samex-coordinate. Since theb-th step is not inQ, it follows that each step
in I can be moved to the step with the same label one unit up and to the left, theb-th step
can be converted into an east step, and the east step before the first step inI can become
north, and the resulting path stays in the region. Thus, as claimed,b can be replaced by a
smaller element. When the north step labelledb is inQ, any replacement of it by a smaller
element would result in a path that goes outside of the regionof interest, so such elements
are internally active, and the converse holds. �

Combining this theorem with Lemma 5.2 and our lattice path interpretation of duality
gives the following corollary.
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1 y y2

x
x+ y

x2 + xy

x+ y + y2

x2 + xy + x+ y + y2

FIGURE 18. A small example of computing the Tutte polynomial of a
lattice path matroid recursively.

Corollary 5.5. The externally active elements in a basis ofM [P,Q] correspond to the east
steps in the associated path that lie inP .

Together, these results give the following interpretationof the coefficients of the Tutte
polynomial of a lattice path matroid.

Theorem 5.6. The coefficient ofxiyj in the Tutte polynomial ofM [P,Q] is the number of
paths inP that sharei north steps withQ andj east steps withP .

This theorem yields a recurrence relation with which the Tutte polynomial of a lattice
path matroid can be computed quickly. For a lattice point (integer point)(i, j) in the region
of interest, letf(i,j)(x, y) be the polynomial in which the coefficient ofxsyt is the number
of the lattice paths from(0, 0) to (i, j) that shares north steps withQ andt east steps with
P . We have the following initial condition and recurrence:

(1) f(0,0)(x, y) = 1,
(2) if the step from(i− 1, j) to (i, j) is onP , thenf(i,j)(x, y) = y f(i−1,j)(x, y),
(3) if the step from(i, j− 1) to (i, j) is onQ, thenf(i,j)(x, y) = x f(i,j−1)(x, y), and
(4) if (i, j), (i − 1, j), and(i, j − 1) are all in the region of interest, then we have

f(i,j)(x, y) = f(i−1,j)(x, y) + f(i,j−1)(x, y).

If P andQ end at(m, r), thent(M [P,Q];x, y) = f(m,r)(x, y). Figure 18 shows a small
example of applying these rules.

Since the number of lattice points in the region is at most quadratic in the number of
elements inM [P,Q], we get the following result.

Corollary 5.7. The Tutte polynomial of a lattice path matroid can be computed in polyno-
mial time relative to the number of elements in the ground set.

Items (1)–(4) above are special cases of the following well-known deletion/contraction
rules for the Tutte polynomial.

(1′) For the empty matroidM , we havet(M ;x, y) = 1.
(2′) If e is a loop ofM , thent(M ;x, y) = y t(M/e;x, y).
(3′) If e is a coloop ofM , thent(M ;x, y) = x t(M\e;x, y).
(4′) If e ∈ E(M) is neither a loop nor a coloop ofM , then

t(M ;x, y) = t(M\e;x, y) + t(M/e;x, y).

In essence, the lattice path diagram allows us to do something that rarely can be done,
namely, use the deletion/contraction rules to compute the Tutte polynomial efficiently. The
problem that one runs into when applying properties (1′)–(4′) in general is that2|E(M)|

minors arise; however, for lattice path matroids, the path diagrams effectively collect these
minors into relatively few isomorphism types.
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EXERCISE5.7: From equation (5.1), prove properties (1′)–(4′) above.

EXERCISE5.8: LetP andQ be the pathsEENENN andNNENEE, respectively. Use
the algorithm above to compute the Tutte polynomial of the lattice path matroidM [P,Q].
You should get the same polynomial as we got for the examples in Section 5.1. Draw the
geometric representation ofM [P,Q] to see why.

Our brief treatment of the Tutte polynomial would have a glaring gap if we did not at
least touch on why the Tutte polynomial arises in so many applications. We just noted that
the Tutte polynomial satisfies a deletion/contraction rule. In each of the applications cited
in Section 5.1 (e.g., chromatic polynomials of graphs), there is a similar rule. Much of the
power of the Tutte polynomial stems from its being universalwith respect to such rules in
the following sense: every invariant of matroids that satisfies a deletion/contraction rule is
an evaluation of the Tutte polynomial. The following theorem makes this precise.

Theorem 5.8. LetR be a commutative ring that has unity. For each choice of elements
u, v, σ, τ ofR, there is a unique functionT from the class of all matroids intoR that has
the following properties.

(1) If M is the empty matroid, thenT (M) = 1.
(2) If e is a loop ofM , thenT (M) = v T (M/e).
(3) If e is a coloop ofM , thenT (M) = uT (M\e).
(4) If e ∈ E(M) is neither a loop nor a coloop, thenT (M) = σ T (M\e)+τ T (M/e).

Furthermore,T is the following evaluation of the Tutte polynomialt(M ;x, y):

T (M) = σ|E(M)|−r(M)τ r(M)t(M ;u/τ, v/σ).

This result is often called the “recipe theorem” since it gives a recipe for writing any
invariant that satisfies a deletion/contraction rule as an evaluation of the Tutte polynomial.
Brylawski [11] proved this theorem in the case ofσ = τ = 1; Oxley and Welsh [26]
observed that the same argument yields the general result. This result is very useful, but its
proof is just a simple induction based on the deletion/contraction rule.

EXERCISE5.9: Prove Theorem 5.8.

6. FURTHER COMMENTS AND OPEN PROBLEMS

Given the limited scope of these notes, we have omitted much interesting material, such
as the result that a matroid is transversal if and only if it isa union of rank-one matroids
(the theory of submodular functions sheds much light on the operation of matroid union;
see [25, Chapter 12]). We recommend [10, 19, 25, 28] for topics we have omitted.

A much-studied class of transversal matroids that we have omitted is that of bicircular
matroids. Thebicircular matroidB(G) of a graphG is the matroid on the set of edges ofbicircular matroid

G in which a setX of edges is independent if and only if each connected component of
the subgraph induced byX has at most one cycle (simple closed path).

EXERCISE 6.1: Show that bicircular matroids are transversal and thatthey are precisely
the transversal matroids that have geometric representations on the simplex in which each
element is placed either at a vertex or on an edge of the simplex. How are such geometric
representations reflected in set systems?

We have also not addressed the duals of transversal matroids, which are cotransversal
matroids or strict gammoids. For an attractive graph-theoretic description of such matroids,
see [10, 25].
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We close with three open problems related to transversal matroids, the first two of which
appear in [25]. The first is a problem that D. Welsh posed in 1971.

Open Problem 6.1. Characterize the matroidsM for which bothM and its dualM∗ are
transversal.

In some sense, Theorem 3.1 and its dual provide such a characterization, but we would
like an explicit description of all such matroids. Such matroids include, but are not limited
to, fundamental transversal matroids, lattice path matroids, and multi-path matroids (a
generalization of lattice path matroids; see [5]). The theory in [4] identifies many more
such matroids, and the class of matroidsM for which bothM andM∗ are transversal is
preserved under both the direct sum and the free product of matroids (see [16, 17, 6]).

The second problem concerns gammoids, which are minors of transversal matroids.
(The class of gammoids is closed under duality. For more on gammoids, see [25, 28].)

Open Problem 6.2.Find an effective criterion to determine which matroids aregammoids.

The third problem is motivated by Theorem 2.9 and concerns a class of matroids that
has not yet been explored. One could formulate an analogous problem for any sequence of
polytopes.

Open Problem 6.3. Characterize the matroids that have geometric representations on
cubes in which each cyclic flat of rankk in such a matroid consists of the elements in some
(k − 1)-dimensional face of the cube.

7. SUPPLEMENT: HALL ’ S THEOREM

Since it is a fundamental topic behind some of the material inthese notes, and since it
may be new to some readers, we provide a proof of Hall’s theorem (Theorem 2.1), which
we recast as follows.

Theorem 7.1. The set systemA = (A1, A2, . . . , Ar) has a transversal if and only if

(H) for eachi with 1 ≤ i ≤ r, each subsystem ofi sets (counting multi-
plicities) contains, in its union, at leasti elements.

Proof. It is clear that ifA has a transversal, then condition (H) holds. We prove the con-
verse by strong induction onr. The base caser = 1 is obvious.

We divide the inductive step into two cases. A subsystem(Aj1 , Aj2 , . . . , Ajh) of A is
critical if (i) h < r and (ii) |Aj1 ∪ Aj2 ∪ · · · ∪ Ajh | = h. First assumeA has no critical
subsystem. Fixx ∈ Ar and considerAx = (A1 − x,A2 − x, . . . , Ar−1 − x). SinceA has
no critical subsystem, it follows thatAx satisfies condition (H), so, by induction,Ax has a
transversal; this transversal ofAx along withx clearly gives a transversal ofA.

AssumeA has a critical subsystem, which we may take to beA′ = (A1, A2, . . . , Ah).
By induction and the assumption thatA′ is critical,T ′ = A1∪A2∪· · ·∪Ah is a transversal
of A′. Note that property (H) holds forA′′ = (Ah+1 − T ′, Ah+2 − T ′, . . . , Ar − T ′)
since, for any subsystem of(Ah+1, Ah+2, . . . , Ar), property (H) holds when we adjoin the
critical subsystemA′ to this subsystem. Thus, by induction,A′′ has a transversal, sayT ;
it follows thatT ∪ T ′ is a transversal ofA. �
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